1. THE FOURIER TRANSFORM ON R.

Suppose
f:R—=C

is integrable; this means, by definition, f € Leb;. For each £ € R we set

f@%:/f@k”“dw

Evidently,

(0) 1f(6)] < /|f(x)|dx whenever z € R.
This function is called the Fourier transform of f. Note that
(1) dim f(&)=0

by the Riemann-Lebesgue Lemma.
Definition 1.1. Suppose f: R — C. We let

spt f = cl{f # 0}

and call this closed set the support of f. We say f is smooth if dmn f(™) =R

for all m € N.
We let

D(R)

be the vector space of smooth f : R — C such that f is smooth and has compact

support.

Theorem 1.1. Suppose f € D(R). Then

Fi(€) = i€f(€) for € eR.

Exercise 1.1. Prove this. Integrate by parts. Because f has compact support you

may work on a bounded open interval which contains the support of f.

Corollary 1.1. Suppose f € D(R). Then
A 1

(2)  |fl< e / ‘f(m)(a:)‘ (x)dzx for allm € N and all £ € R ~ {0}.

Proof. This is an immediate consequence of the preceding Theorem.

Corollary 1.2. Suppose f € D(R). Then

/mm%<w

Exercise 1.2. Prove this.
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1.1. The Fourier Inversion Formula (Smooth version.) Suppose

f € D[R).
Then

(3) fl@) = % /f(f)e”f d¢ for xz € R.

The remainder of this subsection is devoted to a sketch of a proof of (3). We
will use the Fourier Inversion Formula for periodic functions. The details are left
as exercises for the reader.

Let M be a positive integer such that

spt f C (=M, M).
Let
M={meN:m>M}.
For each m € M let g, : R — C be determined by the requirement that

gm(t) = f(

and that g,, is 2w-periodic. Note that g, is smooth.

mt
— whenever —7m <t <
T

Proposition 1.1. We have

~ 1 ;
Gm(n) = E% (@) whenever m € M and n € Z.

m
Exercise 1.3. Prove this. Turn the crank.

Suppose z € R, m € M and N is a positive integer. From the Fourier Inversion
Formula in the periodic case we obtain

@) =gm (=)
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where we have set

(T (z,m,N) 4+ To(z,m, N) + T5(z,m, N) + Ty(z)) .

mN—1 . (ihx ‘
TemN) = Y [ 7 (F(ED) e - fgen) ag,

V70
n=—mN " m

nemm=| 3o+ 35T

n<—mN n>mN

Ty(x, N) = — /5>M F(e)e= de,

Ty(x) = / Fle)ee de.
Let € > 0.
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Exercise 1.4. Show that for any N € N* and any € > 0 there is M € M such

that
|7y (z,m,N)| < e whenever z € R and m > M.

Hint: Note that . 4
R3¢ f(€)e™

is uniformly continuous.

Exercise 1.5. Show that for any € > 0 there is O € N* such that

(4) |T2(x,m,N)| < e whenever any x € R, m € M and N > O.

Hint: Use (2).

Exercise 1.6. Show that for any € > 0 there is O € N such that
|T5(x, N)| < e whenever x € R and N > O.

Hint: Use (2).

Exercise 1.7. Combine all these estimates we see that (3) holds.

Theorem 1.2. Suppose f,g € D(R). We have

[t = o [ feate

Proof. Using the Fourier Inversion Formula we calculate

on [ s = [ ) ([ esate df)
= [ s ([ esaeac) ao
= [ ([ e rwrar) i@ ae
- [ feae ae

Corollary 1.3. (Plancherel’s Theorem.) Suppose f € D(R). Then

[lr@rdo= 5= [17€)P.ac.

Remark 1.1. The preceding result extends to square summable functions by ap-

proximation.

1.2. The Gaussian. Let

—2*/2 for g € R.

e
Then
@<d+£) i —/ —iz€ ,—a?/2(_;
g(§) = [ e e (—izx + &) dx

—_ 7i/67(i$£+z2/2) d;p (’L:Ef+$2/2)
=0.
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Exercise 1.8. Justify the steps in the preceding calculation.
Thus
—29(8) = —£9(8).
It follows that

3(8) = §(0)e¢7/2 = v/2mg(0)9(&).

Exercise 1.9. Justify the preceding assertion. It follows from uniqueness theorems
from ordinary differential equations but you can and should do it directly using
material we have already developed.

But
Jla@P s =5 1o s = ) [ late) de
from which it follows that
1= 4(0) = / o(2)

so that

g =V2mg.

1.3. Another approach. You may find this a lot easier. (So why didn’t he do
this first? Because he wanted to emphasize the link with Fourier series.)
Suppose f,g € D(R).

Exercise 1.10. Show that

[ @@ ds = [ Fer9(6)de

Exercise 1.11. Use the preceding Exercise to show that

/f(€$ /f glen)dn for e > 0.

Exercise 1.12. Let € | 0 in the preceding Exercise to obtain

£(0) / §(z) dz = g(0) / F(n) dn.

Exercise 1.13. Use an approximation argument to show that the result of the
previous Exercise holds if f, g € Leb; and f, g are continuous at O.

Exercise 1.14. Let g(z) = e~ 1*! for z € R. Calculate
9(¢) = ng

Voila! We have another proof of the Fourier inversion formula.

for £ € R.



