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1 Some basic notations and conventions.

We fix once and for all a positive integer n. Unless we say otherwise, Ω will be
an open subset of Rn.

We let
N; P; Z; Q; R; C

be the set of nonnegative integers; the set of positive integers; the ring of in-
tegers; the field of rational numbers; the field of real numbers; and the field of
complex numbers, respectively.

Whenever a ∈ Rn and 0 < r <∞ we let

U(a, r) = {x ∈ Rn : |x− a| < r} and B(a, r) = {x ∈ Rn : |x− a| ≤ r}.
We let

Sn−1 = {x ∈ Rn : |x| = 1}.
We let

e1, . . . , en and e1, . . . , en

be the standard basis vectors and covectors for Rn and its dual space, respec-
tively.

We let
int, cl, and bdry

stand for “interior”, “closure” and “boundary”, respectively.
Whenever A ⊂ Rn and a is an accumulation point of A we let

Tan(A, a) =
⋂

0<r<∞
cl {t(x− a) : 0 < t <∞ and x ∈ A ∩ (B(a, r) ∼ {a})}

and we let
Nor(A, a) =

⋂

w∈Tan(A,a)

{v ∈ Rn : v • w ≤ 0}.

1



We let
Ln

be n dimensional Lebesgue measure on Rn.
If V is a vector space, v ∈ V and ψ belongs to the dual space of V we

frequently write
< v, ψ > instead of ψ(v).

Whenever E ⊂ Ω we let 1E , the indicator function of E, be the function
on Ω which is 1 on E and 0 on Ω ∼ E.

If X is a topological space, Y is a vector space and f : X → Y we let

spt f = cl {x ∈ Ω : X(x) 6= 0}

and call this closed subset of X the support of f . We have

spt f = cl {f 6= 0} = cl (X ∼ {f = 0}) = X ∼ int {f = 0}.

Whenever y, z ∈ R we let

y ∨ z = max{y, z}, we let y ∧ z = min{y, z}

and we note that y + z = y ∨ z + y ∧ z.
Whenever X,Y, Z are sets, F : X → Y , F is univalent, rngF = Y and

f : X → Z we let Ff = f ◦ F−1 : Y → Z. Note that, under appropriate
hypotheses, (G ◦ F )f = G(Ff).

Whenever a ∈ Rn and 0 < r <∞ we let

τa(x) = x+ a; µr(x) = rx; A(x) = −x for x ∈ Rn.

Thus if Z is a set and f : Rn → Z then

τaf(x) = f(x− a), µrf(x) = f(r−1x), Af(x) = f(−x)

whenever x ∈ Rn.

1.1 Multiindices.

We let
M(n) = N{1,...,n}.

We call a member of M(n) a multiindex. If α is a multiindex we set

w(α) =
n∑

i=1

αi

and call this natural number its weight. For each m ∈ N we let

M(m,n) = {α ∈ M(n) : w(α) = m}.
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Note that

cardM(m,n) =
(
m+ n− 1
n− 1

)
.

If α and β ∈ M(n) we write

α ≤ β if αi ≤ βi, i = 1, . . . , n.

Whenever α ∈ M(n) we let

α! =
n∏

i=1

αi!

and we let

eα(x) = xα =
n∏

i=1

xαi
i for x ∈ Rn.

We let (
m

α

)
=
m!
α!
.

If m ∈ N we let F(m,n) = ∅ if m = 0 and we let

F(m,n) = {1, . . . , n}{1,...,m} if m > 0.

We have the mapping
a : F(m,n) → M(m,n)

defined by setting a(∅) equal to the zero multiindex if m = 0 and by setting

a(f)i = card {j ∈ {1, . . . ,m} : f(j) = i} for f ∈ M(m,n)

if m > 0.
By a straightforward combinatorial argument one finds that

card {f ∈ M(m,n) : a(f) = α} =
(
m

α

)
for any α ∈ M(m,n). (1)

2 Differentiability and smoothness.

2.1 A brief excursion into the land of multilinear algebra.

We suppose throughout this section that X and Y are normed vector spaces
and m is a nonnegative integer.

Whenever m > 0 and µ is an m linear function on Xm with values in Y we
let

||µ|| = sup{|µ(x1, . . . , xm)| : xi ∈ X and |xi| ≤ 1, i = 1, . . . ,m};
here and in what follows | · | may denote the norm in X as well as the norm
in Y . Note that ||µ|| < ∞ if X is finite dimensional. We say µ is bounded if
||µ|| <∞.
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If m > 0 we let ⊗m
(X,Y )

be the set of bounded m linear functions on Xm with values in Y . Note that⊗m(X,Y ) is a linear subspace of Y X
m

and is therefore a vector space; note also
that

⊗m(X,Y ) is complete if Y is complete. In case m = 0 we let
⊗m(X,Y ) =

Y and we let ||µ|| = |µ| for µ ∈ Y .
We let ⊙m

(X,Y )

equal Y in case m = 0 and, in case m > 0, we let it be the linear subspace of
symmetric members of

⊗m(X,Y ). We have a natural linear map

sym :
⊗m

(X,Y ) →
⊙m

(X,Y )

defined by setting

sym(µ)(x1, . . . , xm) =
1
m!

∑

σ∈Sm

µ(xσ(1), . . . , xσ(m))

µ ∈ ⊗m(X,Y ) and xi ∈ X, i = 1, . . . ,m; here Sm is the group of permutations
of {1, . . . ,m}. Evidently, sym(µ) = µ if and only if µ ∈ ⊙m(X,Y ).

2.2 Homogeneous polynomial functions.

We define the linear map

pm :
⊗m

(X,Y ) → Y X

by letting pm(y) = y if m = 0 and y ∈ ⊗m(X,Y ) = Y and, if m > 0, letting

pm(µ)(x) = µ(x, . . . , x︸ ︷︷ ︸
m times

) whenever x ∈ X.

We let
Pm(X,Y )

be the range of pm and call its members homogeneous polynomial functions
of degree m on X with values in Y .

Definition 2.2.1. Suppose m ∈ N, α ∈ M(m,n) and µ ∈ ⊙m(Rn, Y ). If
m = 0 we have α = 0 and we let µα = µ ∈ Y ; in case m > 0 we let

µα = µ(e1, . . . , e1︸ ︷︷ ︸
α1 times

, e2, . . . , e2︸ ︷︷ ︸
α2 times

, . . . , en, . . . , en︸ ︷︷ ︸
αn times

).

Proposition 2.2.1. Suppose µ ∈ ⊙m(Rn, Y ). Then

1
m!

pm(µ)(x) =
∑

w(α)=m

xα

α!
µα whenever x ∈ Rn.
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Proof. Suppose x ∈ Rn. Keeping in mind (1) we find that

µ(x, . . . , x︸ ︷︷ ︸
m times

) =
∑

f∈{1,...,n}{1,...,m}

(
n∏

i=1

xf(j)

)
µ(ef(1), . . . , ef(m))

=
∑

α∈M(m,n)

card {f ∈ F(m,n) : a(f) = α}xαµα

=
∑

w(α)=m

(
m

α

)
xαµα.

Proposition 2.2.2. pm carries
⊙m(X,Y ) isomorphically onto Pm(X,Y ).

Proof. The Proposition holds trivially if m = 0 or m = 1 so suppose m > 1.
Since pm = pm ◦ sym we find that pm carries

⊙m(X,Y ) onto Pm(X,Y ).
Suppose µ ∈ ⊙m(X,Y ) and pm(µ) = 0. Let xi ∈ X, i = 1, . . . ,m. For each

t ∈ Rm let

w(t) =
m∑

j=1

tjxj ∈ X

and q ∈ ⊙m(Rm, Y ) be such that

q(t1, . . . , tm) = µ(w(t1), . . . , w(tm)) whenever ti ∈ Rm, i = 1, . . . ,m.

Note that

qα = µ(x1, . . . , x1︸ ︷︷ ︸
α1 times

, x2, . . . , x2︸ ︷︷ ︸
α2 times

, . . . , xm, . . . , xm︸ ︷︷ ︸
αm times

) for any α ∈ M(m,m).

Suppose t ∈ Rm. Then

0 =
1
m!

pm(µ)(t) = µ(w(t), . . . ,w(t)) =
1
m!
q(t, . . . , t) =

∑

α∈M(m,m)

tα

α!
qα.

It follows find that qα = 0 for all α ∈ M(m,m). In particular, if ι ∈ M(m,m)
is such that ι(i) = i for i = 1, . . . ,m then

0 = qβ = µ(x1, . . . , xm)

so µ = 0 as desired.

Remark 2.2.1. Let T(m) = {1,−1}{1,...,m}. Using the notation of the proof
of the preceding Proposition one has the nifty polarization formula

µ(x1, . . . , xm) =
1

2mm!

∑

t∈{1,−1}{1,...,m}

(
m∏

i=1

ti

)
µ(w(t), . . . , w(t)).

Keeping in mind the preceding Proposition, we let || · || be the norm on
P(X,Y ) such that ||pm(µ))|| = ||µ|| whenever µ ∈ ⊙m(X,Y ).
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2.3 Differentiability.

Whenever A ⊂ X and f : A→ Y we let

∂f

be the set of (a, L) ∈ intA×⊗1(X,Y ) such that L is bounded and

lim
x→a

|f(x)− f(a)− L(x− a)|
|x− a| = 0.

Note that ∂f is a function whose domain is a subset of the interior of A and
whose range is a subset of

⊗1(X,Y ). We say f is differentiable at a ∈ A if
a ∈ dmn ∂f .

For each nonnegative integer m we define

∂{m}f

by induction on m as follows. We set ∂{0}f = f and ∂{1} = ∂f . If m > 1 then
∂{m+1}f is the set of

(a, µ) ∈ A×
⊗m+1

(X,Y )

such that ∂{m} is differentiable at a and

µ(v1, v2, . . . vm+1) = ∂(∂{m}f)(a)(v1)(v2, . . . , vm)

whenever (v1, v2, . . . , vm+1) ∈ Xm+1. We say f is m times differentiable at
a if a ∈ dmn ∂{m}f . It is evident that if f is m + 1 times differentiable at a
then

∂{m+1}f(a)(v1, v2, . . . vm+1) = ∂(∂{m}f)(a)(v1)(v2, . . . , vm)

whenever (v1, v2, . . . , vm+1) ∈ Xm+1.
We say f is smooth if f is m times differentiable at each point of a for all

nonnegative integers m. Note that if f is smooth A must be open. In the real
world things are not always smooth; unfortunately, this can really messes up
the theory.

Theorem 2.3.1. If m is an integer, m ≥ 2 and f is m times differentiable at a
then

∂{m}f(a) ∈
⊙m

(X,Y ).

Proof. This is well known. Can you prove it?

Accordingly, we let

∂mf = {(a,pm(∂{m}f(a)) : a ∈ A and f is m times differentiable at a}.
Evidently, ∂mf is a function which we call the mth differential of f . It is
clear that a ∈ dmn ∂mf if and only if f is m times differentiable at a in which
case, as one easily verifies by induction on m,

(
d

dt

)m
f(a+ th)

∣∣∣
t=0

= ∂mf(a)(h) whenever h ∈ X. (2)
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2.4 Partial and directional derivatives.

For any v ∈ X we let
∂vf

be the set of (a,w) ∈ intA× Y such that

w = lim
t→0

1
t
(f(a+ tv)− f(a)).

Evidently, ∂vf is a function whose domain is a subset of A and whose range is
a subset of Y . It is called the partial or directional derivative of f (in the
direction v).

If your advanced calculus book does not have the following statement or the
equivalent thereof get rid of it.

Theorem 2.4.1. Suppose X is finite dimensional, v1, . . . , vn is a basis for X,
A ⊂ X, f : A → Y , U is an open subset of A, a ∈ U , m ∈ P and, whenever
{w1, . . . , wm} ⊂ {v1, . . . , vn}, the repeated directional derivative ∂w1 . . . ∂wm

f is
exists at each point of U and is continuous at a. Then f is m times differentiable
at a.

Remark 2.4.1. The corresponding statement without the continuity hypothe-
ses is false.

When X = Rn we write

∂j for ∂ej , j = 1, . . . , n.

Whenever α ∈ M(n) we let

∂α =
n∏

i=1

∂αi
i .

This last expression makes sense only in a context where [∂i, ∂j ] = 0 If A is a
subset of Rn, f : A→ Y , a ∈ A and f is m times differentiable at a we have

1
m!
∂mf(a)(h) =

∑

α∈M(m,n)

hα

α!
∂αf(a) for h ∈ Rn.

Theorem 2.4.2 (Leibniz’ Rule). Suppose m is a nonnegative integer f, g : A→
R are smooth and a ∈ A. Then

∂m(fg)(a)(x) =
m∑

l=0

∂l
(
m

l

)
f(a)(x)∂m−lg(a)(x) whenever x ∈ Rn.

Moreover,

∂α(fg)(a) =
∑

β≤α

(
α

β

)
∂βf(a)∂α−βg(a).
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Proof. Suppose x ∈ Rn and I = {t ∈ R : (a, tx) ∈< Ω >}. Let a(t) = f(a+ tx)
and let b(t) = g(a+ tx) for t ∈ I. One shows by induction on m that

(ab)(m)(0) =
m∑

l=0

(
m

l

)
a(l)(0)b(m−l)(0).

2.5 Taylor’s Theorem.

As we will see shortly, Taylor’s Theorem with integral remainder is a basic
building block of the theory of generalized functions.

Exercise 2.5.1. Suppose m > 0 and ψ is a Y -valued function which is m times
continuously differentiable on some open interval containing [0, 1]. Show that

ψ(1) =
∑

0≤l<m

1
l!
ψ(l)(0)−

∫ 1

0

ψ(m)(t) d
(1− t)m

m!
.

Hint: Induct on m using integration by parts.

For the remainder of this subsection we assume Ω is an open subset of Rn
and f : A→ Y is smooth.

Definition 2.5.1. We let
< Ω >

be the set of (a, h) ∈ Ω × Rn such that {a + th : t ∈ [0, 1]} ⊂ Ω and note that
< Ω > is an open subset of Ω× Rn containing Ω× {0}. For each m ∈ N we let

f<m> :< Ω >→ Pm(Rn, Y )

be such that

f<m>(a, h)(v) = −
∫ 1

0

∂mf(a+ th)(v) d
(1− t)m

m!

whenever (a, h) ∈< Ω > and v ∈ Rn.
Exercise 2.5.2 (Taylor’s Theorem in many variables with integral re-
mainder). For any positive integer m we have

f(a+ h) =
∑

l<m

1
l!
∂lf(a)(h) + f<m>(a, h)(h) whenever (a, h) ∈< Ω >.

Hint: Suppose (a, h) ∈< Ω >,let I be the set of t ∈ R such that a + th ∈<
Ω >, note that I is an open interval containing [0, 1] and set

ψ(t) = f(a+ th) for t ∈ I.
Note that, by the Chain Rule and induction on l ∈ N,

ψ(l)(t) = ∂lf(a+ th)(h) whenever t ∈ I.
Now make use of Exercise 2.5.1
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3 Spaces of smooth functions.

3.1 The definitions.

Suppose X is a finite dimensional vector space and Y is a normed vector space.
Let Ω be an open subset of X. We let

E(Ω, Y )

be the vector space of smooth functions on Ω with values in Y . For each
nonnegative integer m and each compact subset K of Ω we let

σm,K(φ) = sup{||∂lφ(x)|| : 0 ≤ l ≤ m and x ∈ K} whenever φ ∈ E(Ω, Y ).

Note that σm,K is a seminorm on E(Ω, Y ). For each compact subset K of Ω we
let

DK(Ω, Y ) = {φ ∈ E(Ω) : sptφ ⊂ K}.
Note that DK(Ω) = {0} if intK = ∅. We let

D(Ω, Y ) = ∪{DK(Ω, Y ) : K is a compact subset of Ω}
= {φ ∈ E(Ω) : sptφ is compact}.

We let
X (Ω) = E(Ω,Rn)

be the vector space of smooth vector fields on Ω.
In case Y = R or Y = C we will frequently write

E(Ω), DK(Ω), D(Ω)

for E(Ω, Y ),DK(Ω, Y ),D(Ω, Y ), respectively.

3.2 Construction of lots of smooth functions with compact
support.

How do we know there are any smooth functions with compact support? We’ll
make lots of them. They will come in handy.

Exercise 3.2.1. Suppose I is an open interval, a ∈ I, f : I → R, f is differen-
tiable at each point of I ∼ {a} and

lim
x→a

f ′(x) = L

for some L ∈ R. Prove that there is M ∈ R such that

lim
x→a

f(x) = M.

Prove that g is differentiable at a and g′(a) = L where

g(x) =

{
f(x) if x ∈ I ∼ {a},
M if x = a.
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Exercise 3.2.2. A very useful example. We define

φ : R→ R

by requiring that

φ(x) =

{
e−

1
x if x > 0

0 if x ≤ 0.

Show that
dmnφ(m) = R for each m ∈ N.

I suggest you proceed as follows.

(i) Use the chain rule and other rules for differentiation to show that

R ∼ {0} ⊂ dmnφ(m) for each m ∈ N.

(ii) Show by induction that there is for each m ∈ N a polynomial function
pm : R→ R such that

φ(m)(x) = e−
1
x pm(x) whenever x > 0.

(iii) Show that

lim
x↓0

e−
1
x

1
xN

= 0 whenever N ∈ N.

(iv) Use (ii) and (iii) to show that

lim
x→0

φ(m)(x) = 0

for any m ∈ N.

(v) Use Exercise 3.2.1 above to show that 0 ∈ dmnφ(m) and φ(m)(0) = 0 for
any m ∈ N.

Proposition 3.2.1. Suppose −∞ < c < d < ∞. There is ψ ∈ E(R) such that
0 ≤ ψ ≤ 1, (−∞, c] ⊂ {ψ = 0} and [d,∞) ⊂ {ψ = 1}.
Proof. Let φ be as in Exercise 3.2.2. Let ψ1(x) = ψ(x − c)ψ(d − x) for x ∈ R;
evidently, ψ1 ∈ E(R) and sptψ1 ⊂ [c, d]. Let I =

∫∞
−∞ ψ1(x) dx and let ψ2 =

I−1ψ1. Evidently, ψ2 ∈ E(R), sptψ2 ⊂ [c, d] and
∫∞
−∞ ψ2(x) dx = 1. Let

ψ(x) =
∫ ∞

−∞
ψ2(y) dy for x ∈ R.

Proposition 3.2.2. Suppose 0 < r < s <∞ and a ∈ Rn. There is ψ ∈ D(Rn)
such that 0 ≤ ψ ≤ 1, sptψ ⊂ U(a, s) and B(a, r) ⊂ int {ψ = 1}.
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Proof. Let c, d be real numbers such that r < c < d < s. Let ψ1 be as in the
preceding Proposition. Finally, let

ψ(x) = 1− ψ1(|x− a|) whenever x ∈ Rn.

Corollary 3.2.1. Suppose U is an open subset of Rn and K is a compact
subset of U . There is ψ ∈ D(Rn) such that 0 ≤ ψ ≤ 1, K ⊂ int {ψ = 1} and
sptψ ⊂ U .

Proof. Let N be a positive integer such that there exist points a1, . . . , am of K
and radii r1, . . . , rN such that

K ⊂ ∪ni=1B(ai, ri) ⊂ U.

Choose s1, . . . , sN such that, for each i = 1, . . . , N , ri < si <∞ and B(ai, si) ⊂
U . Use the preceding Proposition to obtain ψi ∈ D(Rn) such that, for each
i = 1, . . . , N , 0 ≤ ψi ≤ 1, sptψi ⊂ U(ai, si) and B(ai, ri) ⊂ int {ψi = 1}. Let

ψ = 1−
N∏

i=1

(1− ψi).

Exercise 3.2.3. Suppose c is a sequence in C. Show that there exists f ∈ D(R)
such that

f (m)(0) =
cm
m!

whenever m ∈ N.

Hint: Let ψ ∈ D(R) be such that 0 ≤ ψ ≤ 1, sptψ ⊂ [0, 1] and 0 ∈ int {ψ =
1}. Choose a sequence M of positive real numbers such that the series

f(x) =
∞∑
m=0

ψ(Mmx)
cm
m!
xm, x ∈ R,

together with all its derivative converges uniformly. It suffices to show that for
each N ∈ N one has

∞∑

m=N

sup

{∣∣∣∣∣
(
d

dx

)N
ψ(Mmx)

cm
m!
xm

∣∣∣∣∣ : x ∈ R
}
<∞.

The m!’s are irrelevant.

Exercise 3.2.4. Suppose F is a closed subset of Rn. Show that there is f ∈
E(Rn) such that f ≥ 0 and F = {f = 0}.
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3.3 Partitions of unity.

Theorem 3.3.1. Suppose Ω is an open subset of Rn and U is an open covering
of Ω. There is a subfamily Φ of D(Ω) such that

(i) {φ ∈ Φ : K ∩ sptφ 6= ∅} is finite whenever K is a compact subset of Ω;

(ii) for each φ ∈ Φ there is U ∈ U such that sptφ ⊂ U ;

(iii)
∑
φ∈Φ φ(x) = 1 whenever x ∈ Ω.

Proof. Let C0 = {x ∈ Rn : 0 ≤ xi ≤ 1, i = 1, . . . , n}. For each m ∈ N let

Cm = {µ2−m(z + C0) : z ∈ Zn}
and for each C ∈ Cm let

Ĉ = {x ∈ Rn : dist (x,C) ≤ 2−m}.
For each m ∈ N define subfamilies Dm of Cm as follows: C ∈ D0 if C ∈ C0 and
Ĉ ⊂ U for some U ∈ U ; if m ∈ N then C ∈ Dm+1 if C ∈ Cm+1, Ĉ ⊂ U for some
U ∈ U and C is not contained in any member of Dm.

Let D = ∪∞m=0Dm. Note that Ω = ∪D and that

{Ĉ : C ∈ D and Ĉ ∩K 6= ∅}
is finite for any compact subset K of Ω. For each C ∈ D let ψC ∈ D(Ω) be such
that 0 ≤ ψC ≤ 1, C ⊂ {ψC = 1} and sptψC ⊂ Ĉ. Let ψ =

∑
C∈D ψC ; note

that ψ ∈ E(Ω) and that ψ(x) > 0 whenever x ∈ Ω. Let Φ = {ψC

ψ : C ∈ D}.

4 Classical convolution.

Whenever a, b are nonnegative extended real valued measurable functions on
Rn we define the nonnegative extended real valued measurable function

a ∗ b
on Rn by letting

a ∗ b(x) =
∫
a(x− y)b(y) dy for x ∈ Rn.

a ∗ b is called the convolution of a and b.
Suppose f, g are complex valued measurable functions on Rn. Let

E(f, g)

be the set of x ∈ Rn such that
∫
|f(x− y)g(y)| dy = |f | ∗ |g|(x) = ∞
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and note that E(f, g) is measurable. If Ln(E(f, g)) = 0 we define we define the
complex valued measurable function

f ∗ g

on Rn by letting

f ∗ g(x) =

{∫
f(x− y)g(y) dy if x 6∈ E(f, g),

0 if x ∈ E(f, g).

f ∗ g is called the convolution of f and g; evidently,

|f ∗ g| ≤ |f | ∗ |g|.

We set
1
∞ = 0.

Whenever 1 ≤ s ∈ [1,∞] we let s′[1,∞] be such that

1
s

+
1
s′

= 1.

One says s and s′ are conjugate.

Theorem 4.0.2. Suppose a, b, c are nonnegative extended real valued measur-
able functions on Rn. Then

a ∗ b = b ∗ a
and

a ∗ (b ∗ c) = (a ∗ b) ∗ c.
Suppose f, g, h are complex valued measurable functions on Rn. Then

E(f, g) = E(g, f) and if Ln(E(f, g)) = 0 then

f ∗ g = g ∗ f.

Moreover,
Ln(E(g, h)) = 0 and Ln(E(f, g ∗ h)) = 0

⇔
Ln(E(f, g)) = 0 and Ln(E(f ∗ g, h)) = 0

in which case

f ∗ (g ∗ h)(x) = (f ∗ g) ∗ h(x) for almost all x.

Exercise 4.0.1. Prove the preceding Theorem.
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Theorem 4.0.3 (Young’s Inequality). Suppose p, q ∈ [1,∞],

1
p

+
1
q
≥ 1.

and r ∈ [1,∞] is such that
1
p

+
1
q

= 1 +
1
r
.

Then
||a ∗ b||r ≤ ||a||p||b||q

whenever a, b are nonnegative extended real valued measurable functions on Rn.
Moreover, if f ∈ Lp(Rn) and g ∈ Lq(Rn) then f ∗ g is defined and

||f ∗ g||r ≤ ||f ||p||g||q.

Proof. If p = 1 then q = ∞ and r = ∞ and if q = 1 then p = ∞ and r = ∞;
in either of these cases the inequalities hold trivially, so we henceforth assume
both p and q are finite and this implies r is finite.

We have

1
p′

+
1
q′

+
1
r

= 1− 1
p

+ 1− 1
q

+
1
p

+
1
q
− 1 = 1,

1− p

r
= 1− p

(
1
p

+
1
q
− 1

)
= p

(
1− 1

q

)
=

p

q′

and

1− q

r
= 1− q

(
1
p

+
1
q
− 1

)
= q

(
1− 1

p

)
=

q

p′
.

Suppose a, b are nonnegative extended real valued measurable functions on
Rn such that ||a||p = 1 and ||b||q = 1.

Suppose x ∈ Rn. By Hölder’s Inequality we obtain

a ∗ b(x) =
∫
a(x− y)p/rb(y)q/ra(x− y)1−p/rb(y)1−q/r dy

≤
(∫

a(x− y)pb(y)q dy
)1/r (∫

a(x− y)p dy
)1/q′ (∫

b(y)q dy
)1/p′

=
(∫

a(x− y)pb(y)q dy
)1/r

.

By Tonelli’s Theorem and the translation invariance of the Lebesgue integral

14



we infer that
∫
a ∗ b(x)r

∫ (∫
ap(x− y)bq(y) dy

)
dx

=
∫

(ap(x− y)bq(y) dx) dy

=
∫

(ap(x)bq(y) dx) dy

=
(∫

ap(x) dx
) (∫

b(y)q dy
)

= 1

Thus the first inequality is proved.
Now suppose f ∈ Lp(Rn) and g ∈ Lq(Rn). Since |f | ∗ |g| ∈ Lr(Rn) by the

first inequality we infer that |f | ∗ |g|(x) < ∞ for almost all x ∈ Rn so f ∗ g is
defined; moreover, for any x ∈ Rn we have

|f ∗ g|(x) = |
∫
f(x− y)g(y)| dy ≤

∫
|f(x− y)||g(y)| dy = |f | ∗ |g|(x);

the second inequality now follows from the first.

Theorem 4.0.4. Suppose p ∈ [1,∞], f ∈ Lp(Rn) and g ∈ Lp′(Rn). Then
E(f, g) = ∅, f ∗ g is uniformly continuous and lim|x|→∞ f ∗ g(x) = 0.

Proof. That E(f, g) = ∅ follows directly from Hölder’s Inequality and the trans-
lation invariance of the Lebesgue integral.

Suppose x, a ∈ Rn. From Hölder’s Inequality and the translation invariance
of the Lebesgue integral we infer that

|f ∗ g(x)− f ∗ g(a)| ≤
∫
|f(x− y)− f(a− y)||g(y)| dy

=
∫
|τx(Af)(y)− τa(Af)(y)||g(y)| dy

≤ ||τx(Af)− τa(Af)||p||g||p′
≤ ||τx(Af)− τa(Af)||p||g||p′
≤ ||τx−af − f ||p||g||p′ ;

since
lim
h→0

||τhf − f ||p = 0

the uniform continuity of f ∗ g follows. (You remember this from real variable
theory, right?)

To complete the proof we let

fN = 1B(0,N)∩{|f |≤N}f and we let gN = 1B(0,N)∩{|g|≤N}

15



for each positive integer N . Note that

fN ∗ gN (x) = 0 if |x| > 2N .

Moreover, by the Monotone Convergence Theorem,

lim
N→∞

||f − fN ||p + ||g − gN ||p′ = 0.

If |x| > 2N we find that fN ∗ gN (x) = 0 and we infer from Hölder’s Inequality
that

|f ∗g(x)| ≤ |(f−fN )∗g(x)|+ |f ∗(g−gN )(x)| ≤ ||f−fN ||p||g||p′+ ||f ||p||g−gN ||;

the final assertion to be proved follows.

4.1 Regularization.

Suppose φ ∈ L1(Rn) and ∫
φ = 1.

For each ε > 0 let φε(x) = ε−nφ(ε−1x) for x ∈ Rn and note that
∫
φε = 1 and

∫
|φε| =

∫
|φ|.

Theorem 4.1.1. Suppose 1 ≤ p <∞ and f ∈ Lp(Rn). Then

lim
ε↓0

||f ∗ φε − f ||p = 0.

Proof. For each ε > 0 let

Iε =
∫
||τyf − f ||p||phiε(y)| dy.

For each x ∈ Rn we have

|f ∗φε(x)−f(x)| =
∣∣∣∣
∫

[f(x− y)− f(x)]φε(y) dy
∣∣∣∣ ≤

∫
|f(x−y)−f(x)||φε(y)| dy.

It follows from Minkowski’s Inequality in Integral Form that

||f ∗ φε − f ||p ≤
(∫ (∫

|f(x− y)− f(x)||φε(y)| dy
)p

dx

)1/p

≤
∫ (∫

|f(x− y)− f(x)|p|φε(y)|p dx
)1/p

dy

= Iε.

16



For any δ > 0 we have

∫

{|y|≤δ}
||τyf − f ||p|φε(y)| dy ≤

(
sup
|y|≤δ

||τyf − f ||p
)∫

|φ| → 0 as δ → 0.

Moreover, for any δ > 0,
∫

{|y|>δ}
||τyf − f ||p|φε(y)| dy ≤ 2||f ||p

∫

|y|>δ/ε
φ(y) dy → 0 as ε ↓ 0.

Proposition 4.1.1. Suppose φ ∈ D(Rn) and f ∈ Lloc
1 (Rn). Then f ∗ φε ∈

E(Rn) for any ε > 0 and

lim
ε↓0

∫

K

|f ∗ φε − f | = 0

for any compact subset K of Rn. Moreover, if m is a nonnegative integer and
f is m times continuously differentiable then

∂αf ∗ φε = (∂αf) ∗ φε
and

lim
ε↓0

sup{|∂α(f ∗ φε − f)(x)| : x ∈ K} = 0

for any α ∈ M(m,n).

Exercise 4.1.1. Prove the preceding Proposition.

There a many interesting φ’s as above. One such is

φ(x) = Ln(B(0, 1))−1(1 + |x|2)(n+1)/2, x ∈ Rn.

This is, in part, because

Rn × (R ∼ {0}) 3 (x, y) 7→ φy(x)

is harmonic in (x, y).

5 Generalized functions or distributions.

Whenever
u : D(Ω) → C is linear,

m is a nonnegative integer and K is a compact subset of Ω we let

σ′m,K(u) = sup{|u(φ)| : φ ∈ DK(Ω) and σm,K(φ) ≤ 1}

17



and note that

|u(φ)| ≤ σ′m,K(u)σm,K(φ) for φ ∈ DK(Ω).

We let
D′(Ω)

be the vector space of linear functions u : D(Ω) → C such that for each compact
subset K of Ω there is a nonnegative integer m such that

σ′m,K(u) <∞.

Whenever u ∈ D′(Ω) and G is an open subset of Ω we say u vanishes on
G) if u(φ) = 0 whenever φ ∈ D(Ω) and sptφ ⊂ G. We let

sptu = Ω ∼ ∪{G : G is an open subset of Ω and u vanishes on G}
and call this closed subset of Ω the support of u. This definition of support
overrides the previously given definition of support.

Exercise 5.0.2. Suppose u ∈ D(′)Ω. The sptu is the set of point a ∈ Ω such
that for each open subset U of Ω such that a ∈ U there is φ ∈ D(Ω) such that
sptφ ⊂ U and u(φ) 6= 0.

Definition 5.0.1. Suppose u ∈ D′(Ω). Let

Eu(Ω) = {φ ∈ E(Ω) : sptφ ∩ sptu is compact}.
Note that D(Ω) and that Eu(Ω) is a linear subspace of E(Ω).

Lemma 5.0.1. Suppose φ ∈ Eu(Ω) and χ ∈ E(Ω) is such that sptu ∩ sptφ ⊂
int {χ = 1}. Then

sptu ∩ spt (φ− χφ) = ∅.
Proof. We have

spt (1− χ) = cl {χ 6= 1} = clΩ ∼ {χ = 1} = Ω ∼ int {χ = 1}
so

sptu ∩ spt (φ− χφ) ⊂ sptu ∩ sptφ ∩ spt (1− χ)
⊂ (sptu ∩ sptφ) ∼ int {χ = 1}
= ∅.

Proposition 5.0.2. There is one and only one linear map

v : Eu → C

such that v|D(Ω) = u and

v(φ) = 0 whenever ψ ∈ E(Ω) and sptφ ∩ sptu = ∅.
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Proof. Let

v = {(φ, u(ψ)) : φ ∈ E(Ω), ψ ∈ D(Ω) and sptu ∩ spt (φ− ψ) = ∅}.

Suppose (φ, ψi) ∈ v for i = 1, 2. Then, as ψ2 − ψ1 = (ψ2 − φ)− (ψ1 − φ)

sptu ∩ spt (ψ2 − ψ1) ⊂ sptu ∩ (spt (ψ2 − φ) ∪ (spt (ψ1 − φ)) = ∅

so 0 = u(ψ2 − ψ1) = u(ψ2)− u(ψ1) so u(ψ2) = u(ψ1). Thus v is a function.
It is a simple matter which we leave to the reader to verify that v is linear.

It is obvious that v extends u.
Suppose φ ∈ Eu(Ω). Let χ ∈ D(Ω) be such that sptu∩ sptφ ⊂ int {χ = 1}.

By the preceding Lemma, sptu ∩ spt (φ − χφ) = ∅. Since χφ ∈ D(Ω) we find
that φ ∈ dmn v.

Finally, suppose ṽ : Eu → C is a linear map such that ṽ|D(Ω) = u and

ṽ(φ) = 0 whenever ψ ∈ E(Ω) and sptu ∩ sptφ = ∅.

Suppose φ ∈ Eu(Ω). Choose χ ∈ D(Ω) such that sptu ∩ sptφ ⊂ int {χ =
1}. From the preceding Lemma we have sptu ∩ spt (φ − χφ) = ∅. Thus, as
χφ ∈ D(Ω),

ṽ(φ) = ṽ(χφ) + ṽ(φ− χφ) = u(χφ) + 0 = v(φ)

so ṽ = v.

Remark 5.0.1. When convenient we shall identify u with the extension defined
in the preceding Proposition.

The members of D′(Ω) are called generalized functions or distributions
on Ω. You will ask “In what way is the notion of generalized function a general-
ization of the notion of function?” We now proceed to embed Lloc

1 (Ω) in D′(Ω)
in a very useful way. We let

ι : Lloc
1 (Ω) → D′(Ω)

be defined by

ι(f)(φ) =
∫

Ω

f(x)φ(x) dx whenever φ ∈ D(Ω).

Since

|ι(f)(φ)| ≤
(∫

K

|f |
)
σ0,K(φ)

whenever K is a compact subset of Ω and φ ∈ DK(Ω) we find that ι(f) is indeed
a generalized function. It is obvious that ι is linear and that

ker ι = {f ∈ Lloc
1 (Ω) : f(x) = 0 for almost all x ∈ Ω}.
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Definition 5.0.2. Suppose

T : D(Ω) → D(Ω̃)

is such that for every (k,K) such that k ∈ N and K is a compact subset of Ω
there are (l, L) and C ∈ [0,∞) such that l ∈ N, L is a compact subset of Ω̃,

sptφ ⊂ L and σl,L(Tφ) ≤ Cσk,K(φ) whenever φ ∈ DK(Ω). (3)

It should be clear that we may define

T ′ : D′()̃Ω → D′(Ω)

by setting
T ′u(ψ) = u(Tψ) whenever ψ ∈ D(Ω̃).

In fact, if k,K, l, L, C are as above then

σ′m,K(T ′) ≤ Cσ′l,L(u).

We shall now define some extend some useful operations on functions to dis-
tributions in ways that will always be compatible with ι (whatever that means).

Suppose ψ ∈ E(Ω) and u ∈ D′(Ω). We let

ψu(φ) = u(ψφ) for φ ∈ D(Ω).

Exercise 5.0.3. Show that ψu ∈ D′(Ω). Show that

φι(f) = ι(φf) whenever f ∈ Lloc
1 (Ω).

Remark 5.0.2. Multiplying generalized functions is rather problematical.

Suppose F : Ω → Ω̃ is smooth diffeomorphism with range Ω̃. Given u ∈
D′(Ω) we let

Fu(φ) = u((φ ◦ F )|det ∂F |) for φ ∈ D(Ω̃).

Exercise 5.0.4. Show that Fu ∈ D′(Ω̃) and that, with appropriate hypotheses
on G, (G ◦ F )u = G(Fu). Show that

Fι(f) = ι(Ff) whenever f ∈ Lloc
1 (Ω).

Definition 5.0.3. Suppose α ∈ M(n) and u ∈ D′. We let

∂αu(φ) = (−1)w(α)u(∂αφ) whenever φ ∈ D(Ω).

Exercise 5.0.5. Show that ∂αu ∈ D′(Ω). Show that if f : Ω → C is w(α)
times continuously differentiable on Ω then

∂αι(f) = ι(∂αf).
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Definition 5.0.4. We say P : D′(Ω) → D′(Ω) is a linear partial differential
operator (of order m) for each α ∈ M(n) with w(α) ≤ m there are pα ∈ E(Ω)
such that

Pu =
∑

w(α)≤m
pα∂

αu whenever u ∈ D′(Ω).

Exercise 5.0.6. Suppose u ∈ D′(Ω) and j ∈ {1, . . . , n}. Show that

∂ju(φ) = lim
t→0

1
t
(τ−teju− u)(φ) whenever φ ∈ D(Ω).

Hint: Use Taylor’s Theorem to write

1
t
(τ−tej

φ− φ) = tψt

where ψt(x) = φ<1>(x, tej)(ej) for appropriate t, x.

Definition 5.0.5. Suppose u ∈ D′(Ω), Γ is an open subset of some Euclidean
space,

F : Ω → Γ is smooth

and
F−1[K] ∩ sptu is compact for any compact subset K of Γ.

We let
F#u(ψ) = u(ψ ◦ F ) for ψ ∈ D(Γ).

Exercise 5.0.7. Show that F#u ∈ D′(Γ). Supply the hypotheses that make
the assertion

(G ◦ F )#u = G#(F#u)

true.

Note that difference between Fu and F#u when F is a diffeomorphism.

5.1 The Dirac delta function.

Definition 5.1.1. Suppose a ∈ Ω. The delta function at a is that member
δa of E ′(Ω) such that

δa(φ) = φ(a) whenever φ ∈ E(Ω).

Evidently, δa is a complex valued function on E(Ω) and, since

|δa(φ)| ≤ |φ(a)| = σ0,{a}(φ) for φ ∈ E(Ω),

we find that δa ∈ E ′(Ω).

Remark 5.1.1. Of course the delta function is not a function; it’s a generalized
function.
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Theorem 5.1.1. Suppose a ∈ Ω, u ∈ D′(Ω),

sptu ⊂ {a},

m is a nonnegative integer, K is a compact subset of Ω such that a ∈ intK and

σ′m,K(u) <∞.

Then
u =

∑

w(α)≤m
(−1)w(α)u(τ−amα)∂αδa.

Proof. We may assume without loss of generality that a = 0. Suppose φ ∈
DK(Ω). From Taylor’s Theorem we have

φ =
∑

w(α)≤m
∂αu(0)mα + r

where r(x) = φ<m+1>(0, x)(x) whenever x ∈ Ω and (0, x) ∈< Ω >.
From Leibniz’ Rule we infer that there is C ∈ [0,∞) such that

|∂lr(x)| ≤ C|x|(m+1)−l whenever x ∈ K and 0 ≤ l ≤ m. (4)

Let ψ ∈ D(Ω) be such that 0 ∈ int {ψ = 1} and, for each ε ∈ (0, 1), let
ψε(x) = ψ(ε−1x) for x ∈ εΩ.

Suppose α ∈ M(n) and w(α) ≤ m. Then

(−1)w(α)u(mα)(∂αδ0)(φ) = u(mα)δ0)(∂αφ) = u(∂αφ(0)mα).

Thus
u(φ)−

∑

w(α)≤m
(−1)w(α)u(mα)∂αδ0 = u(r) = u(ψεr).

But whenever 0 ≤ l ≤ m we have

|∂l(ψεr)| =
∣∣∣∣∣∣

∑

0≤k≤l

(
l

k

)
(∂kψε)(∂l−kr)

∣∣∣∣∣∣
≤ Cσm,K(ψ)

∑

k≤l

(
l

k

)
ε−k)ε(m+1)−(l−k)

so that
lim
ε↓0

σm,K(ψεr) = 0.

5.2 Homogeneity.

This concept is extremely useful. Suppose p ∈ R. We let

E ∈ X (Rn)
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be such that E(x) = x for x ∈ Rn; we call E the Euler vector field. Note
that

d

dt
etx = E(etx) whenever t ∈ R and x ∈ Rn.

Suppose f : Rn ∼ {0} → C. We say f is homogeneous of degree p if

f(tx) = tpf(x) whenever 0 < t <∞ and x ∈ Rn ∼ {0}.

Equivalently,
µ1/tf = tpf whenever 0 < t <∞.

Proposition 5.2.1. Suppose f ∈ E(Rn ∼ {0}). Then f is homogeneous of
degree p if and only if Ef = pf .

Exercise 5.2.1. Prove the preceding Proposition.

Definition 5.2.1. Suppose u ∈ D′(Rn). We say f is homogeneous of degree p
if

µ1/tu = tpu whenever 0 < t <∞.

Proposition 5.2.2. Suppose u ∈ D′(Rn). Then u is homogeneous of degree p
if and only if Eu = pu.

Exercise 5.2.2. Prove the preceding Proposition.

Exercise 5.2.3. Show that the delta function δ0 is homogeneous of degree −n.
Show that if u ∈ D′(Rn) is homogeneous of degree p and α ∈ M(m,n) then ∂αu
is homogeneous of degree p−m.

5.3 Integration against a smooth family.

Suppose m is a positive integer, Γ is an open subset of Rm, χ ∈ E(Ω× Γ),

{y ∈ Γ : (x, y) ∈ sptu} is compact for any x ∈ Ω

and u ∈ D′(Γ). We define
uχ : Ω → C

by letting
uχ(x) = u(χ ◦ ix) whenever x ∈ Ω;

here, for each x ∈ Ω, we let ix : Γ → Ω× Γ carry y ∈ Γ to (x, y). Alternatively,

uχ(x) = u(Γ 3 y 7→ χ(x, y)) for x ∈ Ω.

The following Proposition is an immediate consequence of this definition.

Proposition 5.3.1. Suppose f ∈ Lloc
1 (Γ). Then

ι(f)χ = ι

(
Ω 3 x 7→

∫

Γ

χ(x, y)f(y) dy
)
.
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Theorem 5.3.1. uχ ∈ E(Ω). Moreover,

∂j(uχ) = u∂(j,0)χ for any j ∈ {1, . . . ,m}.

Proof. From Taylor’s Theorem we obtain for each j = 1, . . . , o and each (x, h) ∈<
Ω > a function rj,x,h ∈ E(Γ) such that

χ(x+ h, y)− χ(x, y)−
m∑

j=1

hj∂(j,0)χ(x, y) =
m∑

j=1

hjrj,x,h(y)

whenever (x, h) ∈< Ω > and y ∈ Γ;

rj,x,0(x) = 0

and
< Ω > ×Γ 3 ((x, h), y) 7→ rj,x,h(y) ∈ E(< Ω > ×Γ);

It follows that for any nonnegative integer l, any compact subset K of Ω and
any compact subset L of Γ we have

lim
h→0

sup{|σl,L(rj,x,h)| : x ∈ K} = 0.

Since

uχ(x+ h)− uχ(x)−
m∑

j=1

hju∂(j,0)χ(x) =
m∑

j=1

hju(rj,x,h)

the Theorem follows.

Theorem 5.3.2. Suppose ψ ∈ D(Ω). Then
∫
uχ(x)ψ(x) dx = u

(
Γ 3 y 7→

∫
χ(x, y)ψ(x) dx

)
.

Proof. Let ζ(y) =
∫
Ω
χ(x, y)ψ(x) dx for y ∈ Γ. For each δ > 0 let

ζδ(y) = δ−n
∑

z∈Zn, δz∈Ω

χ(δz, y)ψ(δz) whenever y ∈ Γ.

Evidently, for any compact subset L of Γ and any nonnegative integer l we have
σl,L(ζ − ζδ) → 0 as δ ↓ 0. Keeping in mind that uχ is continuous we have

u(ζδ) = δ−n
∑

z∈Zn

uχ(δz)ψ(δz) →
∫

Ω

uχ(x)ψ(x) dx as δ ↓ 0;

the Theorem follows.
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5.4 Smoothing distributions.

Suppose

φ ∈ D(Rn),
∫
φ = 1 and sptφ ⊂ U(n, 0)1.

For each ε > 0 let φε(x) = ε−nφ(ε−1x) for x ∈ Rn and note that
∫
φε = 1. Let

Φε(x, y) = φε(x− y) for (x, y) ∈ Rn × Rn.
Remark 5.4.1. Suppose f ∈ Lloc

1 (Rn) and ε > 0. Then

ι(f)ε(x) = ι(f)(Rn 3 y 7→ φε(x− y)) =
∫
f(y)φε(x− y) dy = (φε ∗ f)(x)

for any x ∈ Rn.
Theorem 5.4.1. Suppose u ∈ D′(Rn) and, for each ε > 0,

uε = uΦε .

Then
sptuε ⊂ {x ∈ Rn : dist (x, sptu) ≤ ε},

lim
ε↓0

ι(uε)(ψ) = u(ψ) whenever ψ ∈ D(Rn)

and
∂juε = (∂ju)ε whenever j ∈ {1, . . . , n}.

Proof. Suppose ψ ∈ D(Rn). Using Theorem ?? we find that

ι(uε)(ψ) =
∫
uε(x)ψ(x) dx

=
∫
u(Rn 3 y 7→ φε(x− y))ψ(x) dx

= u

(
Rn 3 y 7→

∫
φε(x− y)ψ(x) dx

)

= u((Aφε) ∗ ψ)
→ u(ψ),

as desired.
Finally, let j ∈ {1, . . . , n} and note that

∂(j,0)Φε = −∂(0,j)Φε.

Then for any x ∈ Rn we have

∂j(uε)(x) = ∂j(uΦε)(x)
= u∂(j,0)Φε(x)

= −u∂(0,j)Φε(x)

= −u(Rn 3 y 7→ ∂(0,j)Φε(x, y))
= (∂ju)(Rn 3 y 7→ Φε(x, y))
= (∂ju)ε(x).
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Theorem 5.4.2 (The constancy Theorem). Suppose Ω is connected, u ∈ D′(Ω)
and ∂ju = 0 for j = 1, . . . , n. Then there is c ∈ R such that

u(ψ) = c

∫

Ω

ψ whenever ψ ∈ D(Ω).

Remark 5.4.2. That is, u is the generalized function which equals ι applied
to the function which equals c at each point of Ω

Proof. Suppose a ∈ Ω. Choose R ∈ (0,∞) such that B(a,R) ⊂ Ω. Let v ∈
D(Rn) be such that v(ψ) = u(ψ|Ω) whenever ψ ∈ D(Rn) and sptψ ⊂ U(a,R).
Then ∂jv vanishes on U(a,R) for each j = 1, . . . , n. Let vε, ε > 0, be a
smoothing of v where φ as above is supported in B(0, 1). Since ∂j(vε) = (∂jv)ε
we find that, whenever 0 < ε < R, ∂j(vε) is zero on U(a,R−ε) so there is cε ∈ C
such that vε = cε on U(a,R − ε). Since vε(ψ) → v(ψ) whenever ψ ∈ D(Rn) we
infer that there is c such that u(ψ) = v(ψ) = c

∫
ψ whenever ψ ∈ D(Rn) and

sptψ ⊂ U(a,R). Since Ω is connected the Theorem follows.

5.5 Integration over the fiber.

Suppose m is a positive integer, Γ is an open subset of Rm and

F : Ω → Γ

is a submersion; this means by definition, that F is smooth and

rng ∂F (x) = Rm whenever x ∈ Ω.

Note that this implies n ≥ m. Set

JmF (x) = |
∧

m
∂F (x)| =

√
det ∂F (x) ◦ ∂F (x)∗ for x ∈ Ω.

For any χ ∈ D(Ω) one has the coarea formula

∫

Ω

χ(x)JmF (x) dx =
∫

Γ

(∫

F−1[{y}]
φ(x) dHn−mx

)
dy.

(Can you prove it?)
For each χ ∈ D(Ω) let

χF (y) =
∫

F−1[{y}]
χ(x)JmF (x)−1 dHn−mx for y ∈ Γ

and note that χF ∈ D(Γ) since sptχF ⊂ F [sptχ].
For each v ∈ D′(Γ) we define

v ◦ F ∈ D′(Ω)
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by setting
(v ◦ F )(χ) = v(χF ) for χ ∈ D(Ω).

Suppose f ∈ Lloc
1 (Ω). Then, by the coarea formula,

ι(f) ◦ F (χ) =
∫

Γ

f(y)

(∫

F−1[{y}]
χ(x)JmF (x)−1 dHn−mx

)
dy

=
∫

Γ

(∫

F−1[{y}]
f(F (x))χ(x)JmF (x)−1 dHn−mx

)
dy

=
∫
f(F (x))χ(x) dx

= ι(f ◦ F )(χ);

This motivates the notation.
Let

XF (Ω)

be the vector space of those X ∈ X (Ω) such that

∂F (x)(X(x)) = 0 for x ∈ Ω

which is to say that X is tangent to the fibers of F .

Theorem 5.5.1. Suppose v ∈ D′(Γ). Then

X(v ◦ F ) = 0 whenever X ∈ XF (Ω).

Suppose u ∈ D′(Ω) and

X(u) = 0 whenever X ∈ XF (Ω).

Then u = v ◦ F for some v ∈ D′(Γ).

Exercise 5.5.1. Prove the preceding Theorem. It suffices to consider the case
when Ω = A×B, Γ = B and F (x, y) = y for (x, y) ∈ A×B.

Exercise 5.5.2. Suppose u ∈ D′(R2) and S(x, t) = x− t for (x, t) ∈ R2. Show
that

∂u

∂t
+
∂u

∂x
= 0

if and only if u = v ◦ S for some v ∈ D′(R).

6 Products

Definition 6.0.1 (Tensor product functions). Suppose N is a positive integer
and for each j = 1, . . . , N , Xj is a set and φj : Xj → C. We define the tensor
product

φ1 ⊗ · · · ⊗ φN : X1 × · · · ×XN → C
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be such that

φ1 ⊗ · · · ⊗ φN (x1, . . . , xN ) =
N∏

j=1

φj(xj)

whenever (x1, . . . , xN ) ∈ X1 × · · · ×XN .

Definition 6.0.2. We let
P(Ω)

be the linear subspace of D(Ω) spanned by the functions ψ ∈ D(Ω) correspond-
ing to which there exist φj ∈ D(R) such that

ψ = (φ1 ⊗ · · · ⊗ φn)|Ω.
Theorem 6.0.2. Suppose χ ∈ D(Ω). For each nonnegative integer m, each
compact subset K of Ω such that sptχ ⊂ intK and each η > 0 there is
ζ ∈ DK(Ω) ∩ P(Ω) such that

σm,K(χ− ζ) < η.

Proof. Let R be a positive real number such that

n∏

j=1

(aj −R, aj +R) ⊂ Ω whenever x ∈ Ω.

Let ψ ∈ D(R) be such that sptψ ⊂ (−1, 1) and
∫
R ψ(t) dt = 1. For each

ε ∈ (0, R) let

φε(x) = ε−n
n∏

j=1

ψ(xj/ε) for x ∈ Ω;

note that φε ∈ D(Ω) ∩ P(Ω) and that
∫
Ω
φε(x) dx = 1.

For each ε ∈ (0, R) let

χε(x) =
∫
φε(x− y)χ(y) dy for x ∈ Ω

and note that χε ∈ D(Ω). Making the substitution y 7→ x − y in the integral
defining χε we find that

χε(x) =
∫
χ(x− y)φε(y) dy

which implies that

∂αχε(x) =
∫
∂αχ(x− y)φε(y) dy

for any α ∈ M(n); since
∫
φε = 1 we infer that

∂α(χ− χε)(x) =
∫

(∂αχ(x− y)− ∂αχ(x))φε(y) dy.
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Thus
lim
ε↓0

σm,K(χ− χε) = 0 for any m ∈ N.

Whenever δ, ε ∈ (0, R) we let

χδ,ε(x) = δ−n
∑

z∈Zn

χ(δz)ψε(x− δz) whenever x ∈ Ω;

note that χδ,ε ∈ P(Ω) ∩ DK(Ω).
Let C = {x ∈ Rn : 0 ≤ xj < 1, j = 1, . . . , n}. Suppose α ∈ M(n) and

x ∈ Rn. Then

∂α(φε ∗ χ− χδ,ε)(x) =
∑

z∈Zn

∫

δ(z+C)

∂αφε(x− z)χ(z)− ∂αφε(x− δz)χ(δz) dz.

Finally,

(χ− χε)(x) = (χ− χ ∗ φε)(x) =
∫

Rn

(χ(x)− χ(x− y))φε(x− y) dy

so
∂α(χ− φε ∗ χ)(x) =

∫

Rn

(∂αχ(x)− ∂αχ(x− y))φε(x− y) dy.

which tends to zero uniformly as δ ↓ 0.

Theorem 6.0.3. Suppose A is an open subset of Rn, u ∈ D′(A), B is an open
subset of Ro and v ∈ D′(B). Then there is one and only one

u× v ∈ D′(A×B)

such that
(u× v)(φ⊗ ψ) = u(φ)v(ψ) (5)

whenever φ ∈ D(A), ψ ∈ D(B) and where we have set

(φ⊗ ψ)(x, y) = φ(x)ψ(y) whenever (x, y) ∈ A×B.

Moreover, if χ ∈ D(A×B) then

(u× v)(χ) = u(vχ). (6)

Proof. The uniqueness follows directly from the preceding Theorem.
To prove existence we let u × v : D(A × B) → C be defined by (??). It is

evident that u× v is linear. Moreover, if φ ∈ D(A) and ψ ∈ D(B) then

u(vφ⊗ψ) = u(A 3 x 7→ v(B 3 y 7→ φ(x)ψ(y))) = u(φ)v(ψ)

so (??) holds.
Suppose χ ∈ D(A × B), K is a compact subset of A × B and sptχ ⊂ K.

Let L = {x : (x, y) ∈ K}, note that L is a compact subset of A, let M = {y :
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(x, y) ∈ K} and note that M is a compact subset of Y . If m is a nonnegative
integer we have

|(u× v)(χ)| = |u(vχ)| ≤ σ′m,L(u)σm,L(vchi)

and, for any α ∈ M(n) with w(α) ≤ m and any x ∈ L,

|∂α(vχ)(x)| = |(∂αv)χ(x)| ≤ σ′l,M (∂α)σl,M (χ).

It follows that u× v ∈ D′(A×B).

Definition 6.0.3. Suppose u ∈ D′(A), v ∈ D′(B) and

{(x, y) ∈ sptu× spt v : x+ y = z} is compact whenever z ∈ Rn.

Let
u ∗ v = A#(u× v).

One may easily verify the properties of convolution, such as commutativity
and associativity. Suppose T (x, y) = (y, x) for (x, y) ∈ Rn × Rn. Then

T#(u× v)(φ⊗ ψ) = (u× v)((φ⊗ ψ) ◦ T )
= (u× v)(ψ ⊗ φ)
= u(ψ)v(φ)
= (v × u)(φ⊗ ψ);

our characterization of products now implies that

T#(u× v) = v × u.

Since A ◦ T = A we find that

u ∗ v = A#(u× v)
= (A ◦ T )#(u× v)
= A#(T#(u× v))
= A#(v × u)
= v ∗ u.

Now let I(z) = z for z ∈ Rn and let C(x, (y, z)) = ((x, y), z) for (x, y, z) ∈
Rn × Rn × Rn. We use (??) to infer that

C#(u× (v × w)) = (u× v)× w.

Since
A ◦ (A× I) ◦ C = A ◦ (I ×A)
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we find that

(u ∗ v) ∗ w = A#((u ∗ v)× w)
= A#(A#(u× v)× I#w)
= A#((A× I)#((u× v)× w)
= A#(A× I)#C#(u× (v × w))
= A#(I ×A)#(u× v)× w)
= A#(u× (v ∗ w))
= u ∗ (v ∗ w).

Proposition 6.0.1. Suppose u ∈ D′(A), v ∈ D′(B) and a ∈ Rn. Then

(τau) ∗ v = τa(u ∗ v) = u ∗ (τav).

Moreover,

(∂αu) ∗ v = ∂α(u ∗ v) = u ∗ (∂αv) for any α ∈ M(n).

Exercise 6.0.3. Prove the preceding Proposition.
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