1. PRELIMINARIES.
1.1. Tangents and normals.
Definition 1.1. Suppose A C R™ and a is an accumulation point of A. For each
r € (0,00) we let
Tor(A) =cl{t(r—a):0<t <ooand z € B(a,r) ~ {a}}
and note that Ty, , is a closed cone with vertex 0 in R". We let

T.(A) = [ Tur(A).

0<r<oo

We let
Ny(A) ={veR":vew <0 whenever v € T,(A)}.

1.2. g; ; and g"J.

Exercise 1.1. Suppose V is an m-dimensional inner product space; v is a basic
sequence for V; w is the corresponding dual basic sequence for V*; n;, € V* i =
1,...,m, is the image of v; under the isomorphism from V to V* induced by the
inner product; and

g, i,7€{1,...,m}

m
Zgz’kgk,j _ 5;
k=1

are such that

where we have set
X 1 ifi=y
gij=viev; fori,je{l,...,m} and §;= I
0 else.

Then

w; = Zgi’knk fori=1,...,m.
k=1
It follows that if b: V x V — R is bilinear and L : V — V is such that

L(v) ew =b(v,w) forv,weV
Then
(1) trace L = Z g"7b; ;.
ij=1
As an important special case, suppose w € V' and
Gij =0ij +(wev)(wewv;) fori,je{l,...,m}.
Then
(w o v;)(wevy)
1+ [w|?

Indeed, if L(v) = v+ (v e w)w for v € V one finds that

@ g =g

(vew)w
1+ Jw]?
1

L'w)=v forveV.
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1.3. Time slices. Suppose X is a set. Whenever A C X x R and t € R we let
Ay ={x: (x,t) € A}
Whenever A is a subset of X xR, YVisaset and f: A — Y we let
fo= Al fla,0) : (a,0) € A}
note that
ft : At — Y.
2. SUBMANIFOLDS.

Throughout this section we assume m and n are nonegative integers and m < n.

Definition 2.1. Suppose M C R™. We let
P (M)
be the set of ordered pairs (U, P) such that
(i) U is a nonempty open subset of R™, P : U — M, P is smooth and
rng P C M,
(ii) P is univalent and
dimrng dP(p) =m for each p € U;
(iii) for each p € U there is r € (0, 00) such that P~1[B(n, P(p))r is a compact
subset of U.
Definition 2.2. We say a nonempty subset M of R" is a smooth m-dimensional
submanifold of R" if for each @ € M there is (U, P) € P,,(M) such that a €
rng P. We let
M (R™)

be the family of smooth m-dimensional submanifolds of R™.
Remark 2.1. If M € M,,(R™), (U, P) € P,,(M) and p € U then
Tp(p) (M) = rng IP(p).
Theorem 2.1. Suppose M is a nonempty subset of R". Then M € M,,(R") if

and only if for each a € M there are an open neigborhood W of a and a smooth
map F': W — R"™ such that

() MW = fH{f(a)}];

(ii) dimrngdF(x) =n—mforx e V.
Remark 2.2. If M,a, W, f are as in the preceding definition we find that

T.(M) = ker OF (a).
Definition 2.3. Suppose M € M,,(R"), Y is a finite dimensional vector space
and f: M — Y. Wesay f is smooth if fo P is smooth whenever (P,U) € P,,(M).
For such an f and any a € M we let
of

be the function with domain M which assigns to each point a € M the the linear
map from T, (M) into Y characterized by the requirement that

9f(a) o 0P(p) = 0(f o P)(p)
whenever (P,U,V) € P,,,(R™), p € U and a = P(p).



Definition 2.4. Suppose M € M,,(R™). We let
X (M)
be the vector space of smooth X : M — R" such that
X(z) € T;(M) whenever z € M.
We let
X (M)
be the vector space of smooth X : M — R"™ such that
X(x) € Ny(M) whenever z € M.
Definition 2.5. Suppose M € M,,(R™) and f: M — R is smooth. We let
VfeX(M)
be such that
Vf(a)ev=0f(a)(v) whenever a € M and v € T,(M).
One calls V f the gradient of f.

3. SECOND FUNDAMENTAL FORMS AND MEAN CURVATURE.
Throughout this section we assume m and n are nonegative integers, m < n and
M e M., (R™).
Let II be the function with domain M whose value at a € M is orthogonal
projection of R™ onto T,(M).
Exercise 3.1. Show the following:
(i) II is smooth.
(ii) Oll(a)(v)* = O1l(a)(v) whenever a € M and v € T,(M).
(i)
(x) 0 Ol(x)(v) o T(x) =0 and TI(x)" o ATl(x)(v) o I(z)" =0
for x € M and v € T,,(M).
(iv)
Oll(z)(v)(w) = Ol(x)(w)(v) whenever x € M and v,w € T,(M).
(Hint for the symmetry assertion: Whenever (U, P) € Pp, (M), p € U and
i€ {1,...,m} we have
II(P(p))(0; P(p)) = 0; P(y) forie{l,...,m};
now apply 0; for j € {1,...,m}.)
Keeping in mind the preceding Exercise we define the second fundamental

form of M to be the function
B

on M whose value at a € M is the symmetric bilinear map
B(a) : Tu(M) x Ta(M) — Nu(M)
defined by requiring that
B(a)(v,w) = dll(a)(v)(w) for a € M and v,w € T,(M).
It follows from the preceding Exercise that

(3) B(a)(9;P(p), 0;P(p)) = T1(a) " (:0; P(p))
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whenever (U, P) € P,,(M), p € U and a = P(p).
Thus the second fundamental form encodes the rate of change of the tangent
space of M and depends on the inner product.
We also let
A

be the function on M whose value at a € M is a linear map from N, (M) into the
symmetric linear maps from T, (M) to itself defined by requiring that

A(a)(u)(v) ew = B(a)(v,w) eu whenever u € Ny(M) and v,w € T,(M).
It follows immediately that
4) A(a)(u)(0;P(b)) @ 0;P(b) = 0;0;P(b) eu whenever u € No(M)
whenever (U, P) € P,,,(M), 4,5 € {1,...,m}, b€ U and a = P(b).

Suppose N is differentiable normal vector field along M and a € M. Since
II(x) o N(z) = 0 for z € M we find that, for any v,w € To(M),

ON(a)(v) » w = TI(a) (ON (a)(v)) o w
— —9M(a)(v)(N(a) s w

= —0ll(a)(v)(w) & N(a)
= —A(a)(N(a))(v) e w;
that is,
(5) I(a) 0 ON(a) = —A(a)(N(a));

this is known as the Weingarten formula.

For example, if W is an open subset of R™, f : W — R™ ™ is smooth and
b€ R" ™ is such that M N W = {f = b} then, as (Vf)[(M NW) c X-(MnNW)
by virtue of (2.2), we find that

A(a)(Vf(a))(v)ew=—-0(Vf)(a)(v) ew whenever a € M and v,w € T,(M).

The mean curvature vector of M is, by definition, that member of X'+ (M)
such whose value at the point a of M satisfies

H(a) e u = —trace A(a)(u) whenever u € N,(M);

in the classical literature the mean curvature vector is 1/m times H; hence the word
“mean”. It turns out the factor 1/m in is inconvenient when one is working, as we
will be, with the first variation of area and for this reason we omit it. The direction
of the mean curvature vector, and not just its magnitude, will be important in this
work. It follows from (5) that

(6) H(a) e Z(a) = tracell(a) o 0Z(a)

whenever Z € X+(M) and a € M.
For example, let W = R" ~ {0}, let f(x) = |z|?>/2 for x € W, suppose 0 < R <
oo and let M = {z € R™: || = R}. Then

Vix)==z
for x € W. It follows from (5) that if a € M then
A(a)(a)(v) ew = —ew whenever v,w € To(M),

SO



and
H(a) = nR—21
Suppose (U, P) € P, (M). For each y € U and 4,5 € {1,...,m} let
9i.i(y) = 0:iP(y)  0;P(y),
bi,;(y) = IL(P(b))(0:0; P(y))

a.

for each y € U and let
9" (y)

m
> 9" e = 3.
k=1

be such that

Then
(7) H(P(y) =Y g7 (ybi;ly) foryelU.
ij=1

Finally, suppose m = 1 and (U, P) € P1(M). Then
g l(t) =|P'(t)|"" forteU.
It follows that
H(P(t)) = —|P'(t)|*I(P(1))*(P"(1))
= —|P'(t)| 7 (P"(t) o P'(t) P'(t) — P"(t))
forteU.

Remark 3.1. It is clear we may replace R™ with any finite dimensional inner
product space in the foregoing.

3.1. Hypergraphs. Perhaps the most important special case of the foregoing is
the following. Suppose U is an open subset of R™ and f : U — R is smooth. Let
n =m + 1 and identify R™ x R with R™ in the usual way. Let

M= f={(z,y) e R" xR) :y = f(z)}.
Let
P(z)=(z, f(x)) e R" xR forzeU.
Evidently, (U, P) € P,,(M) and
0, P = (e;,0;f) and 0,0;P =(0,0;0;f) fori,je{l,...,m}.
Let
gij(x) = 0;P(x) @ 0;P(x) = (€;,0; f(x)) ® (e;,0;f(x)) = &; ; + 0; f(x) 0, f ()

for x € U and let
W =+1+|Vf]2

N(z,y) = W(z,y)" (-Vf(2),1) forzelU
and note that N|M is a unit normal field. We have from (2) that
_0ir9;f

W2

Let

gl = §0



and

_ 0i0,f

bi,j = ((91(9]]3 o N)N = W(—Vf7 1)
so, by (7),
“ o 0 fO;f\ 0;0;
(8) HoP=-3" (6 - é}f) O vr).

i,5=1
4. DIVERGENCE AND LAPLACIAN.

Suppose m, n are nonnegative integers, m < n and M € M,,(R"™).

Definition 4.1. Suppose X € X(M). We let
div X,
the divergence of z, be the smooth function on M whose value at a € M equals
traceIl(a) o 90X (a).

The reason we introduce the divergence is because of the following Theorem,
which will be proved in the next Section.
Theorem 4.1. Suppose f € E(M), X € X(M) and spt f Nspt X is compact.
Then

XfdH™ = —/ fdivXH™.
M M
Definition 4.2. Suppose Y is a finite dimensional vector space and f: M — Y is
smooth. We let
Afe&(M)
be such that
w(Af)=divV(wo f) whenever w € V*.

One calls Af the Laplacian of f.

Theorem 4.2. Suppose () is an open set containing M, f € £(Q) and g = f|M.
Then

Af(a) = Ag(a) + Vf(a)  H(a) + traceIl(a)® o O(Vf)(a) o TI(a)t for a € M.

Proof. Let uq,...,u, be an orthonormal basis for R™ such that wuq,...,u,, is an
orthonormal basis for T, (M) and let Z(x) = Vf(z) — Vg(x) for x € M. Keeping
in mind that Vg(z) = II(z)(V f(x)) for © € M we use the Weingarten equation to
obtain

Agla) = ) 0(Vg)(a)(ui) e u;

I

@
Il
-

M(a)(ui)(Vf(a)) @ u; +1(a)(O(V f)(a)(us)) ® u;

.

ﬁ
Il
-

OMl(a)(ui)(Z(x)) @ ui + (V f)(a)(uq) @ u;

N
Il
-

.

= —H(z) e Z(x) + Af(x) = Y Vf)(a)(w)eu;

i=m-+1



Corollary 4.1. Suppose X(z) = z for z € M. Then
AX =H.

Proof. Foreachi=1,...,nlet Y;(x) =zee; for z € R"” and let X; = Y;|M. Then
for each 1 =1,...,n we have

(AX)ee, =AX,=VY,e H=Heeg;
since VY; = e;. [l

5. JACOBIANS AND DEFORMATIONS.

Suppose m, n are nonnegative integers, m < n and M € M,,(R"™).

Definition 5.1. Jacobians. Suppose N is a positive integer and F : M — RY is
smooth. We let

I F : M — [0, 00),

the (m-dimensional) Jacobian of F, be such that

ImF(a) = ‘/\ 8F(a)‘ = \/trace OF (a)* 0 dF(a) whenever a € M.
We have

) / TnFdH™ = [ N(F,y)dH™y
M RN

where for y € RY we have set N(F,y) equal to the cardinality of F'~![{y}].
Suppose [ is an interval, 0 € I and

h:M xI— R"issmooth and h(z,0) =2 for x € M.

Let X = ho and let Y and Z be the tangential and normal components of X,
respectively.
By the equality of mixed partials,

d
ﬁaht(a:)‘t_o = 0X(z) = Y (z) + 8Z(z) for z € M.
Suppose x € M. Let ui,...,u, be an orthonormal basis for R"™ such that
u; € Ty(M) for i =1,...,m. For each t € I let
d
&) = pn /\n_1 Oh(x)(ur A -+ A ).
i{ (x) *iu Ao NOX () (ug) A+ A
dt t =0 - . 1 i m
m
(10) - (ZaX(x)(ui)'uz) (CWARERRAR 7
i=1

m n

+Z Z (OX () (ug) @ uj)ur A+ Auj A= Aty



Keeping in mind that |£(0)] = 1 and invoking (6) we find that

d _£(0)+£(0)

0X (z)(u;) @ u;

.

—~
—
—

=

-
I

1

AY () (u;) ® u; + Z@Z(x)(ui) o u;)

Y(z)+ Z(x) e H(x).

S'Ms

< =

di

It follows from the area formula (9) that

:/ XeHdH™
t=0 K

for any compact subset K of M such that spt X C K.

(12) L [K))

Exercise 5.1. Derive a formula for the second variation of area.

6. TIME INDEXED FAMILIES OF MANIFOLDS.

Suppose m and n are nonnegative integers, m < n and M is a smooth m + 1
dimensional submanifold of R"™ x R. Let

T(x,t)=1t for (z,t) e R" xR.

Proposition 6.1. Suppose (z,t) € M. The following are equivalent:
(i) V(T|M)(z,t) # (0,0);
(i) TipryM ¢ R" x {0};
We now assume that
(13) V(T|M)(z,t) # (0,0) whenever (x,t) € M.

It follows that if ¢ € R and M; # () then M; is an m-dimensional submanifold
of R” x R. We say M is a regular time indexed family of m-dimensional
submanifolds of R".

Let

V = |V(T|M)|7*V(T|M) € X(()M);
one calls V' the velocity of M. Indeed, if I is an interval and (z,7) is an integral

curve of V' then
Suppose ¢ is the flow of V. Let x € M;. Then

L (b)) = V(a2 ) ® (e 1)

ds
= VT(¢5(5U; t)) b V(¢S(x’ t))

V(TIM)(¢s(x,t)) o V(¢s(xt))
=1

It follows that
ds[My x {t}] C Mgyt x {s+t} whenever s,t € R.



Also,
1=V(T|M)eV =VTeV =(0,1)eV;
it follows that there is a smooth map
Z:M—R"
such that
V(z,t) = (Z(z,t),1) for (z,t) € M.
Note that
Zy(x) € Ny(My) for (z,t) € M.

One calls Z the normal velocity of M. Evidently,
(1Ze(2)]* + 1)IV(T|M) (2, ) = 1.

6.1. Parameterizations.

Definition 6.1. Suppose M C R™ x R. We let

Qm(M)

be the family of ordered pairs (U, @) such that U is an open subset of R™ x R,
Q:U — R" and

(U, Q) € P (M) whenever ¢ € R and Uy # 0.
Suppose (U, Q) € Qm(M). Let

P(p,t) = (Q(p,t),t) for (p,t) €U
and let
M =rng P.
One easily verifies that
(U,P) € Mp41(M)
and that
(Uy, P) € Pp(My x {t}) whenever ¢t € R and M, # (.
Moreover,
Pi(p) = (Q(p), 1)
has a nonzero inner product with (0,1) so M satisfies (13). For each (p,t) € U let
Y(p,t)
be orthogonal projection of Qt(p) on Ty, ) (M;). Note that
(Yi(p),1) is the orthogonal projection of (P;(p),1) on Tp(pt)(M).

It follows that

V(TIM)(P(p,t)) =

1
W(Yt(l’)al)-

This in turn implies that

Z1(Q+(p)) = Yi(p) whenever t € R and p € Us.



10
6.2. Implicit representation. Suppose m = n — 1, W is an open neighborhood
of M, u: W — R is smooth, Vu(z,t) # (0,0) whenever (z,t) € W and
M = {(z,t) € W : u(x,t) = 0}.
Suppose (z,t) € M. Since
(0,0) # Vu(z,t) = (Vug(z),u:(v)) € Nig oy (M)
and since (0,1) & Nz 4) (M) we have
Vu(z) # 0.
We also have
0="V(z,t) e Vu(z,t) = Z;(z) ® Vuy(x) + ()
which implies
Zi(x) @ Vuy(x)
[V (2)[?

Vue(z) = —MVW (x).

6.2.1. An example. Let
p(x) = |z| andlet n(z)=|z|"'z for x € R x {0}.
Note that
Vp=n.
Suppose [ is an interval, f : I — (0,00) and f’ never vanishes. Let W = (R" ~
{0}) x I and let
u(z,t) = f(t) — |z| for (z,t) e W.

Then

w(z,t) = f'(t) for (z,t) €W
SO

M ={(z,t) e W :u(z,t) =0}

is a regular time indexed family of hypersurfaces in R™ ~ {0} with normal velocity

Zy(z) = - —(2) 3ula) = ~f (o)

(Vg ()
Moreover, the mean curvature H; of M, is

1
mﬁ(x)

Thus M moves with velocity its mean curvature if and only if

1
F==3

so that, for any tg € I,

(t —to)?

5 whenever ¢ € 1.

f(t) = f(to) -

Given R € (0,00) we can set

2
I=(0,v2R) and f(t):R—% fort el.
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7. SPEED FUNCTIONS.
We're now going to assume n > 0 and m =n — 1.

Definition 7.1. Let
A(n)
be the set of (z,u,a) such that z € R®, u € S"~! and « is a symmetric endomor-
phism of
h(u) ={veR" :uev =0}
Note that A(n) is a submanifold of R™ x L(R"™, R™) of dimension n + (n — 1) +
(n—1)n/2. We say S is a speed function if
S:A(n)—R
and S is smooth and
S(zr, —u, —a) = —S(x,u, A) whenever (z,u,a) € A(n).

(Of course we could soup this up and consider hihgher codimensions than 1 and
speed functions that depend on more that two derivatives; but we won’t.)

Suppose S is a speed function and M is a regular family of hypersurfaces in R™.
We say M; moves with speed S if

Z(w,t) = S(he(x), Ne(2), Ae(2) (Ne(2))) Ne ()
whenever W is an open subset of M, (z,t) € W, N : W — S"~! is continuous,

N, (M) = h(Ny(z)) and A¢(z) is the second fundamental form of M; at x.

Interesting examples are S(z,u, @) =1 and S(z,u,a) = trace a.

8. THE LEVEL SET METHOD (I THINK!)

Let S be a speed function and let

F:R" xLR",R) x Sym(R") - R

be such that
F(x,0u(z), 9*u(z)) = S(z, N(z),a(z)), = € M,
whenever u is a smooth real valued function on some open subset of R™, Vu never
vanishes, c € R, M = {u = ¢}, N = |Vu| " 'Vu, A is the second fundamental form
of M and
a(z) = A(z)(N(z)) forxze M.

Note that
O(Vu) e Vu

Vu.
Vup "

1

For example, if S =1 we can let
F=1
and if S(z,u, A) = —trace A we can let F' be such that

F(x, 8u(x)782u(m)) = WTl(a:)\ Au(z) — Z W@@u(a&)

Exercise 8.1. Show that, given S, there is one and only one F' as above and
characterize the family of those F' so obtained.
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Suppose
U

is a real valued function on some open subset of space-time R™ x R such that
Vug(x) #0

and

(15) e () + F(x, 0ug(x), 0%us ()| Vg ()] = 0

for (z,t) in the domain of u. We might call (15) the level set equation for the
speed S. I hasten to add that this is the level set equation in this context. There
are other contexts in which there are other level set equations. But the idea (?) is
the same. Suppose ¢ € R and let

M = {(z,t) : u(z,t) = c}

and note that M is a regular time indexed family of hypersurfaces in R™. which is
oriented by
Ni(2) = |Vug(2)| " Vg (2).
From (14) we find that
Uy ()

Vu(z) = —WNt (x)

()
Vg ()]
so that, indeed, M moves with speed S.
Here is a derivation using an explicit representation. Suppose (U, Q) € Q,,—1(M).
Differentiating

Zt (x) =

w(Q(p;t),t) =c, (p,t) €U,
with respect to ¢ we find that

0 = 1it(Qi(p)) + Vur(Qi(p)) ® Q¢ (p)
= —F(Q+(p), 0ur(Q:(p)), 82Ut(Qt(P)>)|VUt(Qt<P))| + Vu(Qi(p)) ® Qt(p)

= IVut(Qt(p))( = 8(Q:i(p), Ne(Q:(p)), Ar(Q:(p))) + Qt(p) hd Nt(Qt(p)))-
which is to say that

Q:(p) @ Ne(Q:(p)) = S(Qi(p), Ne(Qi(p)), Ac(Qe(D)))-

That is, M moves with speed S.

In case S(z,u,A) = —trace A Evans and Spruck obtain large time viscosity
solutions of this equation. The level set equation in this case is parabolic.

In case S = 1 the level set equation is hyperbolic. I don’t see that level set
method helps in this case. Indeed, solving the equation in this case amounts to
solving an eikonal equation. The two problems, in my opinion, are of equivalent
difficulty.

9. TUBULAR NEIGHBORHOODS AND DISTANCE FUNCTIONS.
We let
Sym(R")={A € L(R"): A" = A}
Let
1 € Sym(R")
be the identity map of R™:
1(z) =« for z € R™.



Suppose M is a smooth hypersurface in R™ with unit normal field V. Let

a: M — Sym(R")
be defined by letting
a(z) = A(z)(N(z)) o(z) forze M

where A is the second fundamental form of M. For use later we let

F(z,A)=Ao(1—24)"" for A€ Sym(R") such that |z|||A|| < 1.

This function will play a key role in what follows.
Let
G(z,r)=xz+rN(z) for (z,r) e M xR.

13

Suppose R € (0,00) is such that G carries M x (—R, R) diffeomorphically onto

some open neighborhood W of M.

Exercise 9.1. Show that such an R exists and that
[r|]|e(z)]] <1 whenever (z,7) € G.
Let
(gap) = Fil W — M x (_R7R)a
let
v=No&:G—S"!
and let
J:G—=R"

be such that J|{G(z,r) : « € M} is the mean curvature vector of {G(x,r) : x € M}

whenever r € (—R, R).

9.1. A key calculation. Suppose (z,r) € M x (—R, R) and let y = G(z,r). Let

Uty ., Un—1 € S" L and Ai,..., A1 be such that
ON(z)(u;) = Njug, i=1,...,n—1.
From the Weingarten equation we obtain
0G(z,r)(u;, 0) = (1 —rX)ug, i=1,...,n—1

and it is obvious that
0G(z,7)(0,1) = N(z).
It immediately follows that
1

- 1-— 'f‘)\iu’“

i=1,...,n—1,

and

9(&, p)(y)(N(z)) = (0,1).
It follows that

I (y)(u;) =

as well as

1
] 2 == ) == 1 DRI -
TN uw; and Op(y)(u;)) =0, 1 yoe,n—1

9(y)(N(z)) =0 and Ip(y)(N(z)) =1.
It follows directly from the foregoing that

Voly) = v(y).
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By the chain rule we have

(16) ov(z)(u;) = 1 _)\;)\iui
and
(17) Ov(z)(N(z)) = 0.

9.2. A useful identity. Evidently, v|{p = r} is a unit normal field along {p = r}
for any r € (—R, R). Tt follows that

Jev =divv = Ap.
By (16) and (17) we obtain
divv(y) = F(r,a(z)) whenever (z,r) € M x (—R, R) and y = G(z,y).



