TOTAL VARIATION REGULARIZATION FOR IMAGE
DENOISING; ITII. EXAMPLES.

WILLIAM K. ALLARD

ABSTRACT. Let
F(R?) = {f € Lo (R?) NL1(R?) : f > 0}.

Suppose s € F(R?) and v : R — [0,00). Suppose 7 is zero at zero, positive
away from zero and convex. For f € F(Q) let

F(f) = /Q (@) - s(a)) AL

£? here is Lebesgue measure on R?. In the denoising literature F would be
called a fidelity in that it measures how much f differs from s which could be
a noisy grayscale image. Suppose 0 < € < co and let

nloc(F)
be the set of those f € F(R?) such that TV (f) < co and
eTV(f) + F(f) < e€TV(g) + F(g) for g € k(f);

here TV (f) is the total variation of f and k(f) is the set of g € F(R?) such that
g = f off some compact subset of R2. A member of méoc(F) is called a total
variation regularization of s (with smoothing parameter €). Rudin, Osher and
Fatemi in [ROF] and Chan and Esedoglu in [CE] have studied total variation
regularizations of F' where v(y) = y? and Y(y) =y, y € R, respectively.

Our purpose in this paper is to describe, in complete detail, mﬁOC(F) when
s s the indicator function of either

(1) S = ([071] X [07_1]) U ([_170] X [07 1])
2) S={zecR?:|jz—cy|<1}U{zeR?: |z —c_|<1}

where, for some [ € [1,00), c+ = (£,0).

We believe these examples reveal a great deal about the nature of total
variation regularizations. In addition, one can test computational schemes for
total variation regularization against these examples.
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1. INTRODUCTION.

1.1. Total variation. This work is based on the notion of the total variation of a
locally summable function on R?, which we now define.

Definition 1.1. Suppose f € L%OC(RQ). We let
TV(f) =sup {/fdide£2 1 X € X(R?) and |X| < 1}

and call this nonnegative extended real number the total variation of f; here
X (R?) is the vector space of smooth compactly supported vector fields on R? and
and £? is Lebesgue measure on R2.
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In particular, if f is continuously differentiable on R? then
3) V() = [ 1vrlac®

Moreover, if E a Lebesgue measurable subset of R? with Lipschitz boundary then
TV(E) equals the length of the boundary; here and in what follows we frequently
identify a subset E of R? with its indicator function 1g.

1.2. Total variation regularization. We let
F(R?) = {f € Li(R?*) N Loo(R?) : f > 0}.
Definition 1.2. Suppose F : F(R?) — R and 0 < € < co. We let
F.(9) = €TV(g) + F(g) for g € F(R?)
and we let

ml(F) = {f € F(R?) : TV(f) < o0 and F.(f) < F.(g) for g € k(/)};

€

here k(f) is the set of g € F(R?) such that, for some compact subset K of R2
g(z) = f(z) for £? almost all z € R? ~ K.

For the remainder of this paper, S will be a compact subset of R? with nonempty
interior,
0<e<oo

and
PN = [ 7(5@) = 15@) de% for f € F(R2)
where
v:R—[0,00), ~isconvex, v(0)=0 and ~(y)>0ifye R~ {0}

Of particular interest in the literature are when

v(y)ZE and when 7(y) = |yl;

the corresponding functionals F, were introduced in [ROF] and [CE], repsectively.
For example, S could be a degraded binary image which we which we wish to
denoise. In the context of denoising F' would be called a fidelity in that it is a
measure of how much f differs from 1g. The members of m.(F') could be called
total variation regularizations of S (with respect to the fidelity F' and
smoothing parameter ¢).
In the literature one oftens sets A = 1/¢ and studies

AF(f) =TV (f)+AF(f), feFR?.

For a very informative discussion of the use of total variation regularizations
in the field of image processing see the Introduction of [CE]. We will not dis-
cuss image processing any further except to note that the notion of total variation
regularization in image processing is useful for other purposes besides denoising.

In the paper [AW2] the family mﬁOC(F ) was described in detail when S is convex.

In this paper we will state and prove a number of theorems about méOC(F ). We
will describe this family in detail when

S = ([0,1] x [0, =1]) U ([=1,0] x [0,1])
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and when

S={reR?: jz—cy|<1JU{zeR?: |z —c_| <1}
where, for some [ € [1,00), c1 = (£l,0). We believe these examples reveal a great
deal about the nature of total variation regularizations. In addition, one can test
computational schemes for total variation regularization against these examples.

1.3. Functionals on sets. It will be useful to extend the foregoing notions to
functionals defined on sets, as follows.
We let
M(R?)={D:D CR?and 1p € F(R?)};
thus a subset D € M(R?) if and only 1p € F(R?).
Suppose M : M(R?) — R and 0 < ¢ < co. We let

M¢:(E)=CTV(E)+ M(E) for E € M(R?)
and we let l
nCOC(M)
be the family of those D € M(R?) such that TV(D) < oo and M¢(D) < M. (E)
whenever E € M(Q) and 15 € k(1p).

1.4. The family n{OC(MnS) and its relationship to méOC(F).
Definition 1.3. Let
P = (0,00) x (0, 00).
Definition 1.4. For each (r,s) € P we let
M, (E) = f%LQ(E NnS) + %LQ(E ~ 8) for E € M(R?).

Let
B(y) = limsup 1(2) = ()
zly zZ—=Y
Note that B is nonincreasing and negative on (—o0,0) and nondecreasing and pos-
itive on (0,00). Let

for y € R.

€ €
r(y) = O] and let s(y) = 3 for 0 <y < 1;

note that r is nondecreasing and s is nonincreasing.
Example 1.1. If y(y) = |y| for y € R then
-1 if —co<y <0,
6(1’){1 if 0 <y < oo
S0
range (r,s) = {(e,€)}.
Example 1.2. If v(y) = ?/2 for y € R then
Bly)=y foryeR
o
1 1
range (r,s) = < (r,s) € (¢,00) x (€,00) : - + s

which is a connected component of a hyperbola.
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For each y € (0,00) we let
Uy(E) =By —1DLXENS) + By)L*(E ~S) for E € M(R?)
and note that
%Uy = Mr(y).s(v)3
it follows that

(4) n¢(U,) = nlo¢(M, ).

€

Theorem 1.1. n{OC(Mm) # () for each (r,s) € P.

Proof. This follows from well known compactness theorems (see, for example,[AW1,
Theorem 2.2]) and the lowersemicontinuity of TV (). O

Definition 1.5. Let
T(F)
be the family of those v such that

(i) v is a function with domain (0, 1);
(il) v(y) € niOC(Mr(y)’s(y)) for each y € (0,1);
(iii) v(z) C v(y) whenever 0 <y < z < 1.

For each v € T (F) we let
fol@)=L'{y € (0,1) : z € v(y)}).
Remark 1.1. Suppose v € T(F). It follows from Tonelli’s Theorem that
C2({fo >y} ~ v(y) U (0(y) ~ {fo > 4})) =0 for £ almost all y > 0

and it is obvious that

0<f, <l

In view of (4), the following result, which is the starting point for the results in
this paper, follows directly from Theorems 1.6.1 and 1.6.2 of [AW1].

Theorem 1.2. We have f € m'C(F) if and only if ||f — follL, (r2y = 0 for some
v e T (F).

Thus if one can determine n{OC(MT’S) for (r,s) € P one has determined mﬁOC(F)

whenever S, F, e, 7y are as in Section 1.2. In Sections 4 and 5 we will prove a number
of interesting properties of n{OC(Mm), (r,s) € P. In Section 7 we will determine
n{OC(Mm), (r,s) € P, when S is as in (1) and in Section 8 we will determine
n{OC(MT’S)7 (r,s) € P, when S is as in (2).

1.5. Acknowledgments. It is a pleasure to acknowledge useful conversations with
Kevin Vixie and Selim Esedoglu.
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2. SOME USEFUL DEFINITIONS AND NOTATIONS.

Whenever a € R2 and 0 < r < oo we let
Ua,r) ={r €R?: |z —a| <7}, B(a,r)={rcR?:|z—a|<r}
and we let
Cla,r) ={r € R?: |z —a| =r}.
We let
int, cl, and bdry

stand for “interior”, “closure” and “boundary”, respectively.

We let
spt

stand for “support”.

We let

S!'={zecR?: |z|=1}
and we let
e, =(1,0)€8S!, ey =(0,1) €S
We let

Hl
be one dimensional Hausdorff measure on R2.
Suppose A C R? and a € R?. We let
Tan(A,a) = ﬂ c{t(x—a):0<t<occand x € AN (B(a,r) ~{a})}
0<r<oo
if @ is an accumulation point of A and we let Tan(A,a) = {0} if a is an isolated
point of A; and we let
Nor(A4,a) = ﬂ {veR*:vew <0}
weTan(A,a)
For each 8 € R we let
u(f) = (cos@,sin0).
Whenever a,b € R? we let
(a,b) ={(1—t)a+th:0<t <1} andwelet [a,b]={(1—t)a+tb:0<t <1}
Whenever ¢ € R?, 0 < r < 00, a, 8 € R and a < 3 we let
a(e,r,a, ) ={c+rud):a <6< p}cCa,r).
Whenever 0 < r < co we let
A(r)={a(e,r,a,B):c€R?* 0<r<oo, a<f, a,fcRand B —a <7};

thus A(r) is the family of proper open arcs A of circles of radius r such that the
length of A does not exceed 7. Whenever A € A(r) we let

ends(A) = (clA) ~ A

and note that ends(A) contains exactly two points.
We let
Ly ={(t,0):teR}; Lo={(0,t):t R}
and we let
L_={(t):teR}; L_={( —t):teR}.
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We let ¢ be the identity map of R?, we let a(x) = —z for x € R2, and we let
01, P2, P+, p— be reflection across L, Ly, Ly, L_, respectively.

Definition 2.1. For each f € LI9C(R?) we let
(/]

be the generalized function corresponding to f. Let
L(B?) = {[f]: f € Li(®*)}.
We partially order L(R?) by requiring that
[f1=lg] <« f(x)<g(x) for £? almost all x.

We note that L(R?) is a complete lattice with respect to the partial order <; in
particular, we have

fInlg)=[fArgl and [f]VIg)=[fVg] for f,ge LI“R?).
2.1. Quadratics. Suppose I is an open interval,
a,b,c: I — R, anever vanishes and A =b? —4ac > 0.

Let

bt VA
N 2a

As the reader may easily verify, if a, b, ¢ are differentiable then so are x4 and

VB (=7 ((g)kﬁ (;)')

3. THE FAMILY T, ((T), (r,s) € P.

T4 so that aach +bry+c=0 and z_ <z;.

Definition 3.1. Suppose E C R? and b € bdryE. We say b is regular if
there are open intervals I and J containing 0; a continuously differentiable function
f:I— J;and an isometry ® : R? — R? such that ®(b) = 0, f(0) = 0, f'(0) =0,
and

SEINI xJ)={(u,v) eI xJ:v< f(u)}
Definition 3.2. Suppose E and T are compact subsets of R2. We let

cmp(E,T)

be the family of connected components of E ~ (bdry T'). We let

int(E,T)={Accmp(E,T): ACintT},

ext(E,T) = {A € cmp(E,T): ACR*~T}.
Definition 3.3. For each (r,s) € P we let

I s(T)

be the family of compact subsets E of R? such that the following conditions hold:

(T'0) each boundary point of F is regular;

(I'1) E is a subset of the convex hull of T

(T'2) if A €int(E,T) then A € A(r) and the length of A does not exceed 7r;

(T'3) if A € int(F,T) and c is the center of the circle C' that contains A there is
an open subset U of int T such that A C U and UNE =U NB(c, 7).

(T'4) if A cext(E,T) then A € A(s) and the length of A does not exceed s;
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(T'5) if A € ext(E,T) and c is the center of the circle C' containing A there is
an open subset U of R? ~ T such that AC U and UNE = U ~ Ul(c, 5).

Note that () € ', (T') and that if E € I'(r, s) then spt [E] = E by virtue of (I'0).
The following Theorem provides the motivation for introducing Iy s(7"). As will

become evident later, it is false that T, ,(S) C nlo¢(M,.,).
Theorem 3.1. Suppose (r,s) € P and E € nl°¢(M,.,). Then
(] = [spt [E]] and spt[E] € T,..(S).
Proof. This follows from [AW1, Section 8. O

4. A RESULT ON n{OC(MnS), (r,s) € P.

Theorem 4.1. Suppose (r,s) € P and A is a nonempty subset of {[D] : D €
n{OC(MT’S)}. Then there are D, E € n{OC(MT}S) such that

[D] =sup A and [E]=inf A4
here inf and sup are with respect to the lattice L(R?).

Remark 4.1. In other words, {[D]: D € n{OC(MT’S)} is a complete sublattice of
L(R?).

Remark 4.2. We prove this by a natural modification of the proof of [AW1, The-
orem 1.7] which deals with the case r =1 =s.
Theorem 1.7 of [AW1] is incorrect as stated because it does not take into account

of the obvious fact that if, in the notation used there, D € ngoc(NS), E € M(Q)

and L2((D ~ E)U(E ~ D)) = 0 then E € n'¢(Ny); a correct version is the above
statement with r =1 = s.

Proof. Let

% if 0 <y < o0,
Cy)=4°, .
-2 if —oo<y <0

and let
Glo) = [ clofo) - 15()) dc% for g € F(E2).
For each y € (0,00) let U, be as in [AW1, Theorem 1.5] and note that

0 if 1 <y < oo,
U, = )
M, if0<y<l

To prove the Theorem proceed as in in the proof of [AW1, Theorem 1.7], keeping
in mind that ¢ is convex. (]

The following Theorem follows directly follows from the previous Theorem and
Theorem 1.2.

Theorem 4.2. {[f]: f € m£00(F)} is a complete sublattice of L(R?).
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5. THE FUNCTION W AND THE SETS () AND N.

Definition 5.1. Keeping in mind Theorem 1.1 and the fact that (M, ), (0) =0
we define

U:P— (—o0,0]
by letting
U(r,s) = (M), (D) whenever (r,s) € Pand D € nloc(ar, ).
We let
Q = {(r,s) € P: for some D, D € nl°¢(M, ) and £2(D) > 0}.

N = {(r,s) € P;there are D1, Dy € nlC(M, ) such that [Dy] # [Dy]}

Thus for (r,s) € P we have (r,s) € Q if and only if (M, ), has a nontrivial
minimizer and (r,s) € N if and only if (M, ), has at least two essentially distinct
minimizers.

Throughout this Section, let T is the convex hull of S.
Evidently,

(5)

(ri,s5) €P,i=1,2, 711 <rgandsy <s1 = M, s <M, , and (M, s, ), < (Mp,s,), -

Using S and @) as comparisons we find that

1
—;152(5) < ¥(r,s) <0.
Proposition 5.1. Suppose (r,s) € P and E € M(R?). Then
(Mys), (ENT) < (Mys), (E).

Proof. See [AW1, Proposition 10.2]. O

Corollary 5.1. Suppose (r,s) € P and D € nl¢(M, ). Then spt[D] C T.

Proposition 5.2. V is locally Lipschitzian; in fact,
1 1

© (o) = W(rzon) < (|2 -

) L2(T)

whenever (r;,s;) € P, i =1,2.
Moreover, if (r;,s;) € P, i = 1,2, we have

(7) (a1 S 79 and So < 81 = \IJ(T’l,Sl) < \II(T‘Q,SQ)
as well as
(8) (ro,s2) €Q, r1 <rgand so <s1 = Y(ry,s1) < ¥(rg, s2).

Proof. Suppose (r;,s;) € P, i = 1,2. Let § > 0. Keeping in mind the preceding
Proposition, for each i = 1,2 we choose E; € M(R?) such that

El' CcT and (MT«L,Si)l (Ez) < \I/(T'Z‘,Si) + 4.
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Suppose {i,5} = {1,2}. Then
\I](Thsi) < (MTi,Sz‘)l (E])

= (M) (B)+ (2= D) s+ (5 - L) e~ s)

rj T Si Sj
11\ ., 11\ .,
S\I’(Tj78j)+(5+ —_ = — E(EJQS)+ _ - — E(EJNS)
Tj T S; S]‘
which, owing to the arbitrariness of §, implies
1 1 1 1
9)  U(ry,s) < U(rj,s5)+ < - ) LYE;NS)+ < - ) L2(Ej ~ S).
Ty T S; S5

(9) immediately implies (6) as well as (9) by taking i =1 and j = 2.

Suppose (r9,82) € Q, 11 < 12 and sy < s1. Since (rg, 82) € @ we can require
Es € nlo¢(M,, . 5) and £2(E5) > 0. Let i = 1 and j = 2 in (9) we find that (8)
holds since at least one of £2(E; N S) and L2(Ey ~ S) is positive. O

Theorem 5.1. Suppose (r,s) € P, D € n{OC(Mm) and £2(D) > 0. Then
2 2
TV (D) > ~min{r,s} and L*(D)> — min{r, s}.
e e

Proof. 1t is immediate that D € Cy(R?) where A = max{1/r,1/s} and where C)(R?)
is as in [AW1, 1.5]. The asserted inequalities now follow from [AW1, Theorem
5.4]. O

Proposition 5.3. Suppose (r;,8;) € P,i=1,2, 1 <ry and s2 < s1. Then
(r2,82) € Q = (r1,51) € Q.
Moreover, if D; € nlo¢(M,, ,.), i = 1,2, then
r1<ry = [(D2NS]=2[D1NS] and s2<s; = [D2~S]<X[D1~385]

Proof. From (5)
(10)
Dy € n{OC(MT'2732) = (Mm,sl)1 (DQ) < (Mrz,SQ)l (DQ) = \I’(TZa 52) < (MT'27$2)1 (®) =0.
If (ro, s2) € Q there is Dy € n{OC(MT2,52) such that £2(Dy) > 0 so implies (r1,51) €
¢ Suppose D; € nlo¢(M,. ,.), i =1,2. By [AW1, Proposition 9.2] we infer that
M., s,(D2 ~ D1) < M, s, (Ds ~ Dy)

which amounts to

1 1 1 1
(- 1) e~ ns)+ (L= 1) e~ by~ <o
e T2 S2. 81
the final assertion of the Proposition directly follows. O

Theorem 5.2. There is a nondecreasing function
q:(0,00) — (0,00)
such that
Q=A{(r,s) eP:r <q(s)}.
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Moreover, @ is closed relative to P and
{(r,s) eP:¥(r,s) <0} ={(r,s) e P:r <sup{g(o) : 0 <o < s}}.

Proof. Suppose (r, s) is a sequence in @ with limit (7, Ss0) € P. Let

1 1
)\:sup{max{7}:V:1,2,3,...} < 0.
Tl/ Sl/

For each v = 1,2,3,... choose F, € n{OC(M,«Uvsv) such that £2(E,) > 0 and note
that B, € C\(R?) where C)(R?) is as in [AW1, 1.5]. Passing to a subsequence if
necessary we use [AW1, Theorem 2.2, Theorem 5.2] to obtain D € M(R?) such that
L2((E, ~D)U (D ~ E,)) — 0 and (M,, ), (E,) = (M,_ ), (D) as v — oo.
Since ¥(ry,s,) = (M, s, ), (E,), v =1,2,3,..., and since ¥ is continuous we find
that ¥(re, Soo) = (My,,s,); (D). From Theorem 5.1 we infer that £2(D) > 0.
Thus (T, Soo) € @ s0 Q is closed relative to P.

For each s € (0,00) let I(s) = {r : (r,s) € Q} and let ¢(s) = supI(s) €
{=o0} U0, 0]

Suppose s € (0,00). If 0 < r < sL%(S)/(sTV(T) + L*(T)) then

(M,5), (T) =TV(T) — %EQ(S) + éﬁQ(T ~8) <0

so r € I(s) and, therefore, I(s) # (). Suppose 0 < 11 < ro € I(s). For any
s1 € (s,00) we infer from (8) that ¥(sy,r1) < ¥(ra,s) <0so (r1,s) € Q. Since Q
is closed we conclude that r; € I(s). Thus I(s) is an interval. Let

J = {r € (0,00) : (2/e) min{r, s} — L%(S)/r > 0},
note that J is nonempty and choose r € J. Were it the case that (r,s) € @ there
would be D € n{OC(MT,S) such that £2(D) > 0. But by Theorem 5.1 we would have
1 2 1
0= (M,;), (0) > (M,s), (D) > TV(D)—;[:Z(DDS) >~ min{r, s}—;EQ(S) > 0.

It follows that I(s) is bounded. Let ¢(s) = maxI(s).
Suppose 0 < s1 < s9 < 00. If 0 < r; <19 = q(s2) then ¥(r,s1) < ¥(rg,s2) <0
by (8) so (r1,s1) € @ so ry € I(s1); that is, I(s2) C I(s1) so ¢ is nondecreasing.
Finally, if 0 < s < 0o and 0 < r < sup{q(o) : 0 < 0 < s} there is (re,s2) € Q
such that r < ro and s2 < s so that, by 8, U(r,s) < ¥(ry,s2) < 0. O

Remark 5.1. I do not know if the boundary of () can contain horizontal segments.
Definition 5.2. Suppose (r,s) € P. Keeping in mind Theorem 4.1
D, € n{OC(Mm) and Em € n{OC(Mm)

be requiring that D,. , = spt LDT’S}, D, s =spt[D,s],

D, ] = inf{[E]: E € nl°(M, )}, and [D,,]=sup{[E]: E € nl®(M,,)};

here inf and sup are with respect to the lattice L(R?).
Whenever 0 < n < oo we let

N, ={(r,s) e N:L£* (D, ~D,,) >n}.
Proposition 5.4. Suppose 0 < n < co. Then N, is closed.

Proof. Argue as we did in the beginning of the proof of Theorem 5.2. (]
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Proposition 5.5. Suppose 0 < n < oo,
X:{xERQ:xl SOandeSO}U{m€R2:x1ZOandeZO}
and (7, s) is an accumulation point of IV,,.
Then there is § > 0 such that
N,NU((r,s),d) C (r,s) + X;
in particular,

Tan(N,, (r,s)) C X.

Proof. If the Proposition were false we could choose an increasing sequence p in
(0,7) and a decreasing sequence ¢ in (s, 00) such that (p,,0,) € N, and (p,,0,) —
(r,s) as v — o0.

It follows from Proposition 5.3 that the sets

D,, o, ~D v=1,23,...

Zpu,out
are disjointed. But each is a subset of T and has area at least n; this is impossible.
O

Corollary 5.2. N is a Borel set which is countably (H?!, 1)-rectifiable in the sense
of [FE, 3.2.14].

6. SOME RESULTS ON I, ((T), (r,s) € P.
For the remainder of this section we fiz (r,s) € P and a compact subset T of R2.

Lemma 6.1. Suppose FE € I'(r,s), A € cmp(E,T), C is the circle containing A,
Y is a line or a circle and ends(A) C Y. Then C meets Y transversely.

Proof. Since the length of C' exceeds the length of A, C' must meet both connected
components of R2 ~ Y. O

Proposition 6.1. Suppose E € I, ((T); A € cmp(E,T); b € ends(A); v and v
are such that
S'NNor(E,b) = {u}; S'NTan(A4,b) = {v}; H = —Nor(A,b).

If A€int(E,T) then

AcCC(b—ru,r)
and there is an open subset U of R? such that b € U and

ENHNU=B0b—-ru,r)NHNU.

If A€ ext(E,T) then

A C C(b+ su,s)
and there is an open subset U of R? such that b € U and

ENHNU = (H~U(b+ su,s))NU.

Proof. Since b is a regular boundary point of £ and A C bdry F we find that
Tan(A,b) C Tan(bdry E,b) and v e v = 0. Thus there are 7, J, f, g, ® such that
0 < n < oo; J is an open interval in R containing 0; f : (=n,n) — J; g : (0,n7) —
J; f and g are continuously differentiable; f(0) = 0 = limy o g(¢); f/(0) = 0 =
lim; ) ¢’ (t); ® is a an isometry of R?;

[EIN((=n,m) x J) ={(t,u) € (=n,n) x J:u < f(t)}
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and

AN ((0,m) x J) = g.
Since A C bdry F we find that ¢ C f. We leave it to the reader to use (I'3) and
(T'5) to supply the remaining details of the proof. O

Proposition 6.2. Suppose b € bdry T and
A={Accmp(E,T):beends(4)}.
Then
(i) A has at most two members;
(ii) if b € bdry E and either b is an isolated point of bdry T or b is an accu-
mulation point of bdry 7" and
Tan(bdry E,b) N Tan(bdry 7', b) = {0}
then A has exactly two members;
(iii) if b € bdry E, b is a regular boundary point of T" and
Tan(bdry E,b) N Tan(bdry T, b) = {0}
then there are A € int(E,T) and B € ext(F,T) such that A = {4, B};

moreover, if ¢, d are the centers of the circles containing A, B, respectively,
then ¢ # d and the points b, ¢, d are collinear.

Proof. The previous Proposition directly implies (i).

Suppose the hypotheses of (ii) hold. Let I, J, f, ® be as in (I'0). Shrinking I and J
if necessary we may assume that ®[bdry 71N f = {(0,0)}. Let I, ={t € I : ¢t > 0}
and let I_ = {t € I:t < 0}. Then @ 1[I,] and ®~![/_] are connected subsets of
R? ~ bdry T so there are A, and A_ in cmp(FE,T) such that ®~1[I,] C A, and
®~1I_] ¢ A_. Given the length restriction on each of A, and A_ we find that
Ay # A_. Thus (ii) holds.

We leave it as a simple exercise for the reader to prove (iii) making use of (I'3)
and (T'5). O

6.1. A basic theorem. The proof of the following Theorem is an elementary
though tedious exercise in plane geometry.

Theorem 6.1. Suppose
(i) E €T, 4(T) and Y is a line or a circle;
(ii) G is the set of a € R? such that either a € bdry T ora € bdry T and there
is an open subset W of R? such that a € W and W NbdryT = W NY;
(iii) X is a connected component of G Nbdry E and X Nbdry T # 0;

(iv)

P={ae XNY :Tan(X,a) = Tan(Y,a)};

Q={aeXNY :Tan(X,a) N Tan(Y,a) = {0}};
Ri={A€cmp(E,T):card (PNends(A)) =1 and card (ends(A) ~ X)
Re={A€cmp(E,T): card (Q Nends(A)) =1 and card (ends(A) ~ X)
Rs={A€cmp(E,T): card (Q Nends(4)) = 2};

R =Ri1iUR2URs.

Then
(v) Gisopen, GNbdryT =GNY and X NbdryT = X NY;

I
I
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(vi) X is a relatively open subset of bdry E; X NbdryT = PUQ; X ~
bdry T = UR;
(vil) P is connected, @ is finite, card Rq + card Ro < 2 and R3 is finite.
(viii) if P # 0 then

(a)
(b)
(c)

Q=0,RUR3 =0l
X is homeomorphic to a line;
1<cardR; <2 and {P,UR;} is a partition of X;

(ix) if @ # 0 then

f
(a)
(b)

()

P=0and Ry = 0;

either 1 < card Ro < 2, X is homeomorphic to a line and {Q, UR2, UR3}
is a partition of X or card Ry = 0, X is homeomorphic to a circle,
card @ > 5 and {Q,UR3} is a partition of X;

it A,B € Ry URs3, either A,B € int(E,T) or A,B € ext(E,T) and
C, D are the circles containing A, B, respectively, and M is the set of
rigid motions of R? which carry Y into Y and which carry the center
of C' to the center of D then M has exactly two members;

if A, B,C,D,M are as in (c) and ends(4)Uends(B) C Q then o[A] =
B for 0 € M;

it A,B,C,D,M are as in (c) and Y is a line then one member of M
is the translation which carries the center of C' to the center of D and
the other is reflection about the perpendicular bisector of the segment
joining the centers of C' and D;

if A,B,C,D,M are as in (c) and Y is a circle then one member of
M is the rotation about the center of Y that carries the center of C
to the center of D and the other is reflection about the perpendicular
bisector of the segment joining the centers of C' and D.

Proof. (v) is obvious. Since G is open we infer that G N bdry E is open relative
to bdry E. Since bdry F is locally connected we infer that X is a relatively open
subset bdry F. In particular, X is homeomorphic to a line or a circle. If a € X NY
then both Tan(X,a) and Tan(Y, a) are lines; this implies that X NY = PUQ. If
x € X ~Y then there is A € ext(E,T) such that z € A. Since X is connected and
X Nbdry T # () there is a € Y Nends(A). Let C be the circle containing A. If C
meets Y tangentially then A € R4 since the length of A is less than the length of
C. If C meets Y transversely then A € Ro URg3. Thus (vi) holds and we have

(11)

A€ER = Y Nends(A) #0.

Definition 6.1. Suppose C is a subfamily of R. We let

sptC =X N(U{clA: AeC}).

We say C is a chain if

(a) sptC is connected.
(b) C is finite;
(c) if A €C and C is the circle containing A then C meets Y transversely.

Lemma 6.2. Suppose C is a chain. Then there exist a positive integer N and

functions

A:{1l,...,N} = R and a:{0,1,....N} - X

such that A is univalent with range C and such that

ends(A;) = {a;—1,a;} whenever i=1,... N.
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Moreover, a; € Q if 0 <7 < N.

Proof. This is a straightforward consequence of (I'0), Proposition 6.1 and the con-
nectedness of spt C. O

Lemma 6.3. Suppose
(i) C is a chain;
(ii) N, A, a are as in Lemma 6.2 and N = 3;
(iii) for each ¢ = 1,2,3, C; is the circle containing A; and B; is the connected
component of C; ~Y such that A; C By;
(iv) pg is reflection across the perpendicular bisector of [a1, as].

Then
pQ[Bl] = Bg and pg[Cl] = Cg.

Proof. Since X is homeomorphic to a line or a circle we find that {a1,a2} C X.
We infer from Proposition 6.1 that Cy meets Y transversely. One now invokes
Proposition 6.2. (]

Lemma 6.4. Any chain is a subfamily of a unique maximal chain.

Proof. Suppose C is a chain, N, A, a are as in Lemma 6.2 and N > 3. It follows
from the preceding Lemma A; is congruent to A; whenever ¢,j € {2, N — 1} and
i — j is even. Since the length of bdry E and therefore X is finite we infer that
{card D : D is a chain} is bounded.

Suppose C is a chain and N, A, a are as in Lemma 6.2. Suppose {i,j} = {0, N},
a; € X and C is the circle containing A;. Since C' meets Y transversely there is
B € ext(E,T) such that B # A;. In case B € C then B = A; and C is maximal;
otherwise CU{B} is a chain with one more member that C. In case {ag,an}NX =0
we find that C is maximal. O

Suppose Q # 0. Then there is a nontrivial maximal chain C. Since X is connected
we have X = spt(C. In particular, @) is finite. We leave it to the reader to use the
foregoing Lemmas to prove that (a)-(f) of (ix) hold.

Suppose @ = (. Suppose A € ext(F,T) and C is the circle containing A. Since
X NbdryT # @ and X is connected there is a € Y Nends(A). Since Q = () we
find that C meets Y tangentially. Since the length of A is less than the length of
C we have {a} =Y Nends(A) so A € R3. Since, in this case, X is homeomorphic
to a line we find that P = X ~ URg3 is connected and that (a)-(c) of (viii) hold.

6.2. An invariance theorem.

Theorem 6.2. Suppose E € n{OC(MT’S), b€ bdry E ~ bdry S, H = Tan(E,b),
o is a rigid motion of R?, ¢[S] = S and o(b) = b.

Ifbeint S then olb+ H] =b+ H.

If b ¢ S then either clb+ H|=b+ H orolb+ H|=—(b+ H).

Proof. Translating by —b if necessary, we may assume without loss of generality
that b = 0 and o is linear. We have

Lewom] = [le Vlsg] = 1] V 155
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so Theorem 4.1 implies F U o[E] € n{OC(MT’S). Keeping in mind Theorem 3.1 we

find that
EUo[E] =spt[E]Uspt [0[E]] = spt [EUc[E]] € T, 4(5).

This implies that either (i) 0 € int E U o[E] and Tan(E U ¢[E],0) = R? or (ii)

0 € bdry (E Uo[E]) and Tan(E U ¢[E],0) is a closed halfspace containing 0.

We also have Tan(E U o[E],0) = H U o[H]. Tt follows that o[H] = —H if (i)

holds and that ¢[H| = H if (ii) holds.
In case 0 € int S, (i) cannot hold in view of (I'3) and (T'0).

7. TWO SQUARES.
Let
S = ([0,1] x [0, =1]) U ([0, =1] x [0, 1]).
We shall determine n'¢(M, ,), (r,s) € P.
Let
Y={up,p4+,p-}

and note that ¥ is the group of rigig motions of R? which carry S into itself.
Let

T =10,1] x [0, —1].
Let
V= {(07 0)’ (170)7 (17 _1)7 (O’ _1)7 (O’ 1)? (_1’ 1)? (_17())};
thus V' is the set of the seven vertices of the polygon S. Let
I={(x1,0):0< 21 <1} andlet J={(1,22):—-1<xz9<0}.
Let
E={oll]:ceX}U{o[]]:0c€X}
thus £ is the set of the eight open edges of the polygon bdry S.

7.1. The relevant arc geometry.

Definition 7.1. For 0 < s < oo and 7/4 < 0 < 7/2 we let

ci1(s,0) = ssinf(1,1);

ai(s,0) =a(ci(s,0),s,06m/4— (0 —7/4),5n/4+ (6 — 7/4));
p1(s,0) = (s(sinf — cos 6, 0);

q1(s,0) = (0, s(sinf — cos))

and note that a;(s,0) € A(s) and ends(a;(s,0)) = {p1(s,0),q1(s,0)}.
For 0 <r < oo and 7/4 < 0 < m/2 we let

ca(r,0) = (1 — r,—rsinb);
as(r,0) = a(ca(r,0),r,0,0);
pa(r,0) = (1, —rsinf);
qz(r,0) = (1 — r(1 — cos9),0)

and note that az(r,0) € A(r) and ends(ax(r,0)) = {p2(r,0),qz2(r,0)}.

O
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For 0 < r < oo we let

and note that az(r) € A(r) and ends(az(r)) = {ps(r),qs(r)}.
For 0 < r < oo we let

ealr) = ()
ay(r) = a(eq(r),r,m/2,7);
pa(r) = (0,—7);

)=

and note that as(r) € A(r) and ends(as(r)) = {pa(r),qs(r)}.
Definition 7.2. We let
w(r,s,0) =r(l —cosf) + s(sinf — cosf) for ((r,s),0) e P xR

and we let
Vi ={((r,s),0) e P x (n/4,7/2]) : w(r,s,0) =1}
={((r,9), 9) €P x (n/4,7/2] : pi(s,0) = az(,0)},
Wy ={(r,s) €P: (1—-v2/2)r <1<r+s},
X ={(r0):n/A<f<m/2and 0 <r < 1/(1—+2/2)}.

Proposition 7.1. There is one and only one function
O : Wi(r/4,7/2)
such that
((r,s),0) € Vi, & (r,s) € Wi and 0 = O(r, s).
Moreover,
(r,si) € Wp, i =1,2, and s1 < s2 = O(r,s1) > O(r, 52).

Proof. Suppose (r,s) € Wf. Then

%w(r, $,0) =rsinf + s(cosf +sinf) >0 for 0 € (w/4,7/2]
as well as

w(r,s,m/4) =r(1-+v2/2) <1 and w(r,s,7/2) =7+s> 1.
The final assertion follows by differentiating w(r, s, ©(r, s)) with respect s for (r, s)
interior to W. O
Definition 7.3. We let

C(r.0) = 1—7(1—cosb)

— /
e — and Z(r,0) = (r,{(r,0)) for (r,0) € X}.
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Corollary 7.1. Z and
Wg 3 (r,s) — (r,0(r,s))
are inverse to one another. Moreover, for any r € (0,1/(1 —v/2/2)),
(w/4,7/2] 2 0 — ((r,0) is decreasing.
Definition 7.4. Let

p(0) = H—ﬁ form/4 <6 <m/2
and let
Wi ={(r,s) € Wg : 7 <1/(1 +5sin0(r, s))},
We={(r,s)eP:r+s<1landr<1/2},
Wy ={(r,s) eP:r <1/2}.
If we set

Xr={(r0)eXp:r<p)}
we find that X C X} and
Wgp = {Z(T‘,G) : (T‘79) S XF} C WI/T
Let
b={(p(6), Z(p(6),0)) : 7/4 < 6 < 7/2}.
With the help of Maple we find that b is an increasing function carrying (1/2, c0)
onto [1/2,1/(14 1/2/2)). Tt is then easy to see that the boundary of W is

{(0,8):1<s<oo}U{(r,1—r):0<r<1/2}U{(s,b(s):1/2 < s < o0}

A plot of the boundary of Wg appears in Figure ?7.

Remark 7.1. Thus

WFQWG:@, Wa C Wy, WHﬂ{(T,S)EPZT—‘rSZl}CWF.
For each (r,s) € W we let
Fr,s
be the compact subset of R? whose boundary is the union of the the sets
olai(s,0(r,s))], o € {t,a};
ofas(r,5,0(r, 5)) U [pa(s, O(r, 5)), as ()], 7 € 5
olag(r)], o € {¢,a}.

For each (r,s) € Wg we let
Gr,s

be the compact subset of R? whose boundary equals the union of the sets
olai(s,7/2)], o€ {t,a};
alp1(s,7/2),qa(r,m/2)]Uay(r,m/2) U[pa(r,m/2),q5(r)]], o€,
olaz(r)], o€{i,al.
For each r € Wg we let
I,

be the compact subset of R? whose boundary equals the convex hull of the union
of the arcs

a3(r)a 0[32(7’, 71—/2)]3 o< {va—}a a4(r).
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FIGURE 1. F, ; with r = .35, s = .85 and 6 = O(r, s).

FIGURE 2. G, with r = .2 and s = .4.

For each r € Wx we let
H,.=1I.Uall]

7.2. The main theorem.

Theorem 7.1. Suppose (r,s) € Pand F € n%OC(Mm). Then either
(r,s) € Wg and [E] € {0, [F. 5]}

or
(r,s) € Wg and [E] € {0, [G,s]}

or

(r,s) € Wy and [E] € {0, [H,], [I], [e[L]]}-
Remark 7.2. More than one of these cases can occur.

The remainder of this section is devoted to the proof of this Theorem.

19
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FIGURE 3. H,, with r = .2.

7.2.1. Some lemmas. We suppose throughout this subsection that (r,s) € P and
E €T, 4(9).
Let
M={zcR*:zee, =1}.

Lemma 7.1. (V ~ {(0,0)}) Nbdry E = (.
Proof. This follows directly from (I'0) and (T'1). O

Lemma 7.2. Suppose K € £ and A € cmp(FE, S). Then
ends(A) Z cl K.

Proof. Replacing E by o[F] for some o € ¥ if necessary, we may assume that K = I
or K =J.

Suppose, contrary to the Lemma, ends(A) C cl.J. By Proposition 6.1 the circle
containing A meets the line M transversely. This is incompatible with (I'0) and
(T'1).

Suppose, contrary to the Lemma, ends(A) C clI. Since (1,0) € bdry E and
since ends(A) has two members there is ¢ € I N ends(A) From Proposition 6.1
we infer that that the circle containing A meets L; transversely. Let Y = Lq, let
G = (R? ~ bdry S) U I, let X be the connected component of a in G N bdry E
and note that G satisfies (ii) of Theorem 6.1. Let P, Q, etc., be as in Theorem 6.1.
Since a € @ and since @ is finite there is ¢ € @ such that

(12) gee; >xee; forxeQ.

By Theorem 6.1 there are B’, B” € cmp(E,) such that ¢ € ends(B’) N ends(B”)
and
ree <qee; forxec B.

Let C',C", !, " be the circles containing B’, B” and their centers, respectively.

Suppose B’ € int(E, S). Then ¢’ ees > 0 which implies ¢’ ee; < 0. This implies
that if ¢” is such that ends(B"”) = {¢,¢"} then ¢” ee; > gee;. Since ¢” & bdry E
by Lemma 7.1 and since C”" meets L transversely by Proposition 6.1 we conclude
that ¢’ € @ which is incompatible with (12).
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Suppose B’ € ext(F,S). Then ¢’ e eo < 0 which implies ¢’ e €; > 0. Since C”
cannot meet the line M transversely by (I'0) and (I'l) we find that (1,0) ¢ C”.
But this is incompatible with Lemma 7.1 (]

Lemma 7.3. Suppose J Nbdry E # (. There is § € (7/4,7/2] such that r(1 +
sinf) <1 and

(13) as(r,0) U [pa(r,0),q3(r)] Uas(r) C bdry E.

Proof. Let Y = M , let G = (R?> ~ bdry S) U J and note that G satisfies (ii) of
Theorem 6.1. Let X be the connected component of G N bdry E containing some
point of JNbdry E. Let P, Q, etc., be as in Theorem 6.1. Then, by Theorem 6.1,
P # 0, P is connected and Q = . Keeping in mind Lemma 7.1 we infer there
exist a,b € J such that a e ex > be ey and P = [a,b]. It follows that Rg = {A, B}
where A, B € int(E, S), a € ends(A) and b € ends(B). We note that the lengths
of A and B cannot exceed 7r and leave the remaining details of the proof to the
reader. O

Theorem 7.2. Suppose E C S. Then r < 1/2 and
Ec{0,H. I, «a]}

Proof. Were it the case 0 € bdry E we would have Tan(E, 0)) C Tan(S,0). This is
impossible since Tan(E, 0) is a halfspace whose boundary contains 0. Thus 0 € E
which together with Lemma 7.1 implies V Nbdry E = (). We note that the lengths
of any member of cmp(FE, S) cannot exceed mr and leave the remaining details of
the proof to the reader. ([l

7.2.2. More lemmas. Now suppose (r,s) € P, E € nlo¢()M, ) and E = spt [E]. By
Theorem 3.1 we have that E € T, 4(S5).

Lemma 7.4. Suppose A € int(E,S) and ANL_ # (. Then {A, a[A]}n{as(r),as(r)} #
0.

Proof. We may suppose without loss of generality that A C T. Let ¢ be the center
of the circle containing A. Then ¢ € L_ by Theorem 6.2 and, since the length of A
cannot exceed 71, either (i) cl A meets both J and p_[J] or (ii) ¢l A meets both I
and p_[I].

In case (i) holds then C meets both J and p_[J] tangentially since E is a subset
of the convex hull of S. Since the length of A does not exceed wr we find that
A =as(r).

So suppose (ii) holds. Were it the case that C met I transversely there would
by B € ext(F,S) such that ends(A) Nends(B) # 0. By Lemma 7.2 B meets L.
By Theorem 6.2 the center ¢ of the circle D containing B lies on L. Using (I'3)
and (I'4) we infer that a;(s,0) for some 6 € (w/4,7/2]. But this forces the length
of A to equal (2(7/2 — 0) + w/2)r > nr. Thus C' meets I tangentially. Since the
length of A cannot exceed mr we find that A = as(r). O

Lemma 7.5. Suppose E NP # (. Then either (r,s) € Wr and E = F, 5 or
(r,s) € Wg and E = G, ;.

Proof. Replacing E by a|E] if necessary, we may choose A € ext(FE, S). By Lemma
7.2 there is a € I Nends(A). Let C be the circle containing A and let ¢ be its
center. From Theorem 6.2 we infer that ¢ € L.
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Case One. C meets L; tangentially at a. Since the length of A does not
exceed ms and since ¢ € Ly we find that A = a;(s,7/2). Letting Y = Ly, let
G = (R? ~ bdry S) U I, let X be the connected component of G N bdry E which
contains ¢ and let P,Q, R, etc., be as in Theorem 6.1. It follows from Theorem
6.1 that P # 0. Since (1,0) ¢ bdry E by Lemma 7.1 there is B # A such that
Rs = {A, B}. Were it the case that B € ext(F,S) the length of B would equal
3m2/2 which we have excluded; thus B € int(F,S). Since BN L_ = () by Lemma
7.4 we infer from Lemma 7.2 that J Nends(B) # ). We now use Lemma 7.3 to see
that 77 holds.

Case Two. C meets L, transversely at a. In this case there is B €
int(E, S) such that a € ends(B). Were it the case that B met L_ we would have
B = a4(r) by Lemma 7.4. But this would force the length of A to equal 3ms/2.
Thus JNends(B) # 0. By Lemma 7.3, there is 0 € (7/4,7/2] such that (13 holds.
Since co(r, ), a, ¢ are collinear we infer that A = a; (s, 0). O

7.3. Calculations. We set
Qp(r,s) =rs(M,s), (Frs) =rs(TV(F.s) + M, (F.s)), (r,s) € Wg;
Og(r,s) =rs (M), (Grs)rs(TV(Grs) + M, o(Grs)), (r,5) € Was
Qg (r,s) =rs(M,s), (H.)rs(TV(H,) + M, (H,)), (r,s)€Wn

and proceed to calculate these functions.
We have

H'(a;(s,0)) = (20 — 7/2)s whenever 0 < s < co and 7/4 < 0 < 7/2;
H'(ag(r,0)) = rsinf whenever 0 < r < oo and 7/4 < 0 < 7/2;
0)

H (as(r,

For (r,s) € Wg we let 0 = ©(r, s) and note that
|p2(r,0) — as(r)| =1 —r(1 + sin ).
For (r,s) € Wg we have
IPi(s,m/2) —qe(r,m/2)| =1 —(r +s).

For 0 < s < oo and /4 < 0 < w/2 we let

Ri(s,0) =PN{(1 —t)ci(s,0) +tx:1<t<ooand z € ay(sb)}

and we calculate

L2(Ryi(s,0)) = s —(scos&)(ssm@)—%(% 7/2)s? (1 + Z —0— sin@cos@) .

)= fr whenever 0 < r < oco.

For 0 <r < oo and /4 < 60 < 7/2 we let
Ro(r,0) =T N{(1 —t)ca(r,0) +tx:0 <t <ooand x € ay(r,0)}
and we calculate
L3(Ry(r,0)) = r(rsinf) — é@ - %(r cosf)(rsinf) = g(sin 0(2 — cos ) — 0).
For 0 < r < 0o we let
Rs(r)=TnN{(1—t)cs(r)+tr:1<t<ooandx € az(r)}

and we calculate -
LA(Ry(r) = 1% = 2o = (1= 2) 2.
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7.3.1. Analysis of ®p. For (r,s,0) € R3 we let

149 bp(r,s,0) = —4r%sinfcos — 4rssinfcosd + 4rsf — rsm
+460r2 +8r —4r? + 10?2 — 4 — 4rssin? 6.

Suppose (r,$) € Wr and 6 = O(r, s). Then

)
TV (F,) = 2H (ai(s,0)) + 4H (az(r,0)) + 4[pa(r, 0) — as(r)| + 2H' (a3(r));
L2(Fps N S) = 2(1 = 2L%(Ra(r,0)) — L2(R3(r));
LY(F o~ 8)=2(1—L*Ry(s,0)))
so that
(15) Dp(r, s) = §¢>F(r,s,9)
With the help of Maple we obtain

or(Z(r,0),0) = 5 S(r,6) ap(0)r® +bp(0)r + cp(0)

for (r,0) € R x (m/4,7/2] where for § € (7/4,7/2] we have set
ap(0) = 4sinfcosf — 2w cos @ + 4cosf + wsin
+40sinf — 4sinf — 40 + 7 — sin® 0,
br(f) = —8cosf 44 — 4cos® 0 + 8sin — 4sinf cos§ — 7 + 46;
cp(0) = —4sin € + 4 cos 6.
With the help of Maple we find that
ap <0, bp>0, cp<0, Ap>b
where we have set
Ap(0) = bp(0)? —4ap(0)cp(0) for 6 € (n/4,7/2].
Let
—br(0) £ VAR(0)
2ar(0)
Since arp < 0 we find that for any r € R we have
br(Z(r,0) <0 & 1€ (=00, pr._(6)) U (pr4(6), ),
o (r,((r,0),0) =0 & r=ppi(9),
¢r(r,¢(r,0),0) >0 < 1€ (pr—(9)), pr4(0)).

For any 6 € (7/4,7/2] we have

pr+(0) = for 6 € (w/4,7/2].

1

or(0.¢(0,6),6) = ~2————— < 0.

as well as

¢F(p(0)a C(p(@),e), 0) =

for 0 € (w/4,7/2]. It follows that

¢(p(6),0))
(sin@ — cos 0)p(0)

5 (40sin — mwcos0) > 0

0<pr—(8) <p®) <pr+(f) form/d<8<m/2
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so that for any (r,0) € X we have
Op(Z(r,0) <0 & r<pp_(0);
Or(Z(r,0)) =0 < pp_(0) =r;
Op(Z(r,0) >0 < pp_(0) <r.
Plotting pr _ as well as its derivative using Maple we find that
(16) pr,— is decreasing.

Let

1= = pr-(n/2), ey = lim pp(6).

We use Maple to obtain

o _TH12EVA 4567 +16 C2(14+V2)—2y2+7
F-= 16 — 4r T T B —2)

Let
or—(0) =C(pr—(0),0) for b e (n/4,7/2].
Plotting o, using Maple we find that

(17) oF,— is decreasing.
Let
_=op_(m/2 = li —(0).
sp-=0r=(7/2), spy = lim or(0)

We use Maple to obtain

_ 5 —44+ Vw2 +567+16
N 16 — 47w '

SF,— SF,+ = OQ.

It follows that
ar = {(or,—(0), pr,—(0)) : 0 € (7/4,7/2]}

is an increasing function on [sp,_,c0) with range equal [rg_,7p ) such that
(18)
{(r;s) e Wp : ®p(r,s) <0} ={(r,s) : sp— <s<o0, 0<r<gqp(s)andr+s > 1}.

7.3.2. Analysis of ®¢. Suppose (r,s) € Wg. Then
TV(G,,) = 2H (a;(s,7/2)) + 4|p1(s,7/2) — qo(r, 7/2)|
+4H (as(r, m/2)) + Alpa(r,m/2) — a3 (r)| + 2H' (a3(r));
L3(GrsNS) =2(1 —2L%(Ry(r,7/2)) — L2(R3(r));
L2(Gyrs ~ S) =2(1 — L2(Ri(s,7/2)))
so that, with the help of Maple, we have

Dg(r,s) = ;((w —A)rs + (7 —12)r% + 167 — 4).
Let
(31— 12)r2 + 167 — 4
(4—m)r

oa(r) = for r € (0, 00).
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r=qp(s) ‘\ = b(s)
J |
|

bp <0 Dp >0 \‘

(0.1)

7‘+5:1\_/

(re—,sr-)

\
(1/2,1/2)

FIGURE 4. Wy and the sets {®r < 0} and {®p > 0}.

It follows that for any (r,s) € Wg we have
Oa(r,s) <0 & s<og(r);
bo(r,s) =0 & s=o0g(r);
Di(r,s) >0 < s> o0a(r).

Let
4 — /4 +3m
T s =0,

_=2
e 12—37
note that {r: 0 <r < 1/2 and og(r) = 0 if and only if r = r¢ _ and let

TG+ =Th— SG+ = SF—-

Using Maple we find that o¢ is increasing on [rg,—,7q,+] from sg_ = 0 to sg +

and that
ra+ t+saq+ =1

It follows that
gc = {(og(r),r):0<r <rgy}

is an increasing function with range equal (0, sg +] such that
(19)
{(r,s) e Wg : @y (r,s) <0} ={(r,s) : s¢g,—- <s<sg+0<r<gg(s)andr+s <1}
7.4. Analysis of ®y. Suppose (r,s) € Wg. Then
TV(H, ) = 2H (ai(s,7/2)) + 4|p1(s,7/2) — q2(r, 7/2)|
+ 4H (ag(r, 7/2)) + 4|p2(r, 7/2) — qz(r)| + 2H (az(r));
L2(Hy s N S) =2(1 — 2L%(Ry(r, 7/2)) — L2(R3(r));
L2(Hy s ~S) =21 — L*(Ri(s,7/2)))
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(G4, 5G.+) = (TF—, SF-)

r=0 r = a6(s) (1/2,1/2)

i <0 D >0 J

r=1/2

(0,0) (re—,0) = (ru_,0) (1/2,0)

FIGURE 5. Wg and the sets {®¢ < 0} and {®¢ > 0}.

so that with the help of Maple we obtain

Oy (r,s) = 2s((m —4)r? +4r — 1)

(20)
==2s(4—m)(r — pu,—)(r — pu.+)
where
2 — 2
TH,— = 1 VT ~ 0.2650794522 and rpy 4 = 4+ VT ~ 4.394712916.
-7 -7

In particular, rg,_ < 1/2 < ry 1. It follows that for any (r,s) € Wy we have

Qy(r,s) <0 & r<ry_;
Qy(r,s)=0 & r=rg,_;
Qp(r,s) >0 & r>rg_.

We also note that

7.4.1. Determination of ¥, @, q and N. Let ¥, Q,q, N be as in Section 5.
Theorem 7.3. We have

q=qrUqcU{(ra—,s):0<s<rmg_};

N ={(qr(s),s):0<s<oo}U{(r,r):0<r<rg_}.
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r=ry r=1/2

Py <0 Oy >0

(0,0) (ru.—,0) (1/2,0)

FIGURE 6. Wy and the sets {®y < 0} and {®y > 0}.

If (r,s) € P, E € nl¢(M, ) and E = spt [E] then

{F,s} ifr+s>1,s>0p_ and r < qp(s),
{F, s, 0} ifr+s>1,s>0p_ and r = qp(s),
{Grs} ifr+s<1,s>randr<qa(s),
(21) e {G,s,0} ifr+s<1,s>randr=qg(s),
{H:s} ifr+s<l,s<randr<rgyg_,
{H, s, 0} ifr+s<l,s<randr=rg_,
{Grs,Hy s} ifr=sandr <rgyg_,
{Grs.Hy 5,1y s, Jrs, 0} ifr=ryg_ and s =rg_.

Proof. By a simple calculation one derives the following.

(4—m)rs(r —s)
2
Keeping in mind the fact that if (r,s) € Wy and (M, ), ({;) < 0 then

(MT,S)1 (Hr) =2 (MT,S)l (Ir) < (Mr,8)1 (Ir)

we see that the last six of the eight cases in (21) hold.

Suppose (r,s) € QNWg and r < 1/2. T claim that ®p(r,s) < @y (r,s). Suppose,
to the contrary, that ®g(r,s) > ®g(r,s) < 0, the last inequality a consequence of
(r,s) € Qp. Since Py (r,s) < 0 we infer that r < ry _ < 1/2. Choose 0 <
s3 < Sg < s such that r < s5 < 1 — 7 and s3 < r. Thus (r,s2) is interior to
Q¢ and (r,s3) € Qu. By the preceding Proposition, ®G(r,s2) < @y (r,s2) so
Grs, € n%OC(MnsQ). We also have H, € n{OC(MmS). But then Proposition 5.3
implies that G, ~ S C H, 4, ~ S which is obviously not the case. We may now
infer that the first two cases of (21) hhold. (We could also have verified the claim
using Maple.)

The formulae for ¢ and N follow from (21) and our previous work. O

(22) GH®g(r,s) — @y(r,s) = for (r,s) € Wg.
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F 7,5

(o) 2 VEF & 50794522

b = YT HO (1) o ().9725085674
Vo Sbnt16-5mtd  (),7274014326

c=

(a,a)

H,
(a,0) r

FIGURE 7. Illustration of Theorem 7.3.

r+s=1
LA
| als)
£},
=732 Y & 21
e=11/64, Y =~ .34
r=s 1+
F=3/32, Y ~ 64

r

FIGURE 8. Minimizers for v(y) = y?/2 with e = 7/32,11/64, 3/32;
Y here is the approximate maximum value of the minimizer.

7.5. An analysis of three cases for v(y) = y*/, y € R. We depict in the
following figure the different possibilities when

1
F(f) =5 [17@) = 1s(@) dc%.  for | € F(E),
Notice the different character of the minimizer as e varies.

8. TWO CIRCLES.
Suppose 1 <1 < oo. Let ¢4 = (£,0), let Sy = B(cy, 1) and let
S=S_uUs,.

We shall determine n{OC(M,.,S)7 (r,s) € P.
¥ = {1, a, p1, p2} and note that ¥ is the group of rigid motions of R? which carry
S into itself.
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8.1. Preliminaries. For reasons which will become clear shortly we let
G' =(—1,00)={s€(0,00): 1 <1+s};

.
di(s) ==+ (arcsm T s> ey for s € G;

G = (P;l,oo> ={se(0,00):1 <25 +1};

O(s) = arcsin 1 for s € G;
Wgr ={(r,s):0<r<ooands e GG}

14+vV1—¢2
L(t):%t for ¢ € (0,1);

H=(0,2/1* +1) = {t € (0,1): | < L(t) };
Xrp={(rt):0<r<oocandte H};

C(t):l_Tt for t € H;

Z(r,t) = (r,{(t)) for (r,t) € Xp;
Ws =P

and we note that Z carries X diffeomorphically onto Wg.
The proof of the following Proposition is an elementary exercise which we leave
to the reader.

Proposition 8.1. Suppose 0 < u < 00, 0 < s < 0o and C is the circle with center
(0,u) and radius s. Then C meets each of S, and S_ tangentially if and only if
s€ G and (0,u) = cy(s) and C N Ly =0 if and only if s € G.

Definition 8.1. Suppose s € G. We let
A_(s)=alc_,s,m/2 —0O(s),7/2+ O(s),s);
Ay(s) = p[A-(s)];
B_(s) = a(d_(s),1,0(s), 2 — O(s));
By (s) = p2[B-(s)]
and we let
F

be the compact subset of R? whose boundary is the union of the closures of the
arcs Ay (s), BL(s).

8.2. The main theorem.
Theorem 8.1. Suppose (r,s) € P, E € nl°¢(M,,) and E = spt [E]. Then either
(r,s) € Wr and [E] € {0, [Fs]}

(r,s) € Wg and [E] € {0, [S_], [S+], [S]}-

Remark 8.1. More than one of these cases can occur.

The remainder of this section is devoted to the proof of this Theorem.
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FIGURE 10. F, with [ =1.2 and s = 2.

8.2.1. We suppose throughout 8.2.1 that 0 < r < 00, 0 < s < 0o and
E €T, (9).

Lemma 8.1. Suppose A € ext(E,S). Then ends(A) meets both bdry S_ and
bdry S..
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Proof. Suppose the Lemma were false. Replacing F by pa[E] if necessary we may
assume that ends(A) C bdry Sy.

Let m be the midpoint of A. Replacing E by p;[E] if necessary we may assume
that mo > 0. Let a,b € ends(A) be such that as < bs. Then

bot+ax  ba—ax _batas
T2 T3 7T

Let Y = bdry S and let G be as in Theorem 6.1 (ii). Let X be the connected
component of m in G N bdry E, note that 6.1 (iv) holds, and let P, Q, et cetera,
be as in Theorem 6.1. In particular, N = card ) < co. From Proposition 6.1 we

find that the circle containing A meets S, transversely so N > 2. It follows from
(T'0) and (I'1) that

(1) Qc{reR? . zee; <}
so that there is d € () such that

ba

= Ma.

deey > xeey forxe(.

Thus there is D € R3 such that d € ends(D) and ends(D) meets bdry S_. But by
Theorem 6.1 we have D C B(c4, [m—c|) so we have arrived at a contradiction. O

Lemma 8.2. Suppose E C S. Then F € {(,S_,S,S}.

Proof. Were there A € int(E, S) the circle containing A would meet bdry S ~ {0}
transversely by Proposition 6.1 which would force E' to meet the complement of
S. |

8.2.2. The main lemma.

Lemma 8.3. Suppose E € nl°(M,,) and E = spt[E]. Then ext(E,S) C
{A-(9) AL (9}

Remark 8.2. By example one finds that the Lemma is false if we assume only
that E € T, 5(5).

Proof. Suppose A € ext(E,S), C is the circle containing A and c is its center.

By Lemma 8.1 there are ax € bdry Sy such that ends(A) = {a_,ay}. This
implies A meets Lo at a point e. By Theorem 6.2 Tan(bdry F,e) = L, for i €
{1,2}. Were it the case that Tan(bdry FE),e) = Ly we would have that ends(A) C
S, or ends(A) C S_ which is incompatible with Lemma 8.1 so Tan(bdry E,e) =
L;. This implies that ¢ € Lo.

Suppose C met bdry S ~ {0} transversely. Then there would be By € int(FE, S1)
such that ax € ends(By). Let Dy be the circle containing By and let dy be its
center. By Proposition 6.2 we have

(23) ¢, ay, dy are collinear and ¢, a—, d_ are collinear.
Let by be such that ends(B+) = {at, b+ }. By Proposition 6.1 the circle D1 meets
Sy transversely at by. Were it the case that b_ = by we would have [ = 1 and

b_ = 0 = by which, by (T'0), implies that D, = D_ which is impossible given
(23). So b_ # by. This implies there is A’ € ext(F,S) such that by € ends(A’)
Since A, By, B_ are invariant under p; so is A’ and ends(A’) = {b_,b;}. Owing
to (23) we find that either A and A’ have length greater than s or By and B_
have lengths greater than 7wr. Thus C' meets bdry S transversely. Since the length
of A does not exceed ms we conclude that A = Ay (s). O
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8.2.3. Completion of the proof of the main theorem. Suppose (r,s) € P, E €
nlo¢(M, ) and E = spt[E]. In case E C S we infer from Lemma 8.2 that
E e {0,5-,5+,5} so suppose E ~ S # ) and choose A € ext(E,S). By Lemma
8.3 we have s € G and A = AL (s). By (I'0) we have ENS, # 0 and ENS_ # 0.
Were it the case that S ¢ E there would be B € int(E,S). The circle containing
A would meet either bdry S or bdry S_ transversely which is incompatible with
Lemma 8.3. Thus S C E. We leave it to the reader to provide the straightforward
arguement needed to show that p;[A] € ext(E,S) and that E = Fj.
8.3. Calculations. We let
®p(r,s) =rs (M), (Fs) = rsTV(F,) — sL*(FsNS) +rL*(Fs ~ S) for (r,s) € Wp,
Dg(r,s) =rs (M), (S) =rsTV(S) — sL>(S) for (r,s) € Wg
and proceed to calculate these functions.

For s € H we have

(24) H'(A+L(s)) =20(s)s and H'(Bi(s)) =21 —2(n/2 —O(s)) = 7 + 20(s).
Proposition 8.2. Suppose s € G and § = ©(s). Then
TV(F;) =2m+40(1 + s);
(25) L3(F,NS) = 2m;
L3(Fy ~ 8) =2l(1+ s)cosd +20(1 — s%) — 7.

Proof. The first of these equations follows immediately from (24) and the second
is trivial.

For the third let P be the parallelogram with vertices c+ and d4(s); let Q =
{I—-t)cy+tx:x € Ay(s)}; and let R = {(1—t)dy(s)+tz:z € Bi(s)}. We have

T—0

L2(P) =2I(1+s)cosh), L*(Q)= 5

L*(R) = 0s*

and
L2(Fs ~ S) = L2(P) = 2(L*(P) + £*(Q)).

8.3.1. Analysis of Pp. Let

B(t) = 2arcsin(t) + 26/1 — 12, 0<t<1;

since 5'(t) = 4v/1 —t2 > 0 for 0 < t < 1 we infer that (3 is increasing and 0 < 8 < .
For (r,t) € (0,00) x (0,1) we let

or(rt) = rB(t)I? + 27t (r ;21)1 —t?(3r — 2) '

Suppose (r,s) € Wp and t =1/(1 + s) = arcsin O(s). We use Maple to obtain
Dp(r,s) = op(r,t).
With the help of Maple we find that
B(t)I? + 27t — 3mwt? > B(t) + 27t — 37t >0 for 0 <t <1

so we may let
2rt(l —t)

k() = B(t)1? + 2mtl — 3mt?

forO<t<1
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and deduce that
¢p(r,t) =0 < r=R(t) for (rt) € (0,00) x (0,1).
With the help of Maple we find that

(26) 0< R(t) < L(t) forte(0,1).
Note that
. /2 .
lim R(t) = and that lim R(t)=1.
£10 /241 121/ (12+1)
Let
qr(s) = R(O(s)) forsed.
Then /2
™
=1 d = .
sin/l(rlI%-i-l) ar(s) an sllrglo ar(s) w/2+1

Keeping in mind (26) we find that
(27) {(r,s) e Wg : ®p(r,s) <0} ={(r,s) € (0,00) Xx G:1r < qp(s)}.
As one can see using Maple it is not the case that gp is increasing.
8.3.2. Analysis of ®g. For (r,s) € Wg we have
Dg(r,s) =2mws(2r — 1)
SO
(28) {(r,s) e Wg : ®p(r,s) <0} ={(r,s):0<r <1/2and 0 < s < co}.
8.3.3. Relationship between ®r and ®g. Let
K(t,\) = B(t)A? = 2ntA + 7t*  for (¢, \) € (0,1) x (0,00).
With the help of Maple one finds that
Dp(r,s) — Pg(r,s) = t%K(t,l). if (r,s) € Wr and t = arcsin ©(s) =1/(1 + s).
Keeping in mind that 0 < § < 7w we let

for0 <t <1.

Then
K(t,\) =Bt (A —k+(t))(A—=k_(t)) for (t,\) € (0,1) x (0,00).

With the help of Maple one finds that

K_ is increasing, ltlf(r)l k_(t)=0 and ltlTHll k_(t)=1
and -

k4 is decreasing, ltlftr)l k_(t) = 5 and ltlTnll k_(t)=1.
One also finds with the help of Maple that
(29) ky(t) < L(t) for0<t<1.

Let
7:(1,7/2) — (0,1)
be the function inverse to x4 and note that 7 is decreasing with range (0,1).
So we have established the following Proposition.
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FIGURE 11. An illustration of Proposition 8.3

Proposition 8.3. Suppose (r,s) € Wr and ¢t = arcsin O(s) =1/(1 + s). Then
(r,s) < ®g(r,s) & t<7(l);
Op(r,s) =Ps(r,s) & t=7();
(r,s) > ®g(r,s) < t>7(l).
8.4. Determination of ¥, (), ¢ and N. Let ¥,Q, g, N be as in Section 5.
8.4.1. Case One. | > /2.

Theorem 8.2. Suppose | > 7/2, (r,s) € P, E € nl°(M, ) and E = spt [E].
Then

{S} if r <1/2,
Ee {5 8:,5_,0} ifr=1/2
{0} ifr>1/2,

Proof. Suppose (r,s) € Wr and let ¢ = arcsin O(s). Then
r
Op(r,s) — Pg(r,s) = t—zK(t,l) >0

since | > 7/2 so F, & nlo¢(M,.,). The Theorem now follows from (28). O
8.4.2. Case Two. 1 <l < 7/2. Let

Theorem 8.3. Suppose 0 <! < 7/2 and 0 = l;zl()l). Then

Q={(s,r):0<s<ooand s =qp(r)}U{(s,1/2):21/(I* +1) < s < 0},
N=qg'={(rs)eP:r=q(s)}
and, if (r,s) € P, E € n{OC(MT,S) and FE = spt [E], then

{Fs} ifo<s<ooand0<r<q(s),

{Fs, 0} if 0 <s<o0andr=q(s),
Ee{F,S5 5:,5_,0} ifr=1/2and s=o,

{S} if0<r<1/2and s <o,

{5,54,5_,0} ifr=1/2and s <o.



TOTAL VARIATION REGULARIZATION FOR IMAGE DENOISING; III. EXAMPLES. 35

=12 a=1/2, b=0.5646473918
S
|
bp < g [ =)
|
/(aw b)
Py < Op
(a,0) r

FIGURE 12. @, N and g with separated circles.

FIGURE 13. Minimizers for y(y) = y*/2 with e = 1/16,3/16,5/16;
separated circles.

Proof. We make use of Proposition 8.3. O

8.4.3. An analysis of three cases for v(y) = y*/, y € R. We depict in the following
figure the different possibilities when

F(f) = [17@) = 1s(@)P dc%.  for ] € F(B),
Notice the different character of the minimizer as e varies.
8.4.4. Case Three. | = 1. Let
Theorem 8.4. Suppose [ = 1. Then
g={(s,r):1<s<ooands=qp(r)},
N=q"={(rs)eP:r=q(s)}
and, if (r,s) € P, F € n{OC(Mr,s) and E = spt [E], then

e {Fs} ifl<s<ooand0<r<qg(s),
{F,,0} if1<s<ooandr=q(s).
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FIGURE 14. Minimizers for y(y) = y*/2 with e = 1/16,3/16,5/16;
touching circles.

8.4.5. An analysis of three cases for v(y) = y*/, y € R. We depict in the following
figure the different possibilities when

1
F(f) = [17@) - 1s(@)P dl%.  for ] € F(B2),
Notice the different character of the minimizer as e varies.
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