1. THE RIEMANN AND LEBESGUE INTEGRALS.

Fix a positive integer n. Recall that
R, and M,

are the family of rectangles in R™ and the algebra of multirectangles in R", respec-
tively.

Definition 1.1. We let
Fr Fny Bn,
be the set of [0, 0o] valued functions on R™; the vector space of real valued functions
on R™; the vector space of f € F,, such that {f # 0}Urng f is bounded, respectively.
We let

S, =B,NSM,)CF, andwelet S'=38,NFFcSH(M,).

Thus s € S, if and only if s : R®™ — R, rng s is finite, {s = y} is a multirectangle
for each y € R and {s # 0} is bounded and s € S;! if and only if s € S,, and s > 0.

We let S:; 1 be the set of nondecreasing sequences in S;F. For each s € S;; 1 we
let

sups € F,I
be such that
sup s(z) = sup{s,(z) : v € N} for z € R"

and we let
I} 1 (s) = sup{L} (s,) : v € NT}.

n

Remark 1.1. We shall prove below the nontrivial Theorem that if s, € S: 1 and
sups = supt then I} (s) = I} 1 (t).
Proposition 1.1. Suppose ¢ € [0,00] and s,t € S;T. Then

(1) cs € S;T and I} (cs) = I} +(s);

(i) s+tel}; and I (s +1t) = I (s) + I} 1(t);

)

(i) if s <t then I}, (s) < I)) +(2).
Proof. Straightforward exercise for the reader. (|

Definition 1.2. For each f € F,, we let
r(f) =inf{I(s): s € S} and |f| < s}
and we let
1(f) = inf{I}} ;(s) : s € S, and |f| < sups}.
For each f € F,I we let
r7(f) =inf{I(s) : s € S} and f < s}
and we let

17 (f) = nf{I}} ;(s) : s € S} and f < sups}.

Remark 1.2. Evidently, r*(f) =r(|f]) and 17(f) = 1(|f]) for any f € F,.
Note also that if f € F,, g € B, and |f| < g then f € B,. It follows that if
f e F, and r(f) < oo then f € B,.
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Proposition 1.2. We have
1<r.

Proof. Suppose f € F,, s € S and |f| < s. Let u be the sequence in S;F whose
range equals s; that is, u,, = s for all ¥ € N. Then supu = s so

10f) < Iy (u) = I (5)
which is to say 1(f) is a lower bound for the set of I,/ (¢) corresponding to t € S,
with | f] <. O
Proposition 1.3. r and | are extended seminorms on F,.

Proof. Straightforward exercise for the reader. O

Example 1.1. Let
Q=01)NQ
We will show that
r(lg) =1 and that 1(1g) =0.
Since 1g < 1¢p,1) € S;7 we find that
r(lg) < Iy (L) = /0, 1) = 1.
Suppose 1g < s € I,}. Let y € [0, 00]. Obviously,
s(z) =s(q) >1 whenever z € s7![{y}] and g € (0,1) N QN s [{y}].
It follows that
y>1 whenever (0,1) Nint s~ ![{y}] # 0
since, in this case, Q@ N s~ ![{y}] # 0.

Therefore,
LHs) = > ylls {ull
= > yllints  [{y}]l
> 37 yll0.1) nint s~ [y}
> > (0,1) nint s~ [{y}]]]
= > o, )ns  {yl]
S
Thus
I'(lQ)Zl.

Let ¢ : N — Qn 0, 1] be univalent with range Q N[0, 1]. For each v € N let

Sy, = Z l{q“} S S;F
n=0



Note that s € S:; pisa nondecreasing sequence in S;", that

L(s)) =Y IHau}ll =0
pn=0

and that

lg =sups < sups.
Thus

I(1g) < IZ’T(S) =0.

Proposition 1.4. |I,,(s)| < r(s) whenever s € S,,.
Proof. Suppose s € S,,. Then |L,(s)| < I,(|s]) = r(s). O

Theorem 1.1. Suppose A € M,, B is a nondecreasing sequence in M, and
A C U2 yB,. Then
||A[| < sup || By]|.
1%

Proof. We define the sequence C in M,, by letting Cy = By and for each v € NT
letting C', = B, ~ B, _1. Then C'is disjointed and B, = U;’L:OCM for each v € N.

Suppose 1 < A < co. Choose a compact multirectangle K such that K C A and
[|A|] < A||K]|. For each v € N choose an open multirectangle U,, such that C, C U,
and [|U,|| < A|[C]],. Then K C U2,U, so there is N € N such that K C U_,U,..
Thus

N N
ATHIAL < K < [[URZ0 Uull < XY UL <A [1Cull = A Bw |-
pn=0 pn=0

Owing to the arbitrariness of A\ the Lemma is proved. (I

Corollary 1.1. Suppose A € M, B is a countable subfamily of M,, and A C UB.

Then
1Al < > IB]|.
BeB
Proof. Let B be an enumeration of B and, for each v € N, let C, = U,—¢B,,.
Then C' is a nondecreasing sequence in M, whose union contains A so that, by the
preceding Theorem,

v oo
1]l < sup |G| < sup > [1Bull = > lIBuI-
v v
pn=0 v=0

Theorem 1.2. We have

I} (s) <1(s) for any s € S;F.
Proof. Suppose s € S;F, t € S;T and s <supt. Let Y = rngs ~ {0} and for each
yeYlett, e SrtT be such that (t,), = 1{s—3t, for v € N.

Suppose 0 < 0 < 1. For each y € Y we have {s = y} C US2{(ty), > oy}; it
follows from Theorem 1.1 that

oyll{s =y}l < swp oy[[{(ty)n > oy}ll.
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Now for any y € Y and v € N we have oyli«,), >0y} < (ty), so that

oyll{s = y}| = LI (0y1{@,),50py) < LE((8)0) < L34 (ty).
It follows that

olt(s Zoy||{s—y}|\<z y) =1} Zt < If(t

yeyY yey yey

Owing to the arbitrariness of o the Theorem is proved. O

Corollary 1.2. We have
[T, (s)] <1(s) for any s € S,,.

Proof. This follows from the preceding Theorem since |I,,(s)| < I (|s|) for any
s €Sy, O

Definition 1.3. We let
Riem,,
be the set of f € F, such that for each € > 0 there is s € S,, such that r(f —s) < e.
Thus Riem,, is the closure with respect to r of S,,.
We say f € F,, is Riemann integrable if f € Riem,,.
We let
Leb,,

be the set of f € F,, such that for each € > 0 there is s € S, such that 1(f —s) < e.
Thus Leb,, is the closure with respect to 1 of S,,.
We say f € F, is Lebesgue integrable if f € Leb,,.

Example 1.2. Let @ be as in the preceding Example. It follows from the foregoing
that
1@ € Leb;.
I claim that
1o ¢ Riem;.
Suppose s € S;, m € Sf and |1g — s| < m. Suppose y € R, z € [0,00) and
I =ints~1[{y}]Nnm~1[{z}]. Then
1 —y|=1g(x) —s(@)|<m(z) =2 ifzeln(0,1)NQ
and
lyl =g(@) —s(@)| <m(z) =2z ifzeln(0,1)~Q
from which it follows that 1/2 < z whenever x € I. Thus 1/2 < I}"(m).

Theorem 1.3. Riem, is a linear subspace of F,, and there is one and only one
linear function

R : Riem, — R
such that
(i) R(s) = I,(s) whenever s € S,,;
(ii) |R(f)| <r(f) whenever f € Riem,,.
Leb,, is a linear subspace of F,, and there is one and only one linear function
L:Leb, - R

such that



(i) L(s) = I,,(s) whenever s € S,;
(ii) |L(f)] < I(f) whenever f € Leb,,.

Proof. Two applications of the Abstract Closure Principle. (]

Remark 1.3. Suppose f € Riem,, and € > 0. Choose s € S,, such that r(f—s) <e.
Then
IR(f) = In(s)| = [R(f) = R(s)| = [R(f = s)| < x(f—5) < e
Suppose f € Leb,, and € > 0. Choose s € S,, such that 1(f — s) <e. Then
IL(f) = In(s)| = [L(f) = L(s)| = [L(f — s)| < 1(f — s)
Definition 1.4. Suppose a,b € R. We let
a Ab=min{a,b} and welet aVb=max{a,b}.

<
<e.

Remark 1.4. Note that
aVb4+aAb=a+b whenever a,beR.
Proposition 1.5. Suppose f € F,, and f > 0. Then
f € Riem,, < for each € > 0 there is s € S,/ such that r(f —s) <€
and
f € Leb,, < for each € > 0 there is s € S;F such that 1(f — s) < e.

and

Proof. Suppose f € Riem,, and ¢ > 0. Choose t € S,, such that r(f —¢) < € and
let s=tA0€ St Since |f —s| <|f —t| we find that r(f —s) <r(f —1t) <e.

If f € Leb,, the same argument works with r replaced by 1. O
Proposition 1.6. Suppose f € F,, and f > 0. Then

f €Riem, = R(f)>0 and f € Leb, = L(f)>0.

Proof. Suppose f € Riem,, and ¢ > 0. By the preceding Proposition there is
s € §;F such that r(f — s) < e. Thus

[R(f) —R(s)| = [R(f —s)[ <x(f —s)) <e
so that
R(f)>R(s) —e=1,(s) —e>e.
Owing to the arbitrariness of € we infer that R(f) > 0.
In the same way one shows that if f € Leb,, then L(f) > 0. O

Corollary 1.3. We have
fyg € Riem, and f <g = R(f) <R(g)

and
fig€Leb, and f <g = L(f) <L(g).

Proof. Apply the preceding Proposition to g — f. O
Theorem 1.4. Suppose f € Riem,,. Then f € Leb,, and
R(f) = L(/).

Exercise 1.1. Prove Theorem 1.4.
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Exercise 1.2. Show that the product of two Riemann integrable functions is Rie-
mann integrable.

Theorem 1.5. Suppose f € F,, f >0 and 0 < ¢ < co. Then

f € Riem,, = f Ac € Riem,
and

f €Leb, = fAc¢€Leb,.
Suppose f,g € F,. Then
f,g € Riem,, = fAg, fVge€Riem,
and
f,g€Leb, = fAg, fVgé€Leb,.

Lemma 1.1. Suppose a, b, c,d € R. Then

lanb—and <|b—d|,

lanb—cAd| <la—c|+]|b—d,

lavb—aVvd <|b—d,

lavb—cVvd <|la—c|+]|b—d|
Proof. To prove the first inequality, suppose b < d and consider the three cases

a<b,a<b<d,d< a; then note that the inequality is symmetric in b and d.
To prove the second inequality note that

lanb—cAd| <lanb—aAnd+]aNd—cAd]
and then use the first inequality.

One may use the same techniques to prove the third and fourth inequality. [

Exercise 1.3. Prove Theorem 1.5. Make use of the preceding Remark and Lemma.

Definition 1.5. Suppose A C R™ and f is a real valued function whose domain
contains A. We let

fa:R*" >R
be such that

Falz) = {f(x) if x € A,

0 else.

We set
RA(f) = R(fA) if fA S Riemn

in which case we say f is Riemann integrable over A and we set

La(f) =L(fa) if fa € Leby,

in which case we say f is Lebesgue integrable over A. So, for example, if

A = (a,b),
b
/ f(x)dzx
is, by definition, one or both of Ry, 3)(f) or L) (f)-



Proposition 1.7. Suppose f € F,, and S € M,,. Then
f € Riem,, = 1gf € Riem,,
and

f € Leb,, = 1gf € Leb,,.

Exercise 1.4. Prove Proposition 1.7.

1.1. Outer measure. Sets of measure zero. This will come in handy.

Definition 1.6. Suppose A C R™. We let

|A]* = inf {Z [|R.,|| : R is a sequence in R,, and A C UZO_ORV}
v=0

and call this nonnegative extended real number the (Lebesgue) outer measure

of A. We say A has measure zero if |A|* = 0.

Proposition 1.8. Suppose A C R™. Then
|Al* = inf{sup||M,|| : M is a nondecreasing sequence in M,, and A C US2 (M, }.
v

Proof. Let m be the right hand side of (1.8).
Suppose R is a sequence in R,,. For each v € N let M, = Uy _R,,. Then M is
a nondecreasing sequence in M,,, Up2 (R, = U2 (M, and

v
sup || My || < sup > [|Rull =D [|Rul-
v v pn=0 v=0

Suppose M is a nondecreasing sequence in M,,. Let Ly = My and for each
v € NTlet L, = M, ~ M,_;. Then L is a disjointed sequence in M, and
Uz%O:OLV =
cupye oM, For each v € N choose N, € N* and disjointed rectangles Su.05-+3SuN,_,
such that L, = Uﬁ;lS,,,u. Let R be the sequence in R, such that, for v € N,
R2§<V +p =5, if0 < p < N,. Then UEC:oRs =US2,L, and

DR =D MLl = sup Y [[Lul| = sup [|M, ]|
v=0 v=0 Yoou=0 v
The Proposition follows. O
Theorem 1.6. Suppose M is a multirectangle in R™. Then
|M|* = [|M]].
Proof. This follows directly from Corollary 1.1. 0

Theorem 1.7. Suppose A C R"™. Then |A|* =17 (14).

Proof. Suppose t € S;T and 14 < supt. Suppose 0 < 0 < oo. For each v € N, let
M, = {t, > o} € My, note that o1y, < 1y, 50} so that o||M,|| < I,f(t,). Now
A C U2 M, and M is an increasing sequence in M,, so

ol A" < osup |[M, || = sup L, (t,) = I1 ,(¢).

Owing to the arbitrariness of o it follows Proposition 1.8 that |A[* <11 (14).



On the other hand, suppose B is a sequence in R,, such that A C U2 ,B,. Let
t be the sequence such that, for each v € N, ¢, = Z::O 1p,. Evidently, t € S;;T
and 14 <supt. Thus

(1) < Zﬁ (15, —ZHB I
It follows that 17(14) < |A[*. O

Proposition 1.9. The following statements hold.
(i) If A C B C R™ then |A|* < |B|*.
(if) If A is a countable family of subsets of R™ then

o0
juAF < Y AP
AeA

(iii) The union of a countable family of sets of measure zero is a set of measure

7Z€ero.
(iv) Any countable set is a set of measure zero.
(v) If a € R" and A C R” then |a + A|* = |A|*. (That is, outer measure is

translation invariant.)

Proof. (i) is immediate and (iii) and (iv) follow directly from (ii).
To prove (ii), suppose A is countable family of subsets of R™ and A is an enu-
meration of A. Let € > 0. For each v € N choose a countable subfamily S, of R,

such that
S OSI < A + 2n+1
SeS,
Then R = U2,S, is a countable subfamily of R,, whose union contains UA and

S IRl S 3 S8l < 3 (1l + ) = 2l e

ReER v=0SeS,

Owing to the arbitrariness of € we see that (iii) holds.
(v) follows from the fact that ||a + R||, = ||R|| whenever a € R™ and R is a
rectangle. O

1.2. Nonmeasurable sets. There exists a countable disjointed family C of subsets
of R such that

(i) there is ¢ € (0,00) such that |C|* = ¢ for C € C;
(ii) 0 < |UC|* < ocy;
it follows that

jucrr <y ler =

ceC

Remark 1.5. I'm fairly sure this is equivalent to certain forms of the Axiom of
Choice. Consult Professor Hodel, the local set theory expert, if you want more
information about this.

Proof. We're going to be terse! Let B be the range of a choice function for

{r+Q:z eR}.
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(In the parlance of algebra, B is a set of coset representatives for the reals modulo
the rationals.) It follows that

{¢+B:qeQ}

is a countable partition of R. Now

o =[R[* <Y |¢g+Bl*=>_ B[
q€Q q€Q
SO
|B|* > 0.
Since
B* <> 1Bz + 1)
z€Z
there is z € Z such that
[BN[z,z+1)]" > 0.
For each g € Q let
Co=q+ (B+]z2+1)).

Then
|Cq|* = |Co|* >0 whenever ¢ € Q.
Let
C={Cy:q€Q, 0<g<1}.
Then
luCl <|lz,z+2) =2
but

Z |C|* = 00|Co|* = 0.
cgec

1.3. More on the Riemann integral. The Riemann integral isn’t so great but
everybody studies it because it’s easier to define.

The Definition we gave of the Riemann integral is not the standard one. Now
we show that it is equivalent to the standard one.

Definition 1.7. Suppose f € B,, and § > 0. We let
RiemSumy;(f)

be the set of sums
> feIRI
RER
where
(i) R is a finite nonoverlapping family of nonempty bounded rectangles;
(i) diam R < 6 whenever R € R;
(i) {f # 0} C UR;
(iv) ¢ is a choice function for R.
The members of RiemSumy(f) are called Riemann sums for f with mesh
diameter at most 4.
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Theorem 1.8. Suppose f € B,,. Then f € Riem,, if and only if
inf{diam RiemSum;(f) : § > 0} =0

in which case
No<s<coRiemSums(f) = {R(f)}.

Proof. Part One. Suppose inf{diam RiemSum;(f) : 0 < § < oo} = 0. Let
0 > 0 and let R be a finite disjointed family of nonempty rectangles such that
{f # 0} = UR and such that diam R < § for R € R. Suppose 1 € (0, 00).

Let ¢ and ¢ be choice functions for R such that

fc(R)) < i%ff +n and supf < f(e(R))+n whenever R € R.
R

Let
8= fleR)IR]; let §= fER)R];
RER RER
let
— : . — . : +
s = Z(l%ff)lRESn, and let m = Z(bl}l%pf—lrllsz)lReSn.
RER RER
Then |f — s| < m and, since S, S € RiemSum;(f), we find that
I(m) = Z(Stépf—lgff)llR\l

RER

> (f(e(R) = fle(R) + 2l R]|
ReR

< S-S+ 27|

< diam RiemSumy;(f) + 29||T|.

IA

Owing to the arbitrariness of § and 7, it follows that f € Riem,,.

Part Two. Suppose f € Riem, and ¢ > 0. Choose s € S,, m € S} such
that |f — s| < m, I} (m) < ¢/4. We will show that there is § > 0 such that if ¥ €
Riemsums(f) then |S—1(s)| < €/2; that will imply that diam Riemsum;(f) < e.

Let B = maxrng (|s| + m) and note that |f| < |s| +m < B. Let n > 0 be such
that 2Bn < ¢/4 and let N = {s # 0} U {m > 0}.

Let Z be a bounded rectangle such that cI N C int Z. Choose choose Q, o, u
such that

(i) Q is a finite disjointed family of rectangles and UQ = Z;
(i) o: Q@ —=Rand s =3 5.5 0(Q)lg;
(ili) p: Q —[0,00) and s =3 5 o u(@)1g-
For each @ € Q choose an rectangle @i, such that clQ;, C int Q) and such that if
Y = U{Qin : Q € Q} then
1Z ~ Y| <n.
Let 6 > 0 be such that
X CR? diamX <6, and XNN#0 = X CZ
and such that

X CR? diamX <6, and XNY #0 = X CQ for some Q € Q.
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Suppose R, are as in Definition 1.7. Let
=Y feR)IR.
RER
We may assume without loss of generality that

UR = Z.

Indeed, if R € R and R meets the complement of Z then RN N = @ so f(c(R)) =0
so we may delete R from R without changing ¥. Moreover, since f vanishes on
Z ~ UR, if we adjoin to R a finite disjointed family of nonempty rectangles S with
union Z ~ UR and if we extend ¢ to to R US then
> f@s) = fels) =
SERUS RER
since f(d(S)) =0for S € S.
Let
Rin={RER:RCQ for some Q € Q}
and let Rous = R ~ Rin. Let ¢ : Rin — Q be such that R C g(R) for R € Rin; ¢ is
well defined since Q is disjointed. We have

L(s)=>_ o@IQI|

Qe
(1) =Y @) llRnEl
QeQ ReR
= Y. c@IlenRBRI+ >,  o@IlQNR]
(Q,R)EQXRin (Q,R)EQXRout
as well as
=Y fle(R)IR|
RER
@) =Y fle(R) > IIQNR]|
RER QeQ
= > fle@QnRI+ D fle®)IQNR.
(Q,R)EQXRin (Q,R)EQXRout
Now
Y @ ser)RNE
(Q,R)EQXRin
< Y lo(a(R)) — f(e(R))] llg(R)]]
RER;n
) < S |u(a(R) la(R)|
RERn
< IF(m)
€
< Z
Moreover,

Y. lo@IQnR|<B|IZ~Y]| < By
(Q,R)€EQXRout
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and that
> |fe(R)||QNR|| < B||Z~Y] < Bn.
(Q,R)EQXRout

Thus c ¢
|2 —1I(s)| < Z+2B77< 7

1.4. The fundamental theorems of calculus.

Theorem 1.9. Suppose —oc0 < a < b < o0, f : [a,b] — R, f is differentiable at
each point of (a,b) and f’ is Riemann integrable on (a,b). Then

(4) Rop)(f') dz = f(b) — f(a).

Remark 1.6. Using more traditional notation, (4) says

b
/ f(x)dz = f(b) - [(a).

Remark 1.7. Suppose —oco < a <b < o0, f: (a,b) = R, fis differentiable at each
point of (a,b) and f’ is Riemann integrable on (a,b). Then there is M € [0, 00)
such that |f/'(z)| < M whenever a < 2 < b. This implies |f(z) — f(y)| < M|z — y|
whenever ¢ < x < y < b which is to say that Lip f < M. In particular, f has a
unique continuous extension to the closure [a, b] of (a,b).

Exercise 1.5. Prove Theorem 1.9. Note that
N
FO) = fla) =" fx:) = flwi)
i=1

whenever N e Nt anda=2¢p <z; <--- <zy =b. Use the Mean Value Theorem
to construct Riemann sums which do the job.
Theorem 1.10. Suppose [ : (a,b) — R, f is Riemann integrable and
F(r) = Ra0)(f) forx e (a,b).
Then
(5) F'(z) = f(z) whenever x € (a,b) and f is continuous at z.

Remark 1.8. Using more traditional notation, (4) says

([ raw) =,

Exercise 1.6. Prove Theorem 1.10. Don’t hesitate to use the theory already
developed.

Exercise 1.7. Suppose 1 < p < co. Let f,g € F,I be such that

1

Loifo<a <1, L ifl <2< oo,
fl@)=17 and g(z) =<7
0 else 0 else.

Show that 17 (f) < oo if and only if p < 1 and show that 17 (g) < oo if and only if
p> 1.

(Big Hint: Use Theorem 1.9 together with the Mononotone Convergence Theo-
rem of the next set of notes.)
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1.5. Characterization of Riemann integrability. The following Theorem char-
acterizes Riem,, in a very precise way.

Theorem 1.11. Suppose f € B,. Then f € Riem,, if and only if the set of
discontinuities of f has measure zero.

We will now prove this Theorem. So suppose f € B,,. Let M € [0,00) be such
that | f| < M and let S be a compact rectangle such that {f # 0} C S. Forr each
positive integer v let

D, ={xeR":0scf(x) >1/v}
and let £ = US2,. Then F is the set of discontinuities of f.

Suppose v € NT. By an earlier exercise about oscf, D, is closed. Since D, C

{f # 0} we find that D, is bounded. Thus D, is compact.

Lemma 1.2. Suppose f € Riem,,. There is a disjointed family R of rectangles
such that UR = S and

> (sup f[R] — inf f[R])||R|| < e.
ReER

Proof. Let s € S, and m € S be such that |f — s| < m and I,/ (m) < €/2.
Replacing s and m by 1gs and 1gm if necessary we may assume without loss of
generality that {s # 0} U {m > 0} C S. Choose R,o,u such that R is a finite
disjointed family of rectangles with union S; o, y are functions with domain R and
ranges contained in R and [0, 00), respectively;

5= Z o(R)lg and m= Z w(R)1g.

RER RER
Suppose R € R. Then

o(R) — p(R) = s(z) —m(x) < f(z) < s(x) + m(z) = o(R) + u(R) for z € R.
This implies
o(R) = p(R) < igf fand supf < o(R) + u(R)
S0
(sup f —inf f)[|R]| < 2u(R)||R]|-
R
Now sum over R. O

Corollary 1.4. Suppose f € Riem,,. Then the set of discontinuities of f has
measure zero.
Proof. Since |E|* = |US2, D, | < >°°7 | |D,|* it will suffice to show that |D,|* =0
for all v € NT.

So suppose v € NT and let € > 0. Let R be as in the preceding Theorem with ¢
there replaced by €/v. I claim that

1
(6) ;|DV NRI* < (supf — iréff)||R|| whenever R € R.
R

Suppose R € R. If z € D, Nint R # () we have 1/v < oscf(z) < supy f — infg;
moreover, |D, N R|* < |R|* = ||R||. If D, Nint R is empty then |D, N R|* <
|bdry R|* = ||bdry R|| = 0. Thus (6) holds. It follows that

D, I* < * < —1i .
D < 3 DL ORI < v Y (sup f— inf PIIRI| < e
ReER ReER
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Owing to the arbitrariness of € we conclude that |D,|* = 0. O

Lemma 1.3. Suppose f € B, and the set of discontinuities of f has measure zero.
Then f € Riem,,.

Proof. Suppose € > 0. Choose > 0 and v € NT such that ||S||/v+Mn < e. Let Z
be a countable family of open rectangles such that D, C UZ and ) - [|R[| < 7.
Since D, is compact there is a finite subfamily F of Z such that D, C UF. Let
0 > 0 be such that ¢ is less than the Lebesgue number of the covering

{U :is an open subset of R" and (supy f —infy f) < 1}.

of the of the compact set K = S ~ UF. Let R be a finite disjointed family of
rectangles with union K none of whose diameters exceed 9J; let

s = Zi%fflR and let m = Z(s%pf—i%ff)lR—i—MZ 1g.

SeR RER REF
Then 1
|f—s| <m and II(m)S;||SH+M17<e.
O

Definition 1.8. We say a subset A of R™ has Jordan content if 14 € Riem,, in
which case we let R(14) be the Jordan content of A. In view of the preceding
Theorem, A will have Jordan content if and only if A is bounded and its boundary
has measure zero. Since the boundary of such a set is compact we find that A has
Jordan content if and only if A is bounded and for every € > 0 there is a finite
family R of open rectangles such that ), 5 [|R|| < e. Since R is linear Jordan
content is additive and if A, B have Jordan content then so do AU B, AN B and
A~ B.



