Final Problem Set.

1. GETTING CAUGHT UP.

The following exercises from previous problem sets I consider important. Do
them before you do any others if you are trying to get caught up.

(i) Homework One: Exercise 2.1;

(ii) Homework Three: 3;

iii) Homework Six: 2.1, 2.2, 4.1, 4.2;

(iv) Homework Seven: Oscillation, 3.1, 3.2;
(v) Homework Eight: 1.1, 1.2, 1.5;

(vi) Homework Nine: all of it.
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2. SOME TOPOLOGY.
Suppose X and Y are topological spaces and f: X — Y.

1. Suppose U is a family of open subsets of X; X|UU; and f|U is continuous on
U for each U € Y. Show that f is continuous.

2. Suppose F is a finite family of closed subsets of X; X|UF; and f|F is continuous
on F for each F € F. Show that f is continuous.

3. Show by counterexample that if F is not finite in 2. then f need not be
continuous.

3. POWER SERIES.

Do Exercise 1.4 in the notes on Power Series.

4. LEIBNIZ’ RULE.

1. State and prove a version of Leibniz’ Rule. You may make use of anything in
Differentiation on the line that might help.

2. Carefully state and prove a version of integration by parts.

5. CHANGE OF VARIABLES IN INTEGRALS.

Suppose
(i) a,b,c,d €R, a < b, ¢,d;
(ii) ¢ : (a,b) — (¢, d) is continuously differentiable, ¢'(z) > 0 for a < x < b,
lim,|, g(x) = ¢ and lim,q, g(z) = d;
(iii) f is either Riemann(Lebesgue) integrable on (¢, d).
Show that (a,b) > x — f(g(x))¢'(z) is Riemann(Lebesgue) integrable and that

d b
/ f(y) dy = / Flo(@)g' () de.

Hint: Reduce it to the case when f is constant and use the appropriate version
of the Fundamental Theorem of Calculus which occurred in a previous Homework
Set. It is up to you to identity the correct version.
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6. A COMPACTNESS THEOREM.

Suppose B is a bounded subset of R™", 0 < M < oo and X is the family of
functions f : B — R such that

IfI] = sup{[f(2)| : # € B} <M

and Lip (f) < M. Show that X is complete and totally bounded with respect to
the metric X x X 3 (f,g) — ||f —¢||- (The completeness follows pretty much from
stuff we did with uniform convergence.)

7. THE WEIERSTRASS FUNCTION.

Let
w:R—[0,1]
be such that w(xz) =1 — |z| for || <1 and w is 2-periodic. Let

W(z) = Z 27 "w(2"x) for xz € R.
n=0

1. Show that W is continuous. (Hint: Use the stuff on uniform convergence if you
like, although it’s not hard to do directly.

2. (Difficult!) Show that W is differentiable nowhere.

8. FOURIER SERIES.

Do Exercises 1.1-1.4 from Fourier series. These are fairly routine.

9. FOURIER INTEGRALS.

Do the Exercises from the Fourier transform on the line. The most
difficult are 1.4, 1.5 and 1.6. You could put these off till last; they are somewhat
challenging but well within the capabilities of many of you and are well worth doing.



