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Recall the setting:

Compactifications of X = Γ\G/KAG = Γ\D

Borel-Serre X =
∐
P∈P YP ,

Collapse NP fibers

Reductive
Borel-Serre X̂

π

=
∐
P∈PXP ,

Project XP = XP,` ×XP,h → XP,h = XP †,h

Satake X∗ =
∐
R∈P1

XR,h

Here P denotes the set of Γ-conjugacy classes of parabolic Q-

subgroups of G and P1 the Γ-conjugacy classes of the P †’s.



Recall

The Links of the Compactifications

Borel-Serre
(corners)

YP
YQ •

YR

|∆Q
P
|◦

|∆P |◦

Reductive
Borel-Serre

XP= XP,`×XR,hXQ •

XR= XR,`×XR,h

|∆Q
P
|◦×NQ

P

|∆P |◦×NP

Satake

XR,h•
(NR × |∆R|◦)-bundle

over XR,`



Recall

The Main Result

Theorem (S., 2001). Let X∗ be a Satake compactification for

which all real boundary components are equal-rank. There is a

natural quasi-isomorphism IpC(X∗;E) ∼= π∗IpC(X̂;E) and hence

an isomorphism IpH(X∗;E) ∼= IpH(X̂;E).

This implies the Rapoport-Goresky-MacPherson conjecture.

Proof uses the theory of L-modules and their micro-support:

• a Vanishing Theorem for cohomology of an L-module;

• a Micro-support Theorem for IpC(X̂;E);

• a Functoriality Theorem for micro-support.



Recall (and expand upon) the Notation

P := the real points of a parabolic Q-subgroup of G,

NP := the unipotent radical of P , LP := the Levi quotient P/NP ,

AP := the identity component (R+)r(P) of a maximal

Q-split torus in center of LP ,

ΓP := Γ ∩ P, ΓNP := Γ ∩NP , and ΓLP := ΓP/ΓNP ,

XP := ΓLP\LP/KPAP
NP := ΓNP\NP , a compact nil-manifold.,

∆P := simple roots of the adjoint action of LP on nP = Lie(NP ),

iP : XP ↪→ X̂ and ı̂P : X̂P ↪→ X̂

If P ⊆ Q, extend notation to the parabolic Q-subgroup P/NQ of

LQ simply by adding a superscript Q: NQ
P , ∆Q

P , etc.



L-modules

• An L-module on X̂ is a combinatorial analogue of a con-
structible complex of sheaves.

• The usual functors k∗, k!, k
∗, k!, and τ6p(k) are defined on

L-modules.

• There is a realization of an L-module M as a complex of
sheaves S(M).

• Key difference from sheaves: i!PS(M) = EP is a local system
on XP = ΓLP\DP and hence a representation of ΓLP ; on the
other hand, i!PM = EP is a representation of LP .

The reason such a theory is possible is

Van Est’s Theorem.H(NP ;E) ∼= H(nP ;E).



An L-module M consists of

• for all P ∈ P, a graded algebraic representation EP of LP ;

• for all P ≤ Q, morphisms fPQ : H(nQP ;EQ)
[1]−−→ EP .

This data must satisfy the condition that for all P ≤ R,
∑

P≤Q≤R
fPQ ◦H(nQP ; fQR) = 0.



A L-module M when G is Q-rank 2

Say P = {P < Q1, Q2 < G}. (Can also read off various functors.)

EG

H(nQ1
, EG)

fQ1G

[1]

H(nQ2
, EG)

fQ2G

[1]

EQ1 H(nP , EG)

fPG[1]

EQ2

H(nQ1
P , EQ1

)
fPQ1

[1]

H(nQ2
P , EQ2

)
fPQ2

[1]

EP



The realization S
X̂

(M)

A sp(X̂;EG)

dQ1G

[1]

dQ2G

[1]

dPG[1]A sp(X̂Q1
;EQ1

)

dPQ1

[1]

A sp(X̂Q2
;EQ2

)

dPQ2

[1]

A sp(X̂P ;EP )



The realization S
X̂

(M) with d·· factored

A sp(X̂;EG)
kQ1G

kQ2GkPG

A sp(X̂Q1
;H(nQ1

, EG))
fQ1G

[1]

A sp(X̂Q2
;H(nQ2

, EG))
fQ2G

[1]

A sp(X̂Q1
;EQ1

)
kPQ1

A sp(X̂P ;H(nP , EG))

fPG[1]

A sp(X̂Q2
;EQ2

)

kPQ2

A sp(X̂P ;H(nQ1
P , EQ1

))
fPQ1

[1]

A sp(X̂P ;H(nQ2
P , EQ2

))
fPQ2

[1]

A sp(X̂P ;EP )



Examples of L-modules

M EP ’s H(X̂;M)

iG∗E
{
EG = E,

EP = 0 (P 6= G)
H(X;E)

iG!E

{
EG = E,

EP = H(nP ;E)[−r(P )] (P 6= G)
Hc(X;E)

IpC(X̂;E)





EG = E,

EP = ⊕j>p(dim nP+1)H
j(nP ;E)[−1]

for P maximal

EP = an inductive formula for

P non-maximal

IpH(X̂;E)

Also L-modules yielding weighted cohomology and L2-cohomology

may be defined.



Micro-support SS(M) of an L-module M

V = irreducible representation of LP .

Write LP = MPAP and hence V = V |MP
⊗ ξV .

Define QV ≥ P such that

∆QV
P = {α ∈∆P | (ξV + ρ, α) < 0 }.

(For simplicity assume (ξV + ρ, α) 6= 0 for all α throughout the

talk.)

Define SSess(M) = the set of those V (for all P ∈ P) such that

(V |MP
)∗ ∼= V |MP

, and(i)

H(i∗P ı̂
!
QV
M)V 6= 0.(ii)



To understand the second condition,

(∗) H(i∗P ı̂
!
QM)V 6= 0 ,

consider the long exact sequence of the pair (U,U \ (U ∩ X̂Q))

where U is a small neighborhood of a point of XP . Equation (∗)
is equivalent to

XP
XQ

•

XR

X

H(U ;M)V

XP ..............
..XQ

XR

X

H(U \ (U ∩ X̂Q);M)V

failing to be an isomorphism in some degree.



Vanishing Theorem for the Cohomology of an L-module

Define

c(M) = inf
V ∈SSess(M)

1
2(dimDP − dimDP (V )) + c(V ;M) ,

d(M) = sup
V ∈SSess(M)

1
2(dimDP + dimDP (V )) + d(V ;M) ,

where c(V ;M) ≤ d(V ;M) are the least and greatest degrees in

which H(i∗P ı̂
!
QM)V is nonzero (for any Q as above), and DP (V )

is a maximal dimensional symmetric space associated to any

reductive R-subgroup of MP whose roots (with respect to a fun-

damental Cartan subalgebra and any compatible ordering) are

orthogonal to the highest weight of V .

Vanishing Theorem.Hi(X̂;M) = 0 for i /∈ [c(M), d(M)].

In particular, H(X̂;M) ≡ 0 if SSess(M) = ∅.



Application to Ordinary Cohomology (a Question of

Tilouine)

The computation of SSess(iG∗E) for E = Eλ is not difficult:

i∗P ı̂
!
Q(iG∗E) = 0 unless Q = G in which case by Kostant’s theorem

it equals

i∗P iG∗E = H(nP ;E) =
⊕

w∈WP

Vw(λ+ρ)−ρ[−`(w)] ,

and thus

SSess(iG∗E) =
∐

P

{Vw(λ+ρ)−ρ | (w(λ+ ρ), α) < 0 for all α ∈∆P ,

τP (w(λ+ ρ)|hMP ) = w(λ+ ρ)|hMP } .

By a careful estimate of `(w) one obtains the

Corollary (S., 2001). If D is equal-rank and E has regular high-

est weight, Hi(Γ;E) = 0 for i < 1
2 dimX.



Micro-support of Intersection Cohomology

Micro-support is not always so easy to compute. The following
is a very deep combinatorial result.

Micro-Purity Theorem. Assume the Q-root system of G does
not contain a factor of type Dn, En, or F4. Let p be a middle
perversity. If (E|MG

)∗ ∼= E|MG
, then SSess(IpC(X̂;E)) = {E}.

• The difficulty is that whereas we only understand the lo-
cal intersection cohomology inductively, the conjugate-self-
contragredient condition in the definition of micro-support
does not behave well under induction.

• The condition on Q-type should be able to be removed.

• The analogous theorem for weighted cohomology is true
(without assumption on the Q-root system) and not deep.



The easiest case of the micro-purity theorem is for P maximal.

In this case it amounts to the following. Let λ be the highest

weight of E and let w ∈ WP . Then if (E|MG
)∗ ∼= E|MG

and

(Vw(λ+ρ)|MP
)∗ ∼= Vw(λ+ρ)|MP

we have

If (w(λ + ρ), α) < 0 then `(w) >
1

2
dim nP ,

If (w(λ + ρ), α) = 0 then `(w) =
1

2
dim nP ,

If (w(λ + ρ), α) > 0 then `(w) <
1

2
dim nP .

This is an old observation of Casselman (1983) in the R-rank 1

case.



Functoriality of Micro-support

Let M be an L-module for which SSess(M) = {E}. Assume

π : X̂ → X∗ is the projection onto a Satake compactification

with equal-rank real boundary components. To prove the Main

Theorem, π∗M = IC(X∗;E), we need to check the local vanish-

ing condition on π∗M:

Hi(i∗xπ∗M) = 0 for x ∈ FR, i ≥ 1
2 codimFR,

where ix : {x} ↪→ X∗ denotes the inclusion. (There is also a

covanishing condition which we omit.)



•
.........

....
....

....
..

X

•
X̂R,`

•x
FR

.........

....
....

....
....

.

X

π

However π−1(x) ∼= X̂R,` × {x}. Since

Hi(i∗xπ∗M) = Hi(X̂R,`; ı̂
∗
R,`M) we can use the

Vanishing Theorem to see this vanishes for i >

d(̂ı∗R,`M). Thus the following theorem completes

the proof of the Main Theorem:

Functoriality Theorem. LetM be an L-module

with SSess(M) = {E} and let FR be a stratum

of a Satake compactification X∗ with real equal-

rank boundary components. Then

d(̂ı∗R,`M) ≤ 1
2 codimFR − 1 .

This theorem is actually a special case of a more general result

on the functoriality of micro-support: for M an arbitrary L-

module and X∗ a Satake compactification with real equal-rank

boundary components, the theorem gives a bound on SS(̂ı∗R,`M)

and SS(̂ı!R,`M) in terms of SS(M).



The weighted cohomology sheaf WC(X̂;E) also satisfies

SSess(M) = {E}; the proof is easier since we have an explicit

formula for the local weighted cohomology. Then the same argu-

ment yields a new proof (and a generalization to the equal-rank

case) of the main result of Goresky, Harder, and MacPherson

(1994) on weighted cohomology.



Sketch of proof of Vanishing Theorem for H(X̂;M)

Recall the result:

Vanishing Theorem.Hi(X̂;M) = 0 for i /∈ [c(M), d(M)].

Here we defined

c(M) = inf
V ∈SSess(M)

1
2(dimDP − dimDP (V )) + c(V ;M) ,

d(M) = sup
V ∈SSess(M)

1
2(dimDP + dimDP (V )) + d(V ;M) ,

where c(V ;M) ≤ d(V ;M) are the least and greatest degrees in

which H(i∗P ı̂
!
QM)V is nonzero (for any Q as above), and DP (V )

is a maximal dimensional symmetric space associated to any

reductive R-subgroup of MP whose roots (with respect to a fun-

damental Cartan subalgebra and any compatible ordering) are

orthogonal to the highest weight of V .



Consider the complex of global sections of the realization sheaf.

Each element of this complex is actually a collection of forms,

one for each stratum XQ as indicated below. We would like to

use Hodge theory, but we don’t want the L2 growth conditions

of the metric (for which the strata are at infinite distance).

• XQ1
•
XP

XQ2

X



Use the Arthur-Langlands partition, as extended to X in (S.,

1997). There is a natural piecewise analytic diffeomorphism of

X with the central region X0 (which is a compact domain with

corners within X).

• XQ1
•
XP

XQ2

X0



Use this diffeomorphism to start over: let the central region X0

play the role of X.

· ·

X0



Now we have a compact Riemannian manifold with corners: no

extraneous L2-growth conditions. We can mimic the construc-

tion of X̂ and of the realization but now on X0.

X0



The proof is now a combinatorial extension of an argument in

(S.-Stern, 1990). We use Hodge theory to compute H(X̂;M).

It vanishes if we have an estimate

(∗) ‖dφ‖2 + ‖d∗φ‖2 ≥ c‖φ‖2

for all compactly supported “forms”.

•
X0Q1 •

X0P

X0Q2

X0



Consider a cylindrical cover {WP}. Arrange the overlaps to be

large (may have to adjust the Arthur-Langlands partition) and

hence there exists a partition of unity {ηP} with |dηP | < ε.

Thus estimate (∗) for all WP implies estimate (∗) globally. So

we can restrict our attention to a single WP .

•
X0Q1 •

X0P

X0Q2

X0



In WP we can apply harmonic projection to our forms along the

nilmanifold fibers NQ
P (Zucker, 1982). After this, each stratum

within WP has the form (−AQP ∩A
Q+
P (bQ))×XP . The first factor

here is a “truncated cone”: specifically −AQP is the exponential

of the cone spanned by the negative roots −∆Q
P , while A

Q+
P (bQ)

is the exponential of the dominant cone shifted by a parameter.

•
X0P



Since we are seeking an estimate on compactly supported forms,

it suffices to find the estimate after we extend these strata to
−AQP ×XP .

−AQ1
P
×XP

•
XP

−AQ2
P
×XP

−AP×XP



Fix an irreducible representation V of LP and consider the V -
isotypical component of our forms. If we take cohomology on
each summand we obtain

H(2)(
−AQ1

P ×XP ;V)⊗
HomLP (V,H(nQ1

P ;EQ1))

dPQ1 H(2)(XP ;V)⊗
HomLP (V,EP)

H(2)(
−AP ×XP ;V)⊗

HomLP (V,H(nP ;EG))

dQ1G
dPG

dQ2G H(2)(
−AQ2

P ×XP ;V)⊗
HomLP (V,H(nQ2

P ;EQ2))

dPQ2

Write ∆P = {α1, α2} and ∆Qi
P = {αi}. Suppose (for example)

that ξV satisfies

(ξV + ρ, α1) < 0 (ξV + ρ, α2) > 0.



Since the L2-cohomology of a half-line with positive exponential

weight vanishes, we obtain

H(2)(XP ;V)⊗
HomLP (V,H(nQ1

P ;EQ1))

dPQ1 H(2)(XP ;V)⊗
HomLP (V,EP)

0

dQ1G
dPG

dQ2G
0

dPQ2

However, QV = Q1 in this case so the cohomology is

H(2)(XP ;V)⊗HomLP (V,H(i∗P ı̂
!
QV
M))



We need to analyze

H(2)(XP ;V)⊗HomLP (V,H(i∗P ı̂
!
QV
M)).

A vanishing theorem for L2-cohomology (next slide) shows the

first term vanishes unless (V |MP
)∗ ∼= V |MP

and the degree is in

[1
2(dimDP − dimDP (V )), 1

2(dimDP + dimDP (V ))].

In this case the second term vanishes unless V ∈ SSess(M) and

the degree is in [c(V ;M), d(V ;M)].

This proves the vanishing theorem for L-modules.



Vanishing Theorem for L2-cohomology

The result on L2-cohomology we need is the

Theorem. (i) If (E|MG
)∗ 6∼= E|MG

, then H(2)(X;E) = 0.

(ii) If (E|MG
)∗ ∼= E|MG

, then Hi
(2)(X;E) = 0 for

i /∈ [
1

2
(dimD − dimD(E)),

1

2
(dimD + dimD(E))].

This was proven by S. and Stern (1990) based on work of

Raghunathan (1966, 1979). Alternatively Vogan and Zuckerman

(1984) (based on work by Kumaresan (1980)) give a vanishing

theorem for (g,K)-modules which implies a vanishing theorem

for L2-cohomology. The result is equivalent to that above.


