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1 Some basic notations and conventions.

We fix once and for all a positive integer n. Unless we say otherwise, 2 will be
an open subset of R™.

We let

N, Py Z; Q Ry C

be the set of nonnegative integers; the set of positive integers; the ring of in-
tegers; the field of rational numbers; the field of real numbers; and the field of
complex numbers, respectively.

Whenever a € R™ and 0 < r < oo we let

U(a,r)={x eR": |z —a|<r} and B(a,r)={reR":|z—a|<r}.

We let
shl = {r eR": |z| = 1}.
We let

e,...,e, and e', ... e"

be the standard basis vectors and covectors for R™ and its dual space, respec-
tively.
We let
int, cl, and bdry

stand for “interior”, “closure” and “boundary”, respectively.
Whenever A C R™ and a is an accumulation point of A we let

Tan(A4,a) = ﬂ c{t(r—a):0<t<ooand z € AN (B(a,r) ~{a})}
0<r<oo

and we let
Nor(A4,a) = ﬂ {veR" :vew <0}

wETan(A,a)



We let
En

be n dimensional Lebesgue measure on R"™.
If V is a vector space, v € V and 1 belongs to the dual space of V we
frequently write
<wv,¥ > instead of ¥ (v).

Whenever E C Q we let 1, the indicator function of E, be the function
on ) which is 1 on £ and 0 on Q2 ~ E.
If X is a topological space, Y is a vector space and f: X — Y we let

spt f =cl{z € Q: X(z) # 0}
and call this closed subset of X the support of f. We have
sptf=cl{f#0}=cl(X ~{f=0}) =X ~int{f =0}.
Whenever y, z € R we let
yVz=max{y,z}, welet yAz=min{y,z}

and we note that y +z =y Vz+yA z.

Whenever X,Y, Z are sets, ' : X — Y, F is univalent, rng F' = Y and
f:X — Zwelet Ff = foF™':Y — Z. Note that, under appropriate
hypotheses, (Go F)f = G(Ff).

Whenever a € R"® and 0 < r < co we let

To(x) =z +a; pr(z)=rz; A(x)=-x foraxeR".
Thus if Z is a set and f : R™ — Z then
raf(x) = f(x —a), e f(z)=f(r~'a), Af(x)=f(-z)

whenever x € R™.

1.1 Multiindices.

We let
M(n) = Ntk

We call a member of M(n) a multiindex. If « is a multiindex we set

n
w(a) = Z o;
i=1
and call this natural number its weight. For each m € N we let

M(m,n) = {a € M(n) : w(a) = m}.



Note that

card M(m,n) = <m e 1).

n—1

If o and 8 € M(n) we write
a<p if a<p;i=1,...,n.

Whenever oo € M(n) we let

n
Oé! = HO(Z'
i=1

and we let

n
e“(z) =z = l_Ia:;l for z € R™.
i=1

mY _ m!
o al’

If m € N we let F(m,n) =0if m =0 and we let

We let

F(m,n) = {1,...,n} 5™ if m > 0.
We have the mapping
a:F(m,n) — M(m,n)
defined by setting a()) equal to the zero multiindex if m = 0 and by setting

a(f);=card{j € {1,...,m}: f(j) =i} for f € M(m,n)

it m>0.
By a straightforward combinatorial argument one finds that

card {f € M(m,n) :a(f) =a} = (ZL) for any o € M(m,n). (1)

2 Differentiability and smoothness.

2.1 A brief excursion into the land of multilinear algebra.

We suppose throughout this section that X and Y are normed vector spaces
and m is a nonnegative integer.
Whenever m > 0 and g is an m linear function on X™ with values in Y we
let
llp|| = sup{|p(x1, ..., 2m)| iz € X and |2z;| <1, i =1,...,m};

here and in what follows | - | may denote the norm in X as well as the norm
in Y. Note that ||u|| < oo if X is finite dimensional. We say p is bounded if
[l < oo



If m > 0 we let "
Q) (x.v)

be the set of bounded m linear functions on X™ with values in Y. Note that
®™(X,Y) is a linear subspace of YX" and is therefore a vector space; note also
that @™ (X,Y) is complete if Y is complete. In case m = 0 we let @™ (X,Y) =
Y and we let ||u|| = |p| for p €Y.

We let m
O xy)

equal Y in case m = 0 and, in case m > 0, we let it be the linear subspace of
symmetric members of @™ (X,Y). We have a natural linear map

sym: Q)" (x,Y) - ()" (x.Y)
defined by setting

1
Sym(u)(xl, cee 7$m) = W Z /u‘(zo(l), BERE) xa(m))
" o€S,

pe@"(X,Y)and x; € X,i=1,...,m; here S,, is the group of permutations
of {1,...,m}. Evidently, sym(u) = p if and only if p € O™ (X,Y).
2.2 Homogeneous polynomial functions.

We define the linear map
PR (X.Y) - Y
by letting p™(y) =y if m =0 and y € ®"(X,Y) =Y and, if m > 0, letting

p"(u)(z) = p(zx,...,x) whenever z € X.
——
m times

We let
P7n (X7 Y)

be the range of p"™ and call its members homogeneous polynomial functions
of degree m on X with values in Y.

Definition 2.2.1. Suppose m € N, a € M(m,n) and p € Q" (R",Y). If
m = 0 we have a = 0 and we let u* = € Y’; in case m > 0 we let

o
u* =pler,...,e1,e,...,€9,...,€y,...,€,).
—_———— ——— ——
«q times as times ., times

Proposition 2.2.1. Suppose € O™ (R",Y). Then

1, -~ §
mp ()(x) = Z a,u whenever x € R™.

w(a)=m



Proof. Suppose x € R"™. Keeping in mind (1) we find that

Wz, ..., z) = > } <]j[1 wf(j)) p(esys -+ €fm))

m times fe{l,...,n}1oom
= Z card {f € F(m,n) : a(f) = a}x*u”

aeM(m,n)

S (Z)xa/f‘.

w(a)=m

Proposition 2.2.2. p™ carries ()" (X,Y’) isomorphically onto P™(X,Y).

Proof. The Proposition holds trivially if m = 0 or m = 1 so suppose m > 1.
Since p™ = p™ o sym we find that p™ carries O™ (X,Y) onto P™(X,Y).
Suppose € O™ (X,Y) and p™(u) = 0. Let #; € X, i =1,...,m. For each

te R™ let

w(t) = thxj eX
j=1

and ¢ € O™ (R™,Y) be such that
q(t1,. .. tm) = p(w(t1),...,w(ty)) whenever t; e R™, i=1,...,m.

Note that

¢ = p(T1, .o 1, T2y e T2y o Ty o, L) TOT any a € M(m, m).
—_——— ——— —_———

a1 times s times ., times

Suppose t € R™. Then

0= L om t) = t t)) = 1 t t) = LA

= (0 = ()W) = =YD
aeM(m,m)
It follows find that ¢® = 0 for all & € M(m,m). In particular, if « € M(m,m)
is such that (i) =i for i = 1,...,m then
0=q¢"=p(x1,...,2m)

so = 0 as desired. O

Remark 2.2.1. Let T(m) = {1, —1}{1»™} Using the notation of the proof
of the preceding Proposition one has the nifty polarization formula

ﬂ(xla'--axm) = 2m1m, Z } (1_[1t2> N(w(t)""aw(t))'

. te{l,—1} L m

Keeping in mind the preceding Proposition, we let || - || be the norm on
P(X,Y) such that |[p™(u))|| = ||p|| whenever p € O™ (X,Y).



2.3 Differentiability.
Whenever A C X and f: A — Y we let
of
be the set of (a,L) € int A x ®1(X, Y) such that L is bounded and
L)~ fla) — Lz~ )

z—a | — al

=0.

Note that df is a function whose domain is a subset of the interior of A and
whose range is a subset of ®1(X, Y). We say f is differentiable at a € A if
a € dmnof.

For each nonnegative integer m we define

olmt ¢
by induction on m as follows. We set 919} f = f and 91" = 9f. If m > 1 then
ol +13 £ is the set of
m—+1
(a,p) e Ax Q) (X,Y)
such that 1™} is differentiable at a and

1(v1, 02, . vma1) = OO F)(a)(v1)(vg, . . ., vm)

whenever (vy,va,...,vm11) € XL We say f is m times differentiable at
aif a € dmn o™} f. It is evident that if f is m + 1 times differentiable at a
then
AN f(a) (v1,va, . Vmg1) = O™ F)(a) (v1) (v, -+ v)

whenever (vy,vg,...,Umi1) € XML

We say f is smooth if f is m times differentiable at each point of a for all
nonnegative integers m. Note that if f is smooth A must be open. In the real
world things are not always smooth; unfortunately, this can really messes up
the theory.

Theorem 2.3.1. If m is an integer, m > 2 and f is m times differentiable at a
then

o™ fa) e (O (X,Y).
Proof. This is well known. Can you prove it? O
Accordingly, we let
O™ f = {(a,p™ (@™ f(a)) : a € A and f is m times differentiable at a}.

Evidently, 0™ f is a function which we call the mth differential of f. It is
clear that a € dmn 0™ f if and only if f is m times differentiable at a in which
case, as one easily verifies by induction on m,

(:;)m fla+ th)'t:O =0"f(a)(h) whenever h € X. (2)



2.4 Partial and directional derivatives.

For any v € X we let
O f

be the set of (a,w) € int A X Y such that

w=lim > (f(a+10) - f(a).

Evidently, 0, f is a function whose domain is a subset of A and whose range is
a subset of Y. It is called the partial or directional derivative of f (in the
direction v).

If your advanced calculus book does not have the following statement or the
equivalent thereof get rid of it.

Theorem 2.4.1. Suppose X is finite dimensional, vy, ..., v, is a basis for X,
AC X, f: A— Y, U is an open subset of A, a € U, m € P and, whenever
{wi,...,wn} C{v1,...,v,}, the repeated directional derivative Oy, ...y, f is
exists at each point of U and is continuous at a. Then f is m times differentiable
at a.

Remark 2.4.1. The corresponding statement without the continuity hypothe-
ses is false.

When X = R"™ we write
0; for Oe;, j=1,...,n.

Whenever o € M(n) we let

m:ﬁwa
i=1

This last expression makes sense only in a context where [0;,0;] = 0If A is a
subset of R", f: A —Y,a € A and f is m times differentiable at a we have

1 m ha (0% n
Wafmwoze%:)waﬂ@ for h € R".

Theorem 2.4.2 (Leibniz’ Rule). Suppose m is a nonnegative integer f,g: A —
R are smooth and a € A. Then

9" (fg)(a)(z) = Zal (7)f(a)(x)3m_lg(a)(x) whenever z € R™.
1=0
Moreover,

> (fo)a) =Y (“) 0° f(a)0"Pg(a).

BLa g



Proof. Suppose z € R™ and I = {t € R: (a,tx) €< Q >}. Let a(t) = f(a + tz)
and let b(t) = g(a + tz) for t € I. One shows by induction on m that

(ab)(m) (0) = Zm: (T) a(l)(o)b(m—l)(o)_

=0

2.5 Taylor’s Theorem.

As we will see shortly, Taylor’s Theorem with integral remainder is a basic
building block of the theory of generalized functions.

Exercise 2.5.1. Suppose m > 0 and v is a Y-valued function which is m times
continuously differentiable on some open interval containing [0, 1]. Show that

Z wz) /q/jm) 1*15)

0<l<m !
Hint: Induct on m using integration by parts.

For the remainder of this subsection we assume €2 is an open subset of R™
and f: A —Y is smooth.

Definition 2.5.1. We let
< Q>

be the set of (a,h) € @ x R™ such that {a +th : t € [0,1]} C Q and note that
< > is an open subset of  x R™ containing € x {0}. For each m € N we let

<7< Q>— P™(RY)
be such that

f<m> (CL, h)(’l)) — _/O amf((l + th)(v) d(l;nipm

whenever (a,h) €< Q> and v € R".

Exercise 2.5.2 (Taylor’s Theorem in many variables with integral re-
mainder). For any positive integer m we have

fla+h) Z l,al + f<™>(a,h)(h) whenever (a,h) €< Q >.

<m

Hint: Suppose (a,h) €< Q > let I be the set of ¢ € R such that a +th €<
Q >, note that I is an open interval containing [0, 1] and set

P(t) = f(a+th) fortel.
Note that, by the Chain Rule and induction on [ € N,
YO (t) = 8" f(a+th)(h) whenevert e I.

Now make use of Exercise 2.5.1



3 Spaces of smooth functions.

3.1 The definitions.

Suppose X is a finite dimensional vector space and Y is a normed vector space.
Let Q be an open subset of X. We let

£(Q,Y)

be the vector space of smooth functions on  with values in Y. For each
nonnegative integer m and each compact subset K of Q0 we let

Om. i () = sup{|[0'¢(x)]] : 0 <1 <mand z € K} whenever ¢ € £(Q,Y).

Note that o, x is a seminorm on £(£2,Y"). For each compact subset K of  we
let
Dr(Q,Y)={p e &) :spto C K}.

Note that Dk (Q2) = {0} if int K = 0. We let
D(,Y) =U{Dk(Q,Y) : K is a compact subset of Q}
={¢p € £(Q) : spt ¢ is compact}.

We let
X(Q) =E(Q,R™)

be the vector space of smooth vector fields on (.
In case Y =R or Y = C we will frequently write

£(Q), Dk(Q), D)
for £(Q,Y), D (Q,Y),D(Q,Y), respectively.

3.2 Construction of lots of smooth functions with compact
support.

How do we know there are any smooth functions with compact support? We’ll
make lots of them. They will come in handy.

Exercise 3.2.1. Suppose [ is an open interval, a € I, f: I — R, f is differen-
tiable at each point of I ~ {a} and

lim f'(x) = L

for some L € R. Prove that there is M € R such that
lim f(z) = M.

Prove that g is differentiable at a and ¢'(a) = L where

) f(x) ifzel~{a},
9(@) = {M ifz =a.



Exercise 3.2.2. A very useful example. We define
¢p:R—R

by requiring that

er ifx>0
9(@) = {0 if 2 < 0.

Show that
dmn qb(m) =R for each m € N.

I suggest you proceed as follows.

(i) Use the chain rule and other rules for differentiation to show that

R ~ {0} € dmn ¢™ for each m € N.

(ii) Show by induction that there is for each m € N a polynomial function
Pm : R — R such that

o™ (z) = e—%pm(x) whenever z > 0.

(iii) Show that

1
~ =0 whenever N € N.

.1
lime™ =
z|0 X

(iv) Use (ii) and (iii) to show that

lim ¢(™) (z) = 0

z—0
for any m € N.

(v) Use Exercise 3.2.1 above to show that 0 € dmn ¢(™) and ¢("™ (0) = 0 for
any m € N.

Proposition 3.2.1. Suppose —o0 < ¢ < d < oo. There is ¢ € E(R) such that
0< 9 <1, (—00,d C {t = 0} and [d, 00)  { = 1}.

Proof. Let ¢ be as in Exercise 3.2.2. Let ¥1(z) = ¥(z — c)¢(d — z) for z € R;
evidently, ¢ € £(R) and spt; C [¢,d]. Let I = ffooo 1(x) dx and let ¢y =
I~ %1, Evidently, 12 € E(R), spt 1 C [c,d] and ffooo to(x)dr = 1. Let

ve) = [ )y troer.

O

Proposition 3.2.2. Suppose 0 < r < s < co and a € R™. There is 1) € D(R")
such that 0 < <1, spty C U(a,s) and B(a,r) C int {¢p = 1}.

10



Proof. Let c¢,d be real numbers such that r < ¢ < d < s. Let ¥ be as in the
preceding Proposition. Finally, let

Y(x) =1—1(|z —al) whenever xz € R™.
O

Corollary 3.2.1. Suppose U is an open subset of R” and K is a compact
subset of U. There is ¢ € D(R™) such that 0 <1 <1, K C int {¢) = 1} and
spty C U.

Proof. Let N be a positive integer such that there exist points a1, ..., a,, of K
and radii r1,...,rn such that

K c U B(a;,r;) CU.

Choose s1, ..., sy such that, foreach i =1,..., N, r; < s5; < oo and B(a;, s;) C
U. Use the preceding Proposition to obtain ¢; € D(R™) such that, for each
i=1,...,N,0<4; <1, sptey; C U(ay,s;) and B(a;,r;) C int {¢p; = 1}. Let

N

p=1-T[0—).

i=1
O
Exercise 3.2.3. Suppose ¢ is a sequence in C. Show that there exists f € D(R)
such that .
™ (0) = —m' whenever m € N.
m!

Hint: Let ¢ € D(R) be such that 0 < <1, spty C [0,1] and 0 € int {¢) =
1}. Choose a sequence M of positive real numbers such that the series

o

fla)= 3 $Qna) o™, 7€ R,

together with all its derivative converges uniformly. It suffices to show that for
each N € N one has

o) N
5 o] () sty
m=N

The m!’s are irrelevant.

:336R}<OO.

Exercise 3.2.4. Suppose F is a closed subset of R™. Show that there is f €
E(R™) such that f > 0 and F = {f = 0}.

11



3.3 Partitions of unity.

Theorem 3.3.1. Suppose {2 is an open subset of R™ and U/ is an open covering
of Q. There is a subfamily ® of D(Q2) such that

(i) {p € @: KNspteo # P} is finite whenever K is a compact subset of ;
(ii) for each ¢ € ® there is U € U such that spt ¢ C U;
(ili) > 4eq #(z) =1 whenever z € €.
Proof. Let Co={x e R*":0<z; <1, :=1,...,n}. For each m € N let
Con = {po-m(2+Co) : 2 € Z"}
and for each C € C,, let
C ={z eR":dist (z,C) <27}

For each m € N define subfamilies D,,, of C,, as follows: C' € Dy if C € Cy and
C c U for some U € U;if m e Nthen C € Dy if C €Chy, C c U for some
U € U and C is not contained in any member of D,,.

Let D = Uso_oDy,. Note that 2 = UD and that

{C:CeDand CNK +0}

is finite for any compact subset K of 2. For each C' € D let ¢)c € D(2) be such
that 0 < ¥c <1, C C {¢po = 1} and spt)c C C. Let ¢ = Y cpc; note
that ¢ € £(2) and that ¢ (x) > 0 whenever x € ). Let & = {% :CeD}. O

4 Classical convolution.

Whenever a,b are nonnegative extended real valued measurable functions on
R™ we define the nonnegative extended real valued measurable function

axb
on R™ by letting
a*b(zx) = /a(x —y)b(y)dy for z € R™.

a * b is called the convolution of a and b.
Suppose f, g are complex valued measurable functions on R™. Let

E(f,9)

be the set of x € R™ such that

[ 156 = vawldy = 111 xlgl(z) =

12



and note that FE(f,g) is measurable. If L"(E(f,g)) = 0 we define we define the
complex valued measurable function

f*g

on R” by letting

v ole) = 4 T@ =99y dy it w g E(f.g),
f M)_{o if z € E(f,9).

f * g is called the convolution of f and g; evidently,

|f gl < [f]* gl
We set
1
— =0
00
Whenever 1 < s € [1,00] we let s'[1,00] be such that

One says s and s’ are conjugate.

Theorem 4.0.2. Suppose a, b, ¢ are nonnegative extended real valued measur-
able functions on R™. Then
axb=bxa

and
a*(bxc)=(axb)*c.

Suppose f,g,h are complex valued measurable functions on R™. Then
E(f,9) = E(g, f) and if L"(E(f,9)) = 0 then

frg=g=[.

Moreover,
L"(E(g,h)) =0and L"(E(f,g*h)) =0

=
L"(E(f,g)) =0 and L"(E(f *g,h)) =0
in which case

f*(gxh)(x)=(f*g)*h(x) for almost all x.

Exercise 4.0.1. Prove the preceding Theorem.

13



Theorem 4.0.3 (Young’s Inequality). Suppose p,q € [1, 0],

SrI>1
p g
and r € [1, 00] is such that
1 1 1
- =14-.
p q r

Then
lla 0]l < [lallp|[bllq

whenever a, b are nonnegative extended real valued measurable functions on R™.
Moreover, if f € L,(R™) and g € Ly(R™) then f * ¢ is defined and

1 glle < 11 lpllgllg-

Proof. If p =1 then ¢ = co and r = 0o and if ¢ = 1 then p = oo and r = oc;
in either of these cases the inequalities hold trivially, so we henceforth assume
both p and ¢ are finite and this implies r is finite.

‘We have
1 1 1 1 1 1 1
p/ q/ r q
1 1 1
1p1p(+1> (1)%
q q q
and 1 1 1
1—q:1—q<+—1>=q<1—>=(§
r p q p p

Suppose a, b are nonnegative extended real valued measurable functions on

R™ such that ||al|, =1 and ||b]| = 1.
Suppose z € R™. By Hélder’s Inequality we obtain

ax*b(z) = /a(x — y)p/rb(y)q/ra(x . y)lfp/rb(y)lfq/r dy

S(/a@—yymw“wyﬁ(/a@—yV@OU¢(/b@W@>M¥
</a@yfqu@)ud

By Tonelli’s Theorem and the translation invariance of the Lebesgue integral

14



we infer that

/a*b(m)r/ (/ap(x—y)bq(y) dy> de
[ @ =i do) ay
[ @@ty de) dy

_ ( / o (z) d:c> ( / b(y)qdy>

=1

Thus the first inequality is proved.

Now suppose f € L,(R") and g € L,(R™). Since |f] *|g| € L,(R™) by the
first inequality we infer that |f] % |g](x) < oo for almost all x € R™ so f x g is
defined; moreover, for any x € R™ we have

1 *gl(z) = \/f<x—y>g<y>|dys /If(fc—y)llg(y)ldy= 11 1l (2);

the second inequality now follows from the first. O

Theorem 4.0.4. Suppose p € [1,00], f € L,(R") and g € L,/(R™). Then
E(f,g9) =0, f * g is uniformly continuous and lim,_. f * g(z) = 0.

Proof. That E(f,g) = 0 follows directly from Holder’s Inequality and the trans-
lation invariance of the Lebesgue integral.

Suppose z,a € R™. From Holder’s Inequality and the translation invariance
of the Lebesgue integral we infer that

1 % 9(z) — f * g(a) S/If(x—y)—f(a—y)llg(y)ldy

_ / 72 (AF) () — 7a(AD) W)l]9()]| dy

< ||Tw(Af) _Ta(Af)HPHgHP'
< I (Af) = (AN b9l
<|ro—af = fllpllgllp

since

}llii% lmnf = fllp=0
the uniform continuity of f * g follows. (You remember this from real variable
theory, right?)

To complete the proof we let

v =1Bo,mnqr<nyf and welet gy = 1g(o,nn{lgl<n}

15



for each positive integer N. Note that
fvxgn(x) =0 if |z| > 2N.
Moreover, by the Monotone Convergence Theorem,

Jim Ilf = fnllp + llg — gnllpy = 0.
— 00

If |z| > 2N we find that fx * gn(z) = 0 and we infer from Hélder’s Inequality
that

[frg(@)] < [(f=fn)xg(@) | +[f+(g—gn) (@) < [If = Inllpllglly +11f1pllg—gnl;

the final assertion to be proved follows. O

4.1 Regularization.

Suppose ¢ € L1 (R™) and

Jour

For each € > 0 let ¢.(x) = e "¢(¢ ') for x € R™ and note that

Joo=1 ma [lo1= [l

Theorem 4.1.1. Suppose 1 < p < oo and f € L,(R™). Then
li e — =0.
im | f + ¢ = fllp

Proof. For each € > 0 let

I - / 1y f = llpliphic(y)] dy.

For each x € R™ we have
|fxde(x)—f(z)] = ‘/[f(xy) — [(@)]de(y) dy‘ < /If(fv*y)*f(w)l\cﬁe(y)ldy

It follows from Minkowski’s Inequality in Integral Form that

I7=6c= < f (/fx— - F@lodly >|dy)pdx)””
/(/lff— — F@)Ploly >|pdx)1“’dy

16



For any 6 > 0 we have

/ 7y f = Fllploe(y)l dy < (Sup |Tyff|p> /Isﬁ\ —0 as 60
{ly|<s}

ly|<s

Moreover, for any § > 0,

/ \ITyf—fI\p|¢e(y)\dyS2\|f|lp/ o) dy —0 as 0.
{ly|>6} \

y|>é/e€
O
Proposition 4.1.1. Suppose ¢ € D(R™) and f € L{OC(R”). Then f * ¢. €
E(R™) for any € > 0 and
lim xp.— f| =0
im [ 17500~ 1

for any compact subset K of R™. Moreover, if m is a nonnegative integer and
f is m times continuously differentiable then

O%f * g = (0°f) * e

and
1eiﬁ)wup{|3"‘(f *pe — f)(@)| 2 € K} =0

for any o € M(m,n).
Exercise 4.1.1. Prove the preceding Proposition.

There a many interesting ¢’s as above. One such is
o(x) = L"(B(0,1)) 7 (1 + [z>)"TV/2 2z eR™
This is, in part, because
R" x (R~ {0}) 2 (z,y) — ¢y(x)

is harmonic in (z,y).

5 Generalized functions or distributions.

Whenever
u:D(Q) — C is linear,

m is a nonnegative integer and K is a compact subset of €2 we let

i (w) = sup{|u(@)| : ¢ € Dk () and o,k (¢) < 1}

17



and note that

()] < o7 i (W)om K (¢)  for ¢ € Dk ().

We let
D'(Q)

be the vector space of linear functions u : D(€2) — C such that for each compact
subset K of Q) there is a nonnegative integer m such that

oy i (1) < 0.

Whenever u € D'(Q2) and G is an open subset of Q we say u vanishes on
G) if u(¢) = 0 whenever ¢ € D(Q2) and spt ¢ C G. We let

sptu=Q ~U{G: G is an open subset of  and u vanishes on G}

and call this closed subset of Q the support of u. This definition of support
overrides the previously given definition of support.

Exercise 5.0.2. Suppose u € D(7)Q2. The sptu is the set of point a € Q such
that for each open subset U of Q such that a € U there is ¢ € D(2) such that
spt ¢ C U and u(¢) # 0.

Definition 5.0.1. Suppose u € D'(€2). Let
Eu(Q) ={p € &) : spt ¢ Nsptu is compact}.
Note that D(Q2) and that £,(€?) is a linear subspace of £(£).

Lemma 5.0.1. Suppose ¢ € £,(Q2) and x € £(N) is such that sptu N spt ¢ C
int {x = 1}. Then
sptu N spt (¢ — x¢) = 0.
Proof. We have
spt(l—x)=cl{x#1}=clQ~{x=1}=Q ~int{x =1}
SO

sptuNspt (¢ — xé) C sptunsptoNspt(1—x)
C (sptunspt¢) ~int {x =1}
:Q.

Proposition 5.0.2. There is one and only one linear map
v:&, —C
such that v|D(Q2) = u and

v(¢) =0 whenever ¥ € £(Q) and spt ¢ Nsptu = 0.

18



Proof. Let
v={(¢,u(v)) : ¢ € £(Q), ¥ € D(Q) and sptuNspt (¢ — ) = 0}.
Suppose (¢, ;) € v for i = 1,2. Then, as s — 101 = (W2 — @) — (V1 — @)
sptu N spt (P2 — 1) C sptun (spt (Y2 — ¢) U (spt (1 — ¢)) =0

50 0 = u(ype — 1) = u(th2) — u(1h1) so u(1p2) = u(ep1). Thus v is a function.

It is a simple matter which we leave to the reader to verify that v is linear.
It is obvious that v extends u.

Suppose ¢ € £,(2). Let x € D(2) be such that sptunspt ¢ C int {y = 1}.
By the preceding Lemma, sptu N spt (¢ — x¢) = 0. Since x¢ € D(Q) we find
that ¢ € dmnw.

Finally, suppose 0 : £, — C is a linear map such that 9|D(2) = u and

9(¢p) =0 whenever 1 € £(2) and sptu Nspt ¢ = (.

Suppose ¢ € £,(). Choose x € D(Q) such that sptuNspt¢ C int {y =
1}. From the preceding Lemma we have sptu N spt (¢ — x¢) = 0. Thus, as

x¢ € D(Q),
0(p) = 0(xo) + (¢ — x¢) = u(x®) + 0 = v(¢)

So U = v. O

Remark 5.0.1. When convenient we shall identify v with the extension defined
in the preceding Proposition.

The members of D'(2) are called generalized functions or distributions
on 2. You will ask “In what way is the notion of generalized function a general-
ization of the notion of function?” We now proceed to embed L{OC(Q) in D' (Q)
in a very useful way. We let

L Lioco) - (o)

be defined by

u(f)e) = /Q f(x)p(x)dxr whenever ¢ € D(RQ).

Since

W(F)(B)] < ( I |f|) o0.(9)

whenever K is a compact subset of Q and ¢ € Dk () we find that «(f) is indeed
a generalized function. It is obvious that ¢ is linear and that

ker.={f € L{OC(Q) : f(z) = 0 for almost all z € Q}.
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Definition 5.0.2. Suppose

T:D(Q) — D)

is such that for every (k, K) such that £ € N and K is a compact subset of Q2
there are (I, L) and C' € [0,00) such that [ € N, L is a compact subset of €2,

spto CL and o01(T¢) < Copx(¢) whenever ¢ € D (). (3)
It should be clear that we may define

Tr: D)0 — D'(Q)

by setting }
Tru(y) = u(T) whenever ¢ € D().

In fact, if k, K,l, L,C are as above then
ok (T') < Cop 1, (w).

We shall now define some extend some useful operations on functions to dis-
tributions in ways that will always be compatible with ¢ (whatever that means).
Suppose ¢ € £(Q) and u € D'(Q). We let

Yu(¢) = u(vg) for ¢ € D(Q).
Exercise 5.0.3. Show that ¥u € D'(Q2). Show that
ou(f) = u(¢f) whenever f € LIo¢(Q).
Remark 5.0.2. Multiplying generalized functions is rather problematical.

Suppose F : Q —  is smooth diffeomorphism with range Q. Given u €
D'(Q) we let ~
Fu(¢) = u((¢po F)|det OF|) for ¢ € D(R).

Exercise 5.0.4. Show that Fu € D’(Q) and that, with appropriate hypotheses
on G, (Go F)u = G(Fu). Show that

Fu(f) = u(Ff) whenever f € LIo¢(Q).
Definition 5.0.3. Suppose o € M(n) and u € D’. We let
0%u(¢) = (1) @u(8%¢) whenever ¢ € D(Q).

Exercise 5.0.5. Show that 0% € D'(Q). Show that if f: Q — C is w(«)
times continuously differentiable on €2 then

°u(f) = u(°f).
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Definition 5.0.4. We say P : D'(Q2) — D’(Q) is a linear partial differential
operator (of order m) for each o € M(n) with w(a) < m there are p, € £(Q)
such that

Py = Z Pa0%u  whenever u € D'(€2).

w(a)<m

Exercise 5.0.6. Suppose v € D'(2) and j € {1,...,n}. Show that

Oju(¢) = lim %(T,teju —u)(¢) whenever ¢ € D(Q).

t—0

Hint: Use Taylor’s Theorem to write

(7100 0) = il

where 1 (z) = $='>(z,te;)(e;) for appropriate ¢, .

Definition 5.0.5. Suppose u € D'(Q2), T is an open subset of some Euclidean
space,
F:Q—T issmooth

and
F'K]Nsptu is compact for any compact subset K of T.

We let
Fuu(y) =u(po F) for ¢ € D(I).

Exercise 5.0.7. Show that Fuu € D/(T'). Supply the hypotheses that make
the assertion
(G o F)yu=Gyu(Fyu)

true.

Note that difference between F'u and Fzu when F' is a diffeomorphism.

5.1 The Dirac delta function.

Definition 5.1.1. Suppose a € ). The delta function at a is that member
dq of E'(§2) such that

da(¢) = ¢(a) whenever ¢ € £().
Evidently, 4, is a complex valued function on £(2) and, since
5.(68)] < 6(@)] = 00,40} (8) Tor & € £(Q),
we find that 6, € £'(2).

Remark 5.1.1. Of course the delta function is not a function; it’s a generalized
function.
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Theorem 5.1.1. Suppose a € Q, u € D'(Q),
sptu C {a},

m is a nonnegative integer, K is a compact subset of {2 such that a € int K and

0 ¢ (1) < 0.

Then
u= > (=) Du(r_gma)0*s,.

w(a)<m

Proof. We may assume without loss of generality that a = 0. Suppose ¢ €
Dk (92). From Taylor’s Theorem we have

o= Z Ou(0)my +r

w(a)<m

where 7(z) = ¢<"+1>(0,z)(x) whenever z € Q and (0,z) €< Q >.
From Leibniz’ Rule we infer that there is C' € [0, 00) such that

18" (z)| < Clz|™+D=! whenever 2 € K and 0 <[ < m. (4)

Let ¢ € D(2) be such that 0 € int {¢ = 1} and, for each e € (0,1), let
Ye(z) = P(e L) for x € €Q.
Suppose a € M(n) and w(a) < m. Then

(=)™ @u(ma)(0760)(¢) = u(ma)8o)(9*¢) = u(0*$(0)ma).

Thus
w(g)— S (“)@u(m, )08 = ulr) = u(tr).

w(a)<m

But whenever 0 <1 < m we have

o~

el =| X (2)(8%)(8“’%) sca—m,K(w)Z(k)e—k)e<m+1>—<l—k>

0<k<l

so that
lim 0, x (¥er) = 0.
€l

5.2 Homogeneity.
This concept is extremely useful. Suppose p € R. We let

E € X(R")
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be such that E(x) = « for x € R™; we call E the Euler vector field. Note

that p
%eta? = E(e'r) whenever t € R and = € R™.

Suppose f : R™ ~ {0} — C. We say f is homogeneous of degree p if
flz) =17 f(x) whenever 0 <t < oo and x € R" ~ {0}.

Equivalently,
piyef =t f  whenever 0 <t < oo.

Proposition 5.2.1. Suppose f € E(R™ ~ {0}). Then f is homogeneous of
degree p if and only if Ef = pf.

Exercise 5.2.1. Prove the preceding Proposition.
Definition 5.2.1. Suppose v € D’'(R"). We say f is homogeneous of degree p
if

p1/pu = tPu  whenever 0 <t < co.

Proposition 5.2.2. Suppose u € D'(R™). Then u is homogeneous of degree p
if and only if Fu = pu.

Exercise 5.2.2. Prove the preceding Proposition.

Exercise 5.2.3. Show that the delta function §y is homogeneous of degree —n.
Show that if u € D’(R™) is homogeneous of degree p and o € M(m,n) then 0%u
is homogeneous of degree p — m.

5.3 Integration against a smooth family.

Suppose m is a positive integer, I" is an open subset of R™, y € £(Q x I'),
{y €T : (x,y) € sptu} is compact for any = € Q

and u € D'(T"). We define
Uy : 2 —C

by letting
Uy (z) = u(x 0iy) whenever x € Q;

here, for each x € Q, we let i, : I' — Q X I" carry y € I" to (z,y). Alternatively,
uy(z) =ul > y— x(z,y)) forze.
The following Proposition is an immediate consequence of this definition.

Proposition 5.3.1. Suppose f € L{OC(F). Then

=i (220 [answa).
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Theorem 5.3.1. u, € £(Q2). Moreover,

0j(uy) = up, o foranyje{l,...,m}.

Proof. From Taylor’s Theorem we obtain for each j = 1,...,0and each (z,h) €<
Q > a function 7, ;, € E(T") such that

x(x + h,y) — Zham Zhr]m

whenever (z,h) €< Q> and y € T}
Tj,x,O('r) = 0

and
<Q>xI'3 ((x,h),y) — 7jan(y) € E(< Q> XT);

It follows that for any nonnegative integer [, any compact subset K of €2 and
any compact subset L of I" we have

}llin}) sup{|oi,(rjzn) 2 € K} =0.
Since

Uy (z 4+ h) —uy(z Zhua<J0)X Z w(rj,zn)

the Theorem follows. O

Theorem 5.3.2. Suppose ¥ € D(2). Then

/ w@i) e =u (T3 y = [ ).

Proof. Let {(y) = [, x(z,y)¢(x) dx for y € T. For each § > 0 let

Gly)=d6"" Z Xx(0z,y)1(6z) whenever y € T.

ZEL™, §z€N

Evidently, for any compact subset L of I' and any nonnegative integer | we have
01,0(¢ —¢5) — 0 as § | 0. Keeping in mind that u, is continuous we have

u(Cs) =67" Z Uy (02)Y(02) — /qu(x)w(:t) dx asd ] 0;

ZEL™

the Theorem follows. O
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5.4 Smoothing distributions.
Suppose
¢ € D(R"), /gb =1 and spt¢ C U(n,0)1.
For each € > 0 let ¢c(x) = e "¢(e 'z) for x € R" and note that [ ¢ = 1. Let
P (z,y) = dpe(x —y) for (z,y) € R" xR™
Remark 5.4.1. Suppose f € LIC(R") and € > 0. Then

W(F)el@) = )R 3 y > pelz —y)) = / F)belz — ) dy = (de * (@)

for any z € R™.
Theorem 5.4.1. Suppose u € D'(R™) and, for each € > 0,

Ue = U, -
Then
sptu. C {z € R" : dist (z,sptu) <€},
liﬁ)l t(ue)(¥) = u(yp) whenever ¢ € D(R™)
and

Ojue = (0ju)e whenever j € {1,...,n}.
Proof. Suppose ¢ € D(R™). Using Theorem ?? we find that

t(ue) () = /ue(w)w(w) dx
/ u(R" 5y pe(x — y))ib(x) da

w(B 5y [oto-pu)a)

u((Age) * )
u(w)’

i

as desired.
Finally, let j € {1,...,n} and note that

95,00 Pe = —0(0,5) Pe-
Then for any = € R™ we have

0;(uc)(x) = 9;(ua, )()
= Ug; @, (T)
= —ug, o (2)
= —u(R" 3y 0, j)Pc(z,v))
= (0ju)(R" 3y — Pc(z,y))
= (0ju)e().
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O

Theorem 5.4.2 (The constancy Theorem). Suppose €2 is connected, u € D'()
and Oju =0 for j =1,...,n. Then there is ¢ € R such that

u(y) = C/Q ¥ whenever ¢ € D(Q).

Remark 5.4.2. That is, u is the generalized function which equals ¢ applied
to the function which equals ¢ at each point of Q2

Proof. Suppose a € Q. Choose R € (0,00) such that B(a,R) C Q. Let v €
D(R™) be such that v(¢) = u(¥|Q?) whenever ¢ € D(R™) and spt ¢ C U(a, R).
Then O;v vanishes on U(a, R) for each j = 1,...,n. Let v, € > 0, be a
smoothing of v where ¢ as above is supported in B(0, 1). Since 9;(ve) = (9;v)e
we find that, whenever 0 < € < R, 0;(v.) is zero on U(a, R—e¢) so thereis ¢ € C
such that v. = ¢. on U(a, R — €). Since ve(¢)) — v(¢p) whenever 1) € D(R") we
infer that there is ¢ such that u(y) = v(¢)) = ¢ [ ¢ whenever ¢ € D(R™) and
spt ¥ C U(a, R). Since ) is connected the Theorem follows. O

5.5 Integration over the fiber.

Suppose m is a positive integer, I" is an open subset of R™ and
F.:Q—-T
is a submersion; this means by definition, that F' is smooth and
rng 0F(z) = R™ whenever z € Q.

Note that this implies n > m. Set

InF(x) = |/\m OF (x)| = \/det DF () o OF (z)* for z € Q.

For any x € D(Q2) one has the coarea formula

/Q X(@)Jm F(z) do = /F ( /F . o(x) dH”’%) dy.

(Can you prove it?)
For each x € D(Q) let

xr(y) = / x(@) I F(x) tdH" ™z fory €T
F=1[{y}]

and note that yr € D(I") since spt xr C F[spt x].
For each v € D'(I") we define

vo F eD'(Q)

26



by setting
(vo F)(x) =v(xr) for x € D(Q).

Suppose f € L%OC(Q). Then, by the coarea formula,

W(f) o F(x) =/Ff(y) (/Fl[{ }]x(:c)JmF(gg)—l dHn—mx> dy

:/F (/F_l[{ . FF(@)x(z) T F(z)™? dH”""m) ”

- / F(F(@)x(x) de
= (f o F)();

This motivates the notation.
Let
Xr(Q)

be the vector space of those X € X' (Q) such that
OF(z)(X(z)) =0 forze
which is to say that X is tangent to the fibers of F'.
Theorem 5.5.1. Suppose v € D'(T"). Then
X(voF)=0 whenever X € Xp(Q).
Suppose u € D'(2) and
X(u) =0 whenever X € Xp(f).

Then v = v o F for some v € D'(T").

Exercise 5.5.1. Prove the preceding Theorem. It suffices to consider the case

when Q = Ax B, T' = B and F(z,y) =y for (z,y) € A x B.

Exercise 5.5.2. Suppose u € D'(R?) and S(z,t) = z — t for (z,t) € R%. Show

that
ou %

ot * Oz
if and only if u = v o S for some v € D'(R).

=0

6 Products

Definition 6.0.1 (Tensor product functions). Suppose N is a positive integer
and for each j =1,..., N, X; is a set and ¢; : X; — C. We define the tensor

product
PR - Qpy: X1 X - x Xy —C
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be such that

whenever (z1,...,25) € X1 X -+ x XN.

Definition 6.0.2. We let
P()

be the linear subspace of D(£2) spanned by the functions ¢ € D(£2) correspond-
ing to which there exist ¢; € D(R) such that

Y= ($1®- - ® )|

Theorem 6.0.2. Suppose x € D(Q2). For each nonnegative integer m, each
compact subset K of € such that sptxy C int K and each n > 0 there is
¢ € D () NP(R) such that

Om, i (X = C) <1

Proof. Let R be a positive real number such that

H(aj —R,a;+R) CQ whenever z € Q.
j=1

Let ¢ € D(R) be such that sptty C (—1,1) and [, 4(t)dt = 1. For each
€€ (0,R) let

pe(r)=¢€" H P(xj/e) forx e
j=1

note that ¢. € D(Q) NP(Q) and that [, ¢c(x)dr = 1.
For each € € (0, R) let

Xe(x) = /6256(&10 —y)x(y)dy forz e

and note that x. € D(2). Making the substitution y — x — y in the integral
defining x. we find that

xela) = / x(@ = 1) () dy

which implies that
0x0) = [ 0@~ ) dy

for any o € M(n); since [ ¢ = 1 we infer that
0" (x = x)(@) = [ (0x(z ~9) - 9*x(x)e(w) do.
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Thus
1%107,171(()( —Xc) =0 for any m € N.

Whenever d,¢ € (0, R) we let

Xoe(x)=0"" Z X(02)he(x — 6z) whenever = € ;
z€Ln

note that xs. € P(2) N Dk ().
Let C ={zx eR":0<2; <1, j =1,...,n}. Suppose o € M(n) and
x € R™. Then

06 x—xs) = X | o PO = ) = 0P = B (E)

zZEL™

Finally,

(= x@) = (= x60() = [ (@) = xlz = 9)oela = ) dy

SO

0" (x ~ 6 0(@) = [ (0"X(@) = 9*x(x = )0l ~ ) dy.

which tends to zero uniformly as § | 0. O

Theorem 6.0.3. Suppose A is an open subset of R, u € D/'(A), B is an open
subset of R° and v € D’(B). Then there is one and only one

uxveD(Ax B)

such that
(uxv)(¢®@Y) =u(p)v(s) (5)

whenever ¢ € D(A), 1 € D(B) and where we have set
(¢ @) (z,y) = dp(x)¥(y) whenever (z,y) € A x B.
Moreover, if x € D(A x B) then
(ux v)(x) = u(vy). (6)

Proof. The uniqueness follows directly from the preceding Theorem.
To prove existence we let u X v : D(A x B) — C be defined by (??). It is
evident that u X v is linear. Moreover, if ¢ € D(A) and ¢ € D(B) then

w(vgey) = w(A >z —v(B 3y ¢(x)d(y))) = u(@)v(y)
o (?77?) holds.

Suppose x € D(A x B), K is a compact subset of A x B and spty C K.
Let L = {z : (z,y) € K}, note that L is a compact subset of A, let M = {y :
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(z,y) € K} and note that M is a compact subset of Y. If m is a nonnegative
integer we have

[(u x v) ()| = [u(vx)| < op,, 1 (w)om, L (vehi)
and, for any oo € M(n) with w(a) < m and any = € L,
0% () ()] = [(0%v) ()] < 07,3 (0%) 01,01 ()-
It follows that u x v € D'(A x B). O
Definition 6.0.3. Suppose u € D'(A4), v € D'(B) and

{(z,y) € sptu x sptv:z+y =z} is compact whenever z € R™.

Let
ukv=Ag(uxv).

One may easily verify the properties of convolution, such as commutativity
and associativity. Suppose T'(z,y) = (y, z) for (z,y) € R® x R™. Then

Ty(uxv)(p@) = (uxv)((p®)oT)
=(uxv)(Y@e)

u(P)v(e)

(v xu)(¢@);

our characterization of products now implies that

—~~

Tyu(u X v) =v X u.

Since Ao T = A we find that

uxv=Au(uxv)
=(AoT)u(uxv)
— Ap(Ty(ux v))
=Au(v X uw)

=7V *U.

Now let I(z) = z for z € R™ and let C(z, (v, 2)) = ((z,y),2) for (x,y,2) €
R™ x R™ x R™. We use (??) to infer that

Cu(ux (vxw))=(uxv)xw.

Since
Ao(AxI)oC=Ao(Ix A)
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we find that

(AxI)yu((uxv) xw)
A X I)pCu(u x (v xw))
IxA)u(uxv)xw)
u X

(v*w))

Proposition 6.0.1. Suppose u € D'(A), v € D/(B) and a € R™. Then
(Taw) * v = To(u*v) = u* (T,0).
Moreover,
(0%u) xv = 0%(u*xv) =ux (0%) for any o € M(n).

Exercise 6.0.3. Prove the preceding Proposition.
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