1. THE TOUGH ONE.

We introduce the following notation. Suppose A is a statement and
free(A) = {xiy, ..., 2, }
where
11 <t < -0 <y
and suppose t1,...,t, are terms. We let

Atry e ootn) = Ay —ty sy, —tn-
We will frequently write

x for (x1,...,2,).

Let
V=A{x;:ie{l,...,n}.

Proposition 1.1. Suppose N € N and N > 4. Let u be the term

(1+ (z3+1)-22)
and let Bt be the statement

Jan (((r1 = (u-zn) +24) A (24 < 0))

Then Bt strongly represents the Gédel S-function.

Proof. See p. 131 in Mendelson for the straightforward proof. O

Let us suppose that
(i) g € N} and g is represented by the statement A;
(ii) h € N?*2 and h is represented by the statement B;
(i) f € NPT,
f(z,0) =g(x) for xz € N,
[,y +1) =hz,y, f(y) for (z,y) € N*TH
Let Bt be as above with N there greater than n + 7. Let Cy,Cs, C3,Cy be the
statements
32015 (Bt (Tna3, Tnta, 0, Tnys) A A(z, Tpys)
Bt(Tn+3, Tpntas Tnt1, Tnta)
Bt(2p13, Tt ds Trnass Tnie) A Bt(Tnis, Tnia, STois, Tnie) AB(T, Tnis, Tnie, Tnit)
V&ngs (Zngs < Tng1) = ITnge6 ITngr C3)
respectively. Note that

free(A) =V U{zp11};
free(B) = VU {Znt1, Tnt2, Tnis};
free(C1) = VU {13, Tnia};
free(C2) = {Tni1, Tnt2, Tnts, Tntal;
free(C3) = V U{Zn13, Tntd, Tnis, Tnt6, Tt}
free(Cy) = VU {Zpt1, Tni3, Tnia};
free(C1 A Co ACy) = VU {Zni1, Tnt2, Tntss Tnia )

Let C be the statement

E|$n+3 E|£L'n+4(C1 A\ CQ AN C4)
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Note that
free(C) =V U{Zpt1, Tni2}-

Theorem 1.1. f is represented by C.
Proof. Suppose k € N* p € N and
fk,i)=r;, 0<i<p.
Let k = (k1,...,kn). We will show that
(1) = C(k,p7)

Part One. Suppose p = 0.
Choose b, ¢ such that 8(b,¢,0) = rg. Then

- Bt(b,¢,0,75) whichis F Cy(0,7g,b,7)

Since g(k) = ro we have

+ Ak, 7o)
thus
F 32, 11(Bt(b,¢,0,2p41) A Ak, 2py1)
which is
) - G (R 5,2).

Since F~ (2,45 < 0) we have
F (#nts < 0) = 316 32047 Ca(k, 0, T Tt s, Tty Tt 7)

Applying Gen we obtain
Thus

which implies that (1) holds if p = 0.
Part Two. Suppose p > 0. Choose b, ¢ € N such that

B(b,c,i)=r;, 0<i<p.
This implies
(3) + Bt(b,c,i,7;) which implies F Ca(4,7,b,¢) for 0 <i < p.
Since
riv1 = f(k,i+1) = h(k,i, f(k,i)) = h(k,i,r;), 0<i<p,
and i + 1 = Si we have

+ Bt(b,¢,1,7;) A Bt(b,¢, Si,7;) A B(k,i,7,751), 0<i<p.

which is

F Cs(k,b,¢, 0,7, Ti1), 0<i<p.

This implies
F 3xn+63xn+7 @(E7E7 6727 $n+6,xn+7), 0 é 1< p

We infer from a straightforward Proposition (3.8(b’) in Mendelson) (or, even better,
see Lemma 5 on page 291 of Hodel) that

(4) = Ca(k,p,b,¢)



Taking the conjunction of (2), (3) and (4) we find that
FCiANCy A C4(E,ﬁ, Tp, 5,6)
which implies (1).



