1. INTEGRATION THEORY, PART Two.

1.1. The Monotone Convergence Theorem. The following Theorem is funda-
mental.

Theorem 1.1. (The Monotone Convergence Theorem. Suppose f is a non-
decreasing sequence in F,I. Then

(1) l(sgp fv) = Slipl(fU)'

Proof. Let a and b be the left and right hand sides of (1), respectively. Owing to
the monotonicity of 1, we find that b < a. Thus we need only show that a < b and
we may assume that b < co.

To this end, let € > 0. For each v € Nlet s, € S:,T be such that f, <sups, and

IZT(SV) <1(f,)+27" e

For each pu,v € N with u < v we let

v
— +
Si=\ sell;
n=p

We define the sequence ¢ by letting
t, = (S5), € Sy
For any v € N we have
ty=(S8)y < (S50 < (S§ ) us1 = tupa
sote S:;T and
(1) Iy (ty) = I ((Sg)w) < I, 1 (S0).
Moreover, for any v, & € N, we have
(50)e < (80)wve < (ngg)u\/g = tyve < supt;
it follows that f, < supt for any v € N which in turn implies that sup f < supt so
1(sup f) < IF,(t).
We will complete the proof by showing that
(2) I () < supl(f,) +e.
Suppose p,v € N and g < wv. Since s, < S;; we have
Ju < fu A furr < (supsy) A (sup Sp41) = sup(sy, A S 4 q).
Using the fact that a Ab+ a Vb= a+ b whenever a,b € [0, 00] we find that

S NSy S = s NSU 8, VS = s, S
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thus

W(fu) + LI (SH) < IE (s AS) + L (S))
= IIT su NS+ Sp)
=I" v

Since 1(f,) < co we obtain
I;F,T(SZ) < IIT(SZJA) + 2_M_1€§
Summing from p = 0 to v and using (1) we find that
L (ty) < Iy (S0) < Iy (S)) + e = I (s0) +e <U(fo) e +e

thereby establishing (2). O

Corollary 1.1. ( Fatou’s Lemma.) Suppose f is a sequence in F,;. Then
I(liminf f,) <liminf1(f,).

Proof. Let F, = info<,<, fu for each v € N and apply the Monotone Convergence
Theorem to F'. (]

1.2. Basic theory of Lebesgue integration.
Theorem 1.2. Suppose f € F,F N Leb,. Then
1(f) = L(f).
Proof. Let ¢ > 0. By a previous Proposition there is s € S;F such that 1(f—s) < ¢/2.
Since 1(s) = I,(s) = L(s) it follows that
1) = LN < 1) = 1)+ [L(f = s)] <2U(|f —s]) < e
Thus (ii) holds. O

Lemma 1.1. Suppose f is a sequence in F,;F N Leb,, such that
(i) sup, fu(x) < oo for each x € R™ and
(ii) 1(sup, fy) < o0.

Then sup,, f, € Leb,,.

Proof. Replacing f, by supg<,<, f. if necessary we may assume without loss of
generality that f is nondecreasing.
Let € > 0. Since (ii) holds we may choose N € N such that

supl(fy) < 1(fn) +e.
It follows from the preceding Proposition that
l(fl/ - fN) = L(fu - fN) = L(fl/) - L(fN) = l(fl/) - l(fN)

for any v € N so that
supl(f, — fn) <e.
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Since f is nondecreasing we may use the Monotone Convergence Theorem to infer
that

lengL)AffN):: ngp(fb‘f.ﬂv))::Sgpl(fu—f.fw) <e

Lemma 1.2. Suppose f is a sequence in F;} N Leb,. Then inf, f, € Leb,.

Proof. For each v € N let F), = info<,<, f,, € Leb,,. Evidently, F' is nonincreasing
so N 3 v+ Fjy — F), is nondecreasing. Since

inf F,, = Fy —sup(Fy — F,)

and since inf, f, = inf, F, this Lemma follows from Lemma 1.2. O

Theorem 1.3. Suppose F € F,I, I(F) < oo and there is a sequence f in Leb,
such that
F(z)= lim f,(z) forzeR™.

V—00

Then F € Leb,,.

Proof. Choose a s € SJTT such that F' < sup s and I:;T(s) < 0. Using the Lemmas

n

1.1 and 1.2 we infer that, for each £ € N,
F A s¢ =infsup fu A s¢ € Leb,,.
vV op>v

Since I' = sup, F' A s¢ the Theorem follows from the Lemma 1.1. ([

Theorem 1.4. (The Lebesgue Dominated Convergence Theorem.) Sup-
pose

(i) f is a sequence in Leb,, and F' € F,, is such that
lim f,(z) = F(z) forall z € R™;

(ii) g is a sequence in Leb,, such that

lful <gv, vEN;

(iii) G € F,,
lim g,(z) = G(z) for all z € R” and  lim 1(g,) = 1(G) < 0.

Then F' € Leb,, and
lim 1(|F — f,|) = 0.

Proof. For each v € Nlet h, = G+ g, — |F — f,| € F;F N Leb,. We know from
the previous Theorem that G and |F' — f,| = limj, .o |fu — fv|, v € N are in Leb,,
Thus, for any v € N,
L(hy) = L(G) + L(g,) — L(|F — fu|)
S0
1(hy) = XG) + Xgv) — U|F = fu]).
By Fatou’s Lemma we have

21(G) = I(liminf h,) < liminf1(h,).

vV—00 V—00
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Since
liminf1(h,) = 21(G) — limsup 1(|F — f,|).

it follows that
limsup1(|F — f,|) = 0.

V—00

This in turn implies that F' € Leb,,. O

1.3. Lebesgue measurable sets.

Theorem 1.5. Suppose A in a nondecreasing sequence of subsets of R™. Then
| U2 Au|" = sup A, |".
v

Proof. Since 11 (15) = |B|* for any subset B of R" this follows from the Monotone
Convergence Theorem. (I

Theorem 1.6. Suppose £ C R™. The following are equivalent:
(1) 1 € Leb,,;
(ii) for each € > 0 there is a multirectangle M such that

(B~ M)U (M~ E)* <e.

Proof. Suppose (i) holds and € > 0. Choose s € S;F such that 1(|]1g — s|) < €/2, let
M = {z € R" : s(z) > 1/2} and note that M is a multirectangle. Since

1 1
ihENMMMMNE)::qu"1M|§|h§*5|

we find that [(E ~ M) U (F ~ M)|* <e. Thus (ii) holds.
Suppose (ii) holds and e > 0. Then there is a multirectangle M such that
1(]1g — 1a]) < €. Thus 1g € Leb,, since 1) € S,,. |

Definition 1.1. We let
Leb,

be the family of functions in F,” which are the supremum of a nondecreasing se-
quence F," N Leb,,.

Theorem 1.7. Suppose F,G € Leb,". Then
IMF+G)=17(F) +17(G).

Proof. Let f,g be nondecreasing sequences F, N Leb,, with suprema F and G,
respectively. Using the Monotone Convergence Theorem three times we calculate

I'(F +G) = supl* (fu +gv)
= sup L(f, +9.)
=supL(f,) + L(g.)
= sup1™(f,) +1"(g0)

=1"(f) +1%(g).
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Definition 1.2. We say a subset E of R” is Lebesgue measurable if 1 € Leb,
in which case we let

L"(E)=1T(1g)
and call this nonnegative extended real number the Lebesgue measure of F.

Theorem 1.8. Suppose F C R™. Then FE is Lebesgue measurable if for each ¢ > 0
there is a countable family R of of rectangles such that

[(E ~ (UR)U ((UR) ~ E)[" <e.

Theorem 1.9. The following statements hold.

(i) M, C L,.
(ii) E € L, and |E|* < oo if and only if for each € > 0 there is a multirectangle
M such that

(B~ M)U(M ~E) < e
(ii) E € L, if and only if there is nondecreasing sequence F in {G € L,

|G|* < oo} such that E = U2 F,.
(iv) T E,F € £, then EUF,ENF,E ~F € L,, and

|[EUF|* +|ENF|* = |E" + |F|".

If € is a countable nonempty family of Lebesgue measurable subsets of
R™ the following assertions hold:
(v) UE and NE are Lebesgue measurable;
(vi) if € is disjointed then
|uEl = |El;

EeE
(vii) if £ is nested then
|[UEI" =sup{|E|": E €&}
(viii) if £ is nested and |E|* < oo for some E € £ then
[NE* =inf{|E|": E € &}.

Proof. Exercise for the reader. O

Remark 1.1. In particular, the Lebesgue measurable subsets of R™ form a o-
algebra of subsets of R™.

Definition 1.3. Suppose f : R® — R. We say f is Lebesgue measurable if
f7U] € L,, whenever U is an open subset R"

Proposition 1.1. Suppose f : R” — R. The following are equivalent.

(i) f is Lebesgue measurable.

(ii) {z € R": f(x) > ¢} € L,, whenever ¢ € R.
iii) f(z) > ¢} € L,, whenever ¢ € R.
(iv) {z € R" f(z) < ¢} € L,, whenever ¢ € R.
(v) f(z) < ¢} € L, whenever ¢ € R.
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Proof. Since
1
{zeR": f(x)>c}—wv=1%{zeR": f(z) >c— ﬁ}
we see that that (ii) implies (iii). Since
{zeR": f(x)<c}=R"~{zeR": f(z) >c}
we see that (iii) implies (iv). Since
1
{zeR": f(z)<c} =N {z eR": f(z) <c+ ;}
we see that (iv) implies (v). Since
{r eR": f(x)>c}=R"~{z eR": f(z) < c}

we see that (v) implies (ii). Thus (ii),(iii),(iv) and (v) are equivalent.
(i) obviously implies (ii). Suppose (ii) holds. Then, as (iv) holds,

{r eR":a < f(x) <b} €L, whenever —0o <a<b< 0.

Let U be an open subset of R. Let Z be the family of open subintervals of U with
rational endpoints. Then, as 7 is countable, we find that

U =U{f ] T €T} € L
. Thus (i) holds. O

Corollary 1.2. Suppose N is a positive integer, f; : R* - R, i =1,...,N are
Lebesgue measurable functions, and

M:RY SR

is continuous. Then
R" >z — M(fi(2),..., fn(z))
is Lebesgue measurable.

Corollary 1.3. The set of Lebesgue measurable functions is closed under the
arithmetic operation as well as the lattice operations.

Proposition 1.2. Suppose f is a sequence of Lebesgue measurable functions and
F:R™ — R is such that

lim f,(z) = F(x) whenever z € R™.
Then F' is Lebesgue measurable.

Proof. Suppose ¢ € R. Then

1
{x eR": F(z) >c} =US2, UXg NoZn{z €R™: fu(x) > c+ ﬁ}'

Lemma 1.3. Suppose f:R* =R, ce R, E={z e R": f(z) > c} and
1
gn(z) = E[f/\(c—f—h) —fAc] forhe(0,00).

Then
(i) gn <grif0 <k <h <o
(ii) 1g = supgcp<oo G-



Proof. To prove (i) we suppose a € R™ and 0 < k < h < oo and we observe that
fla) <c = gn(a) = 0= gi(a),

c<f@) < etk = gn(a) =3 [f(a) ~ d < 117(0) — d = gu(a),
c+k<fla)<c+h = gpla)= %[f(a) — ] <1=gg(a),
c+h<fla) = gnla)=1=gr(a)
(ii) is evident. O
Lemma 1.4. Suppose
f:R" - R;

¢ is a a sequence of positive real numbers such that

lim ¢, =0 and chzoo;

v—00
v=0

and E is the sequence of subsets of R™ defined inductively by setting Ey = {z €
R™: f(z) > ¢} and requiring that

E, g1 ={zeR": f(z) > Z culp,} whenever v > 0.
n=0

f = Z CV]-EV .
v=0

Proof. Straightforward exercise. O

Then

Theorem 1.10. Suppose f : R — R. Then f € Leb, if and only if 1(f) < oo
and f is Lebesgue measurable.

Proof. Suppose f € Leb,,. Let ¢ € R. That {z € R": f(z) > ¢} € L, follows the
first of the two preceding Lemmas and our earlier theory.

Suppose 1(f) < co and f is Lebesgue measurable. Writing f = f* — f~ we see
we need only consider the case f > 0. Let ¢ be a sequence of positive real numbers
such that lim,_,,, ¢, = 0 and Z;O:o ¢, = oo and let the sequence E be as in the

preceding Lemma so that
oo
f = Z CulEu .
v=0

Note that E, € L,,. That f € Leb,, follows from earlier theory. O

Theorem 1.11. (The absolute continuity of the integral.) Suppose f €
Leb,,. Then for each ¢ > 0 there is § > 0 such that

E€L,and |E| <5 = Lg(f]) <e.

Proof. For each nonnegative integer v let g, = |f| Av. Since g, T |f| as v T o0
we infer from the Monotone Convergence Theorem that 1(g,) T 1(|f]) as v T oc.
Choose a positive integer N such that

1(1f]) = Uon) < 5-



8

By the preceding theory, gy € Leb,,. Let § = 55. If E € £,, and |E| < 0 then

|flle = (|fl —gn)1le +gn1e < |f| —gn + Nlg
so that

Le(If) = L(f1e) < L([f| — g~ + N1g) = L(|f]) — L(gn) + N|E| <.
(]

Theorem 1.12. (Minkowski’s inequality in integral form.) Suppose f :
R x R — R is Lebesgue measurable and 1 < p < co. Then

</‘/h(w,y)dy‘ dx>1/p < / </|h(m7y)pdﬂc)1/p dy.

Remark 1.2. We haven’t shown that either of the above integrals is defined be-
cause we haven’t done product integration.

Proof. By an approximation argument we need only consider h of the form

N
y) = ij(ﬂf)lFJ (y), (v,y) eRxR,

where N is a positive integer; f; is Lebesgue measurable and F; € £,,, j = 1,...,N;
and F;NF; =0if 1 <i<j < N. We use Minkowski’s inequality to estimate

(/’/ Y) dy df”)l/p: é”Fa‘”fj(CC)pdfﬂ 1/p<§:1||Fj| </|fj(m)|pdx)1/p.
/</|h ,y) |pdx>1 ’ dyi/& </|h(g:,y)|1’dx>1/p§/ﬂ </|fj($)|pdx)”p.

O

Corollary 1.4. Suppose f and g are Lebesgue measurable. Then
1f # gllp < [[f1lpllgll-

Proof. Using Minkowski’s Inequality in integral form we estimate

I <ol = (f| [ 160~ sty ypdx>1/p

< (fre-smors)"s

-/ ( / f(x—y)lpdaz>l/p l9(v)| dy
-[(/ If(x)l”dx)l/p 9(s)] dy

= [[f1lpllgll1-




Proposition 1.3. Suppose 1 < p < oo, f is Lebesgue measurable and

st = ( f f(x)lpdx>1/p “

Then for each € > 0 there is an elementary function s such that ||f — s||, <e.

Proof. Let € > 0.

For each positive integer v let F, = {x € R"™ : |f(x)| < v}. Since 1g |f|P T |f|P
as v | oo we infer from the Monotone Convergence Theorem and the additivity of
the integral that

[ s@past [li@rds asvis.

v

By the additivity of the integral we infer that
F-1edlp= [ Wapd= [If@Pd- [ f@Fde Lo sy
R7~

v v

We may therefore choose a positive integer N such that ||f — 1g, fll, < €/2.
Since flg, € Leb; we may choose an elementary function s such that |s| < M
and

e\ P
@ [ |f1e, ~slw)do < (5)
Then
EN\P
1F1ey = sllp = [ 171y = sl do < M) [ 1716, - slds < (5)
It follows from Minkowski’s Inequality that

€
f = sllp < [If =Lexfllp +11ef = sll, < 5

2

€
- — €.

+

[\

1.3.1. Smoothing. Let
¢:R" - R
be a smooth function such that
(i) 0 < ¢

(i) cl{z e R" : p(x) #0} C{x e R™ : |z] < 1};

(iii) [ ¢(z)dx =1.
For each € > 0 we let ) )

de(x) = 67¢(5) for z € R™.

Then

(1) 0 < o;
(i) cl{z € R™: ¢(x) 0} C {x € R" : |x| < €};
s(ill) [ ¢e(z)dz =1.

Theorem 1.13. Suppose 1 < p < oo and f is measurable and
/|f(x)\pdx < .
Then ¢ * f is smooth and
|f = dex fllp > 0as el 0.
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Proof. Let 7 > 0 and let s be a elementary function such that ||f — s||, < n/3.
Then

f = @c* fllp S N1f = sllp + s = @ x sllp + [|de * (f = 9)[|p20 + ||s — ¢ * ][,

Finally, as s is elementary, ||s — ¢¢ * s||, — 0 as € | 0. (Do you see why?) O



