1. TREES; CONTEXT FREE GRAMMARS.

1.1. Trees.

Definition 1.1. By a tree we mean an ordered triple
T= (N7 pap)
such that
(i) N is a finite set;
(i) peN;
(iif) p: N~ {p} = N;
(iv) if n € N* and v € dmnp™ then p"(v) # v.
One can relax the condition that A be finite but we will have no use for infinite
trees.
Suppose 7; = (N;, pi,pi), i = 1,2 are trees and ¢ : N7 — N3. We say ¢ is an
isomorphism from 7; to 75 if ¢ is univalent, rng: = N3,

up1) =p2 and  pa(u(v)) = (p(v)) forveN ~{p}.
1.2. Suppose (N, p,p) is a tree.
Proposition 1.1. Suppose v € N. Then there is n € N such that v ¢ dmn p™.

Proof. Suppose the Proposition were false. Let

f=Aln,p"(v)):n e N}
and note that f : N — N. Since N is finite and N is infinite there are m,n € N
with m < n and f(m) = f(n). But then

PP (v) = p"(v) = f(n) = f(m) = p™(v)
which contradicts (iii). O

Suppose v € N. In view of the preceding Proposition we may set
d(v) =max{n € N:v € dmnp"} € N.
Note that
¥ (v) =p.
Set
<v>= " W),p"™ 1 (v),...,pv),v) € NI
Note that (iii) implies < v > is univalent. Note that
<v>p=p and <V >4u)=1.
For each 6 € N we let
N ={veN:dv) =6}

Note that N = {p}.
The members of A are called nodes. p is called the root node. If v € N ~ {p}
we call p(v) the parent of v. If v € N we let

c(v)=p ' {r}] ={ne N ~{p}: p(p) = v}
and call the members of this set the children of v. A node which has children is
called an interior node. A node which has no children is called a leaf node.
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If p,v € N we say p is a descendant of v if y # v and v is in the range of
< p > which amounts to saying that v = p™(u) for some n € NT. If u,v € N we
say p is an ancestor of v if v is a descendant of p.

We let

i(T) ={v € N : v is an interior node}
and we let
I(T)={v e N :vis a leaf node}.
If v is a node we call d(v) the depth of v.
We d(7) = max{d(v) : v € N'} and call this natural number the depth of 7.

Definition 1.2. We say the tree U = (0, 0,q) is a subtree of 7 = (N, p,p) if
o€ OCN and g =p|(O ~ {o}).

Given v € N let N, be the set whose members are v and the descendants of v,
let p, = p|(N, ~ {v}) and note that

T, = (Nu,Vapu)

is a subtree of 7 which we call the subtree associated to the node v.
1.3. Ordered trees.

Definition 1.3. By an ordered tree we mean an ordered quadruple
0= (N,p,p,<)
such that (N, p,p) is a tree; < is a linear ordering of A/ and

(i) p < v whenever v € N ~ {p};
(ii) p(n) <p(v) = p < v whenever u,v e N ~ {p}.

Suppose O; = (N, pi,pi), i = 1,2 are ordered trees and ¢ : N7 — N3. We say
¢ is an isomorphism from O; to O if ¢ is an isomorphism from (N7, p1,p1) to
(N2, pa, p2) and

p§eN and <1 & = u(p) <2 ¢(§).

Suppose O = (N, p,p,<) is an ordered tree and U = (O, 0,q) is a subtree of

T = (N,p,p). Let

<=
{(1,€) € O x O : p < &} and note that (O, 0, ¢, <) is an ordered tree which we call
the ordered tree associated to U. In particular, if v e N, O =N, 0 = v and
q = q, we call this ordered tree the ordered tree associated to v.

1.4. Tree codes. We say a subset T of (N)* is a tree code if

(i) ¢ €T;
(ii) if se T, j € N and s|(j) € T then s € T}
(iii) if s € T then {j : s|(j) € T} = I(n) for some n € N.

Proposition 1.2. Suppose T is a tree code,
p=1{(s[(j),s) : s €T, j € Nand s|(j) € T}

and < is the intersection with 7' x T of the lexicographic ordering of (N)*. Then
(T,0,p, <) is an ordered tree.

Definition 1.4. We call (T,0, p, <) as in the preceding Proposition the tree as-
sociated to the tree code 7.



1.5. Suppose T = (N, p,p) is a tree and, for each v € i(v),
<v

is a linear ordering of c(v). We will show that there is one and only < such that
(N, p,p, <) is an ordered tree and

w<,§& & u<v

whenever v € i(7T) and u, € € c(v).
Let D = d(T). For each v € i(T), let n, = |c(v)| and let

¢y I(ny) — c(v)
be determined by the requirement that
i, €I(ny,) and i < j = ¢, (i) <, ¢ (4)-
We define the functions
Cq: N - Ni 0<D,

by induction as follows. We let Co(p) = () and, whenever 0 < d < D we require
that

Car1(v) = Ca(p(v))|(cpwy(v))  whenever v € N(@HD),
We let

D
c=Jc.
d=0

The following statements hold:

(i) C is a univalent function with domain N;
(ii) the range of C is a tree code;
(iii) if
<

equals the set of (u,v) € N x N such that C(u) precedes C(v) in the
lexicographic ordering on the rng C then (N, p, p, <) is an ordered tree;
(iv) whenever v € i(7T) and u,§ € c(v) we have

n<,& & pu<uw.

Evidently, C' is a isomorphism from 7 to the tree code associated to the range
of C.

Proposition 1.3. Suppose 7 = (N, p,p) is a tree and (N, p,p,<;), i = 1,2 are
ordered trees such that

p<i1& & p<g& whenever v € N and p, € € c(v).
Then <;=<5

Proof. Straightforward exercise for the reader. O

That is, the ordering in an ordered tree is determined by the ordering it induces
on the sets c(v) corresponding to interior nodes v.
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1.6. Growing trees. Suppose

T =(N,p,p)
is a tree and

O and P

satisfy the following conditions:
(i) O and P are functions with domain the leaf nodes of T;
(ii) for each v € N, (O(v),v,P(v)) is a tree;
(iii) the family
{i(7)}u{O):v e (T)}
is disjointed.
Let
U=i(T)U (U{(’)(u) v 1(7)})
and let

g=pu (U{P(y) v 1(7)}) :

We leave it as an exercise for the reader to verify that

U, p,q)

is a tree; that AV C U; and that, for each v € I(7), (O(v),v, P(v)) is the subtree
associated to the node v of U.
Now let us suppose that

N, p,p, <)
is an ordered tree and that, for each v € 1(7), <, is such that

(OW),v,P(v),<v)

is an ordered tree. We leave it to the reader to verify that there is one and only
one

=
such that

(i) U, p,q,=) is an ordered tree;
(ii) if p, € € N and p < € then pu < &;
(iii) if v € (T), p, & € O(v) and p <, € then p < &.

2. CONTEXT FREE GRAMMARS.

Definition 2.1. By a context free grammar ordered triple
g = (T7 N? s7 P)

such that
(i) T is a set;
(ii) Nisaset, TNN =0ands € N.
(i) P C N x (TUN)*;
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The members of T" are called tokens or terminal symbols. The members of V
are called nonterminals or nonterminal symbols. s is called the start symbol.
The members of P are called productions. Instead of writing (7, s) € P one often
writes

r:=c¢ if|s|=0
and
ri=80 81 -+ 8|51 if [s] > 0.

Ifre N,neNT and sg,...,s,-1 € (T'UN)* one often writes

ri=350|s1] | Sn-1
instead of

(r,s;) € P, i€lln).

Obviously, if (T, N, s, P) is a context free grammar then so is (T, N,t,P) ift € N.

Definition 2.2. A parse tree Q for the context free grammar G = (T, N,s, P)
is an ordered quintuple
N, p.p. <, f)
such that
(i) (N, p,p, <) is an ordered tree;
(i) f: N — TUN;
(a) if v € i(7) then f(v) € N;
(b) if v € (T) then f(v) € T}
(iii) if v € i(7) and v has m children
o < po < ... < Um—1
then
(f@), (f (o) -- -, f(1m-1))) € P-

Notice that the notion of parse tree is independent of s.
We define
< Q>c (1)
as follows. Let
L={vel): fv) #€)
and let
n=|L|.
If n =0 we let
<Q>=e
and if n > 0 and
V<r << UVp
are the members of £ we let
< Q>= (fwo)I(f ()| -+ [(f (vn-1))-
For each t € N we let
L(g,t)
be the set of < Q > as above where f(p) =t. We let
L(G) = L(G,s)
and we call this language on the alphabet T" the language generated by G.
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Definition 2.3. We say the context free grammar G is good if Q; = (N}, pi, pi, <i
, fi), i = 1,2, are parse trees such that < Q; >=< Qs > then the ordered trees
(N3, pi, pi, <i) are isomorphic; recall that this is the case if and only if they have
the same tree codes. We say G is bad if it is not good.

2.1. A bad grammar. Let B be the context free grammar defined as follows. Let
T=NU{—,+,«}
and let
N = {expr}.
Let expr be the start symbol. Let the productions be given by
expr :=j forjeN

expr := — expr
expr := expr -+ expr
expr := expr * expr

Note that there are an infinite number of productions.

This grammar derives the string 27 + 5 * 298 with two nonisomorphic parse trees
so it is bad.

There are a number of ways to deal with this problem. One is to introduce
parentheses which we now do. As we shall see, there are other ways to deal with
this problem.



