1. FuBINI’'S THEOREM.

Suppose n,m € NT and 0 < m < n. We identify R"® with R™ x R"™™ in the
natural way. For each function g with domain R™ and each y € R"™™ we define
the function s, (¢g) with domain R™ by letting s,(g)(z) = g(x,y) for x € R™.

Lemma 1.1. Suppose f € F, and

F(y) =1_(sy(f)) foryeR"™
Then
L (F) <L (f).
Proof. Suppose s € S; ;and f <sups. Let S be the sequence such that, for each

veN, S, :R"™ — [0,00) and and S, (y) = I,(sy(sv)). Then S € S;{_m,T and
F <supS. It follows that

the Lemma follows. (]

For each y € R"™™ we define
Sy Fn— Fm
by letting
Sy(f)(z) = f(a(x) + B(y)) whenever f € F,, and z € R™.

One may easily check that if s € S,, then
(1) Sy(s) € S, whenever y € R"~"™;
(2) R*™™ 5y = I (Sy(5)) € Snem;
(3) Im(R™™™ 3 y = 1,,(Sy(s))) = Ln(s).

Theorem 1.1.
{y e R"™: 8, (f) & Lm}" =0
and if
F:R"™™ >R
is such that
F(y) = Ly, (sy(f)) whenever s,(f) € L,
then F € L,,_,, and
L.(f) = Lp—m(F).
Proof. Part One Choose sequences € and 7 in (0, co0) such that lim, ¢, = 0 and
ool My < 00.
Next, choose a sequence s in S,, such that 17(|f — s,|) < e,7,.
For each y € R"™™ and each g : R — R let
5,(9) | R" - R

be such that s,(g)(z) = g(x,y) for x € R™.
For each v € N let

B, ={y e R"™™: 1 (Isy(f) = sy(s0))]) < e}
let

D =U%_y N2y E,.
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Part Twoy € D = s,(f) € L.

Suppose y € D. Choose a positive integer N such that y € (\)_y E,. Then
for any v € N with v > N we have Lf (|s,(f) — sy(s,)])| < €, which implies
sy(f) € Leby,_p,.

Part Three |[R” ~ D|* = 0.

For each v € N we have

R~ BT < ST (Sk(m,)) < i

Consegently,

*

e

=N

IR™ ~ D|* < inf
N

<inf R™ ~ E;|* < inf i = 0.
< YR B S Y w0

Now |F — G| < colgn_g; combining this with the Lemma we find that
L (G =S.) =15, (IF = S,|) <L (f —s.);

since I, (S,) = L (s,) for each v € N the Theorem follows.



