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Locally Symmetric Spaces

Simplest example: Moduli of complex Elliptic Curves C/Λ

{elliptic curves}
C-isomorphism

←→ {lattices Λ = Zω1 + Zω2 in C}/SO(2)R+

←→ SL(2,Z)\GL+(2,R)/SO(2)R+

←→ SL(2,Z)\H

•i •ρ

•
0

•∞

where H = {z ∈ C | Im z > 0} is the upper half-plane. Note the

“cusp” at infinity which is not properly part of X = SL(2,Z)\H
but may be added to yield a compactification X∗.



Suppose now that X = Γ\H where Γ is a finite-index subgroup
of SL(2,Z). Then X∗ is formed by adding possibly several cusp
points. We have the classical

Eichler-Shimura Theorem. H1
P (X∗;Ek) ∼= Sk+2(Γ)⊕ Sk+2(Γ)

where

Ek := the representation of GL(2,R) of highest weight k,

Ek := the corresponding local system Ek = Γ\(H × E) on X,

H1
P (X∗;Ek) := the parabolic cohomology

Ker
(
H1(X;Ek)→

⊕

p∈cusps
H1(Up;Ek)

)
,

Sk+2(Γ) := modular cusp forms f of weight k + 2 for Γ:

f : H → C holomorphic,

f

(
az + b

cz + d

)
= (cz + d)k+2f(z) for

(
a b
c d

)
∈ Γ,

f vanishes at the cusps.



Applications of Eichler-Shimura (which we will not discuss):

• An integral structure on Ek yields one on Sk+2(Γ);

• The Hecke algebra acts on both sides and the isomorphism

is one of Hecke modules;

• The space X∗ is actually an algebraic variety defined over

a number field. For Γ a congruence subgroup, the isomor-

phism allows one to relate the Hasse-Weil zeta function of X∗

(which encodes the number of points of X∗ defined over all

finite fields) to the L-functions associated to modular forms.



L2-cohomology is computed from the complex of differential

forms which are L2 and have L2 exterior derivatives. One can

interpolate the L2-cohomology in the Eichler-Shimura isomor-

phism:

H1
P (X∗;Ek) ∼= H1

(2)(X;Ek) ∼= Sk+2(Γ)⊕ Sk+2(Γ)

The first isomorphism is heuristically true since the metric near

a cusp is

dr2 + e−2rdθ2 where r = log y ∈ [b,∞) and θ = x mod 2π

and hence dθ is not L2. The second isomorphism follows from

Hodge theory.

In this talk, we focus on the first isomorphism and seek a gen-

eralization to Hermitian locally symmetric spaces.



In general a locally symmetric space has the form

X = Γ\G/KAG = Γ\D
where

G := the real points of a connected reductive group/Q,
K := a maximal compact subgroup of G,

AG := the identity component (R+)s of a maximal

Q-split torus in the center of G,

D := G/KAG, the corresponding symmetric space,

Γ := an arithmetic subgroup of G.

Give D a G-invariant Riemannian metric; X has an induced met-

ric.

Important special case: a Hermitian locally symmetric space

where D has a G-invariant complex structure.



A generalization of Eichler-Shimura is Zucker’s conjecture:

Theorem (Looijenga (1988), S. and Stern (1987, 1990)).

Let X be a Hermitian locally symmetric space. There is a natural

isomorphism IpH(X∗;E) ∼= H(2)(X;E).

Ingredients:

• Goresky and MacPherson’s middle-perversity intersection co-

homology IpH(X∗;E) (1980, 1983)

• Baily-Borel-Satake compactification X∗ (1966)



Data for Intersection Cohomology IpH(Z;E)

(i) A d-dimensional stratified space Z:

• Z = Z0 = Z1 ⊇ Z2 ⊇ · · · ⊇ Zd−1 ⊇ Zd ⊇ Zd+1 = ∅;

• the stratum Sk := Zk \Zk+1 is a codimension-k manifold;

• x ∈ Sk has a local neighborhood Ux
∼= Bd−k × c(Lk−1),

where Bd−k is a ball and c(Lk−1) is a cone on a link.

(ii) A local coefficient system (≡ representation of π1) E on S0;

(iii) A perversity, in this case one of the middle perversities:

p(k) =

⌊
(k − 1)

2

⌋
or p(k) =

⌊
(k − 2)

2

⌋
.



Key Properties of Intersection Cohomology IpH(Z;E)

• Local characterization:

IpH
j(Bd−k × c(Lk−1);E) ∼=




IpHj(Lk−1) for j ≤ p(k),

0 for j > p(k);

• IpH(Z;E) is the hypercohomology of an object IpC(Z;E) in

the derived category (Deligne’s formula):

IpC(Z;E) := τ6p(d)jd∗ · · · τ6p(3)j3∗τ6p(2)j2∗E,

where jk : X\Zk ↪→ X\Zk+1 and τ6p(k) truncates cohomology

in degrees above p(k).



Compactifications of Locally Symmetric Spaces

X X̂
π

X∗

Borel-Serre Reductive
Borel-Serre

(various)
Satake

• X is “topological”: add boundary (or corners); does not

change homotopy type.

• X̂ is “geometric”: collapse boundary strata so that metric

extends to a non-degenerate metric on the strata.

• X∗ (in Hermitian Baily-Borel-Satake case) is “complex-

analytic” and “algebraic”: collapse strata further so that

complex structure extends. X∗ is a projective algebraic vari-

ety defined over a number field (Baily and Borel, 1966).

X̂ and the quotient description of X∗ are due to Zucker (1983)
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Example: SL(2,Z)\H

Near “infinity”, SL(2,Z) acts

via
{ (

1 n
0 1

)∣∣∣n ∈ Z
}

:

•i •ρ

•
0

x-axis ×{∞}

x-axis ×{b}

Thus

Boundary stratum Link

X S1 point
X̂ point S1

X∗ point S1

Here S1 is the x-axis modulo

Z.
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Example: Hilbert Modular Surface SL(2,Ok)\(H ×H)

Here k = Q(
√
d), d > 0. Near “infinity”, SL(2,Ok) acts via

{ (
1 a
0 1

)∣∣∣ a ∈ Ok
}

o
{ (

u 0
0 u−1

)∣∣∣u ∈ O×k
}

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

(1,1)

(δ,δ̄)

x1

x2

Ok=Z+Zδ

•(1,1)

•(u2,u−2)

•(u−2,u2)

y1y2 = b

y1

y2

O×
k

={uk|k∈Z }



Thus

Boundary stratum Link

X flat T2-bundle over S1 point
X̂ S1 T2

X∗ point flat T2-bundle over S1

The hyperbola y1y2 = b in the y1y2-plane becomes the S1 above
under the action of

{ (
u 0
0 u−1

)∣∣∣u ∈ O×k
}

. The T2-fibers correspond
to the x1x2-plane modulo a lattice.

By the way, the metric is dr2 + ds2
S1 + e−2rds2

T2.

In general, the space S1 above will be replaced by a locally sym-
metric space XP ; the fibers T2 above will be replaced in general
by a compact nilmanifold NP . Here P is a Γ-conjugacy class of
parabolic Q-subgroups of G; these index the strata.
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Strata and Links in X → X̂

r(P ) := parabolic rank of P

|∆P |◦ := open simplex of dimension r(P )− 1

Boundary stratum

associated to P ∈ P
Link◦ Picture

X
YP =

NP -bundle over XP
|∆P |◦

YP
YQ •

YR

|∆Q
P
|◦

|∆P |◦

X̂ XP NP × |∆P |◦
XP

XQ •

XR

|∆Q
P
|◦×NQ

P

|∆P |◦×NP

The Satake compactifications X∗ are more complicated . . .
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Satake Compactifications X∗ (Satake, 1960)

• Start with “geometrically rational” representation V of G.

• This induces XP = XP,` ×XP,h for all P .

• Strata of X∗ are the various XP,h.

• X̂ π−→ X∗ induced by projection, stratum by stratum.

But several P ∈ P can yield same XP,h ! Let P † = maximal one.

X : ◦
α1
◦
α2
◦
α3
◦
α4
◦
α5
◦
α6
◦
α7
◦
α8
<◦
α9

δ = h.w. V

XP : ◦
α1
◦
α2

◦
α4︸ ︷︷ ︸

XP,`

◦
α6
◦
α7
◦
α8
<◦
α9︸ ︷︷ ︸

XP,h

XP † : ◦
α1
◦
α2
◦
α3
◦
α4︸ ︷︷ ︸

X
P †,`

◦
α6
◦
α7
◦
α8
<◦
α9︸ ︷︷ ︸

X
P †,h



Geometric Rationality
(term was coined by Casselman (1997))

Satake compactifications where geometric rationality is known:

• (Borel, 1962) if V is Q-rational

• (Baily and Borel, 1966) the Baily-Borel-Satake compactifi-
cation

• (Casselman, 1997) if a certain criterion based on the Tits
index of G is satisfied

• (S., 2002) any Satake compactification with all real boundary
components being equal-rank: rankGP,h = rankKP,h
(Except for some Q-rank 1 and 2 examples.) This includes
the Baily-Borel case.



Summary: Strata and Links in X → X̂
π−→ X∗

Boundary stratum

associated to P ∈ P
Link◦

X NP -bundle over XP |∆P |◦

X̂ XP = XP,` ×XP,h NP × |∆P |◦

X∗ XP †,h
(NP †×|∆P †|◦)-bundle

over XP †,`

Moral: When passing from X to X̂ to X∗

• strata become simpler;

• links become more complicated; and hence

• local intersection cohomology becomes more complicated
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A hope therefore is that one might be able to transfer the study
of the cohomology of various sheaves from X∗ to the X̂.

Conjecture (Rapoport-Goresky-MacPherson). Let X be a Her-
mitian locally symmetric space and E a representation of G.
Then there is a natural quasi-isomorphism IpC(X∗;E) ∼= π∗IpC(X̂;E)
and hence an isomorphism IpH(X∗;E) ∼= IpH(X̂;E).

• Previously observed by Zucker for G = Sp(4,R) (E = C).

• Conjectured by Rapoport (1986, unpublished) and indepen-
dently by Goresky and MacPherson (1988, unpublished).

• A proof for G = Sp(4,R), Sp(6,R), and Sp(8,R) (E = C)
announced by Goresky and MacPherson (1988, unpublished).

• Proven for Q-rankG = 1 by S.-Stern (1992).



One motivation for the conjecture (Goresky-MacPherson):

Arthur-Selberg trace
formula for Hecke

operator on H(2)(X;E)
?

topological Lefschetz
fixed point formula

on IpH(X∗;E)

Want to replace IpH(X∗;E) here by IpH(X̂;E) which is simpler
locally.

Instead Goresky, Harder, and MacPherson (1994) define

W ηH(X̂;E) = weighted cohomology

(an algebraic analogue of L2-cohomology)

and proved the

Theorem. Let X be a Hermitian locally symmetric space. There
is a natural quasi-isomorphism IpC(X∗;E) ∼= π∗WηC(X̂;E) and

hence an isomorphism IpH(X∗;E) ∼= W ηH(X̂;E).



Goresky and MacPherson (2001) have used this result to prove a

topological version of Arthur’s trace formula on L2-cohomology

(1989); in collaboration with Kottwitz (1997) they prove that

their topological trace formula agree with Arthur’s formula, thus

realizing the motivation indicated above. But the original con-

jecture is still of interest.

A short proof of Theorem can be given using Zucker’s conjecture

and later work of Nair (1999):

(i) Zucker’s conjecture yields IpC(X∗;E) ∼=
q.i.
L(2)(X∗;E);

(ii) It is fairly immediate that L(2)(X∗;E) ∼= π∗L(2)(X̂;E);

(iii) Nair’s result is that L(2)(X̂;E) ∼=
q.i.
WηC(X̂;E) and hence

π∗L(2)(X̂;E) ∼=
q.i.

π∗WηC(X̂;E).
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The Main Result

The above short argument does not apply to the Rapoport-

Goresky-MacPherson conjecture since IpC(X̂;E) �
q.i.

L(2)(X̂;E).

But:

Theorem (S., 2001). Let X∗ be a Satake compactification for

which all real boundary components are equal-rank. There is a

natural quasi-isomorphism IpC(X∗;E) ∼= π∗IpC(X̂;E) and hence

an isomorphism IpH(X∗;E) ∼= IpH(X̂;E).

This implies the Rapoport-Goresky-MacPherson conjecture.

Proof uses the theory of L-modules and their micro-support:

• a Vanishing Theorem for cohomology of an L-module;

• a Micro-support Theorem for IpC(X̂;E);

• a Functoriality Theorem for micro-support.



An L-module on X̂ is a combinatorial analogue of a constructible

complex of sheaves on X̂. The theory has many other applica-

tions besides the Rapoport-Goresky-MacPherson conjecture.

For example, it yields a new proof and a generalization of the

main result of Goresky, Harder, and MacPherson (1994):

Theorem (S., 2001). Let X∗ be a Satake compactification for

which all real boundary components are equal-rank. There is a

natural quasi-isomorphism IpC(X∗;E) ∼= π∗WηC(X̂;E) and hence

an isomorphism IpH(X∗;E) ∼= W ηH(X̂;E).



Application to ordinary cohomology

The ordinary cohomology H(X;E) is given as the cohomology of

an L-module and the vanishing theorem applies. One example:

Theorem (S., 2001). If D is equal-rank and E has regular high-

est weight, then Hi(X;E) = 0 for i < 1
2 dimX.

This answers a question of Tilouine in the Hermitian case. For

the case G = Rk/QGSp(4) where k is a totally real number field

the theorem was proven in Tilouine and Urban (1999) using

results of Franke (1998). For applications of the theorem see

Mauger’s thesis (2000) and Mokrane and Tilouine (2000).


