1. UNIFORM CONVERGENCE.

Suppose X is a set and (Y, o) is a metric space. We let
B(X,Y)
be the set of bounded functions from X to Y; that is, f € B(X,Y)if f: X =Y
and diamrng f < co. For each f,g € B(X,Y) we set
E(f,9) =sup{o(f(x), g(x)) : v € X}.
Proposition 1.1. ¥ is metric on B(X,Y).
Proof. Suppose f,g € B(X,Y) and a € X. Then

o(f(x),g(x)) < o(f(x), f(a)) +o(f(a), g(a)) + o(g(a), g(x))
< diamrng f + o(f(a), g(a)) + diamrng g
for any € X. Thus X(f,g) < oo. It is evident that ¥(g, f) = 3(f, g) and that if
X(f,9) =0 then f =g.
Suppose f,g,h € B(X,Y). Then
o(f(z),h(z)) < o(f(x),g(x)) + o(g(x), h(z)) < E(f,9) + E(g, h)
for any « € X from which we conclude that X(f, g) < Z(f,g) + (g, h). O
Example 1.1. Suppose Y is a vector space normed by |-| and o is the corresponding
metric. Note that
B(X,Y)
is then the set of functions f : X — Y such that
sup{|f(z)| : z € A} < o0.
We set
[|f]| =sup{|f(z)|: x € X} whenever f € B(X,Y)

and note that

E(.f’g) = ||f - QH whenever fag € B(A7Y)
Obviously,

[IfIl=0 & f=0 whenever f € B(X,Y).
If ce Rand f € B(X,Y) we have

lef Il =A{l(ch)(@)]: z € X} ={lc|[f(2)] : v € X} = [c[{[f(z)| : c € X} = [c]l|f]]-
Moreover,
Ilf + gl = sup{| f(z) + g(z)| : x € X} <|[f[| + llg]l

whenever f,g € B(X,Y). In particular, B(X,Y) is a linear subspace of Y. Thus
B(X,Y) is a normed vector space with respect to || - ||.

Proposition 1.2. X is complete if o is complete.

Proof. Suppose f is a Cauchy sequence in B(X,Y) with respect to . Then, for
each z € X, N> v — f,(x) is a Cauchy sequence in Y and so, as o is complete,
converges to some g(z).
We now show that lim, . 2(f,,g) = 0. Suppose 0 <n < e < 000. Let N € N
be such that
p,v€Nand p,v >N = E(f,, f) <n.
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Then for any x € X and any u,v € N with g, v > N we have
o(fu(x), 9(x)) < o(ful), fu () + o (f(2), 9(2))
< E(fu fo) +o(fu(@), 9(2))
<n+o(fu(x),9(x)).
Letting v — oo we find that if 4 > N then
o(fu().9(x)) <7 forany z € X

which implies ¥(f,,9) < n < e. That is, f, — g as v — oo with respect to X, as
desired. 0

Now suppose X is a topological space. Let
C(X,Y)={feB(X,Y): fis continuous}.
Theorem 1.1. C(X,Y) is a closed subset of B(X,Y).

Remark 1.1. It follows that C(X,Y") is complete with respect to the metric on it
induced by ¥ provided Y is complete.

Proof. Suppose g € clC(X,Y).
Suppose a € X and let € > 0. Since g € clC(X,Y) we there is f € U(g,€¢/3)NF.
Since f is continuous at a there is an open subset U of X such that

xelU = o(f(x), f(a)) <e/3.

Then
o(g9(x), 9(a)) < o(g(x), f(x)) + o(f(2), f(a)) + o(f(a),g(a))
<X(f.9) +¢€/3+X(f.9)
<e
So g is continuous and, therefore, C(X,Y") is a closed subset of B(X,Y). O

Remark 1.2. Suppose X is compact and let
K(X,Y)={f €Y¥: fis continuous}.
Then
K(X,Y)C B(X,Y).
If Y is complete then IC(X,Y) is also complete by virtue of the preceding Theorem.
In particular, if Y is a Banach space so is K(X,Y).
Remark 1.3. For each v € N let f,(z) =z, 0 < z < 1. Evidently,

{0 if0<ax<l,

i fo@) =31 e
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Thus the pointwise limit is not continuous and, therefore, the convergence is not
uniform. Indeed, if y,v € N and v > p then
(fu—f)x)=2"1—-2""")—1 asn— o0
which implies that
lim |[f, — fo||=1 forany pe€N.
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