1. INTERPRETATIONS.
1.1. Review of terms and statements.

Remark 1.1. Suppose ¢ is a term. Then exactly one of the following hold:
(T1) t =« for some z € X;
(T2) t = c for some ¢ € C}
(T3) t = f(t1,...,t,) for some n € NT, some f € F,, and some terms ty,...,1,.
Suppose A is a statement. Then exactly one of the following hold:

S1) A=r(ty,...,t,) for some n € N* some r € R,, and some terms ¢1,...
S2) A =Vz B for some z € X and some statement B;

S3) A = 3z B for some z € X and some statement B;

S4) A= (s = t) for some terms s, t;

S5) A =~ B for some statement B;

S6

1.2. Interpretations.

Definition 1.1. An interpretation of a first order language is an ordered quadru-
ple

7=(D,C,F,R)
such that D is a set and C, F, R are functions with domains C, F, R, respec-
tively, such that

rngC C D;

for each n € NT and each f € F,,,

F(f): D" — D;
for each n € Nt and each r € R,,,

R(r): D" — {0,1};
Let us fix and interpretation

7= (D,C,F,R).

Remark 1.2. In Hodel an assignment is a function a : X — D which is to say
a e DX,
Definition 1.2. If a, 3 € DX and 2 € X we write
an~y B if aly) = B(y) whenever y € X ~ {z}.

Proposition 1.1. Suppose a € DX. There is one and only one way to assign each
term ¢ a member

to of D
such that
(i) to = a(z) if (T1) holds;
(i) to = cif (T2) holds;
(iii) toa = F(f)((t1)a,---, (tn)a) if (T3) holds.
Moreover, if o, 3 € DX and

a(x) = B(x) whenever x € X and x occurs in ¢
then
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Proposition 1.2. Induct on the depth of a parse tree for t.

Proposition 1.3. Suppose A is a statement. There is one and only one function

ta:D* —{0,1}
such that
(i) if (S1) holds then

for o € DX,
(ii) if (S2) holds then

ba(a) = 1 if tp(B) =1 for all assignments 5 such that o ~, £,
A0 it B(8) = 0 for some assignment § such that o ~, 0

for a € DX,
(iii) if (S3) holds then

1 iftp(B) =1 for some assignment [ such that a ~, 3,
tA(Oz) =

0 if tp(8) =0 for all assignments 3 such that « ~, (3

for a € DX;
(iv) if (S4) holds then

t4(0) 1 if sq = ta,
Q) =
4 0 if 0 # ta

for a € DX,
(v) if (S5) holds t4 =~ tp;
(v) if (S6) holds then
ta=tpbtc;

Proof. Induct on the depth of a parse tree for A.

O

Definition 1.3. (Tarski’s definition of truth.) We say the statement A is true

in 7 if
ta(a)=1 forallaec XP.
We say the statement A is false in 7 if
ta(a) =0 forallaec XP.

So a statement may be neither true nor false in Z.

Definition 1.4. We say the statement A is logically valid if it is true in every
interpretation. We say two statements A and B are logically equivalent if A «— B

is logically valid.

Proposition 1.4. Suppose B is a statement. Then
JxB and ~Vx ~B

are logically equivalent as are

VB and ~ dx ~ B.



Proposition 1.5. Suppose A is a statement and z is a variable. Then
VrA— A
is logically valid.

Proof. Let B = Vx A. Suppose a € DX and tp(a) = 1. Then ta(a) = 1 since
o~z a. Thus tg_a(a) = 1. O

Proposition 1.6. (Modus ponens for interpretations.) Suppose A and B are
statements and A and A — B are true in Z. Then B is true in Z.

Proof. Suppose a € DX,

ta(a)=1 and ta_p(a)=1.
Since

ta.p=~taVtp

we infer that tp(a) = 1. O
Theorem 1.1. Suppose A is a statement, o, 3 € DX and

a(z) = B(x) for z € free(A).
Then

ta(a) =ta(B).

Proof. Part One. Suppose (S1) holds. From a previous theorem we have (¢;), =
(t;)p for i =1,...,n. Thus

64(0) = RO) () - - (En)a) = ROV () (ta) ) = £a(B).
Part Two. Suppose (S2) holds. Let us assume inductively that
(1)  tp(y) =tp(d) whenever 7,5 € DX and v(z) = §(z) for z € free(B).
Suppose t4(a) = 1. Then
(2) tp(y) =1 whenever v € DX and v ~, a.
Suppose v € DX and v ~, . Let ¢ € DX be such that
C(y) = {a(y) fory € X ~ {a},
~y(z) fory=x.

Since y and ¢ agree on free(B) = free(A) ~ {z} we find that t5(y) = t5(¢). Since
¢ ~y a and t4(«) = 1 we infer that tp(¢) = 1. Thus tp(y) = 1 which implies

ta(f) = 1.
Interchanging o and 3 we find that if t4(8) = 1 then t4(«) = 1. Thus ta(a) =
ta(B).

Part Three. Suppose (S3) holds. Using the result of Part Two and noting that
free(Vx ~ B) = free(A)
we find that
tala) =~ tys~p(a) =~ tvs ~5(B) = ta(B).

Part Four. Suppose (S4) holds. Then free(A) = free(s) U free(t) so s, = sg
and t, = tg. It follows immediately that t4(a) = ta(5).



Part Five. Suppose (S5) holds. Then free(A) = free(B) so we may assume
inductively that tg(a) = t(8). Thus

ta(a) =~tp(a) =~ tp(3) =ta(B).

Part Six. Suppose (S6) holds. Then free(A) = free(B) U free(C) so we may
assume inductively that tg(a) = tg(6) and to(a) = te(5). Thus

ta(a) =tp(a)bte(a)ts(B)btc(8) = ta(B).

Corollary 1.1. Suppose A is a statement, o, f € DX and
a(x) = B(x) for x € free(A).
Then either
ta(y) =1 forye DX
or
ta(y) =0 for v e DX.

2. SUBSTITUTION.

Definition 2.1. Suppose t is a term and z € X.
If s is a term then

Sx—t

is the string obtained by replacing each occurrence of x in s by ¢.
If A is a statement then

Azﬂt

is the string obtained by replacing each free occurrence of x in A by t.

Proposition 2.1. Suppose t is a term and = € X.
If s is a term then s,_,; is a term.
If A is a statement then A,_,; is a statement.

Proof. Just consider parse trees. O
Remark 2.1. A,_.; is not very useful unless ¢ is free for x in A.
Now let us fix an interpretation
7=(D,C,F,R).
Proposition 2.2. Suppose s,t are terms, x € X and o, 3 € DX are such that
an~z 3 and t,=2xg.
Then
(Sz—t)a = 58.

Proof. We induct on the depth of a parse tree for s.
Suppose s = x. Then

(Sm—»t)a =to = T3 = ﬁ(x) = 5p-
Suppose y € X ~ {z} and s =y. Then
(Sx—>t)oz =Ya = a(y) = ﬂ(y) = 5B



Suppose n € NT, f € F,, t1,...,t, are terms and s = f(t1,...,t,). By the
inductive hypothesis we have

Thus
(S:L’Ht)a = (S((tl)mﬂta B (tn)w—»t))a
((tl)w—w)aa ) ((tn)w—%)oz)

(tl)ﬁ’ EERE (tn)ﬁ)

O

Theorem 2.1. Suppose A is a statement, ¢ is a term, x € X, x is free for ¢ in A
and «, 3 € DX are such that

a~; B and t, =2xg.
Then
ta,_.(a) =ta(p).
Proof. Part One. Suppose (S1) holds. Then

Aa:%t = T((tl)mﬂh ey (tn)z—»t)
SO
ta,—. (@) = R()(((t1)a—t)ar - ((En)a—t)a)
=R(r)((t1)p, - (tn)s)
=ta(B).
Part Two. Suppose (S2) holds with = there equal w € X; that is, A = Vw B
and ¢t is free for z in A. Let Y = {y € X : y occurs in t}.
Suppose there are no free occurrences of x in A. Then A,_,; = A and, as «
agrees with 3 on free(A), we have t4(a) = t4(8) so the Theorem holds in this

case.
Suppose there are free occurrences of z in A. Then w # x so

A:C—>t = Yw Bx_,t.

Since t is free for z in A we find that w ¢ Y which implies that t is free for z in B.
Suppose tvy B, ., (a) = 1. Then

tp, ,(y) =1 whenever v € DX and v ~,, a.
Suppose 6 € DX and § ~,, 3. Let
aly) if y # w,
) = W) Ly
i(y) ify=w.

Since v ~,, a we have tp, ,(y) = 1. Since t, = t, and x5 = 3 we may assume
inductively that
tp,_.(7) = tB(9)
so that tp(d) = 1. Thus ty, (8) = 1.
Suppose tyy, 5(8) = 1. Then

tp(d) =1 whenever § € DX and § ~,, 3.
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Suppose v € DX and v ~,, a. Let

_ ) Bly) ity #w,
5(y) :
() ify=w.
Since 6§ ~,, [ we have tg(d) = 1. Since t, = t, and z; = z3 We may assume
inductively that
te._.(7) =tB(d)
so that tp,_,(a) = 1. Thus tyy 5, _, (@) = 1.

Part Three. Suppose (S3) holds with = there equal w € X; that is, A = Jw B
and t is free for z in A.

Suppose there are no free occurrences of z in A. Then A, .; = A and, as «
agrees with 3 on free(A4), we have t4(a) = t4(8) so the Theorem holds in this
case.

Suppose there are free occurrences of z in A. Then w # x so

Aw—>t = Jw Bw—>t-
We also have
This implies
ta,, =taws,, =~ tywaB.) =~ tvw~B), -

Since t is free for z in A we find that ¢ is free for z in A’ = Vw ~ B. We need
only apply the result of Part Two with A there equal A’.

Part Four. Suppose s1, s are terms and A = (s; = s ). Then

A.Tﬁt = ((Sl)zﬂt = (SQ)th)

so the Theorem holds in this case since

((Si)x—%)a = (31)57 i=1,2.
Part Five. Suppose (S5) holds. Then A, _.; =~ (B,_¢) and ¢ is free for x in B
so by induction we have
ta, . (a) =~tp, ,(a) =~ tp() = ta(B).
Part Six. Suppose (S6) holds. Then ¢ is free for  in B and C and A,_; =
(Bz—+bCyr—t) so, by induction,

ta, (o) =tp,_ (2)btc, (o) =tp(B)btc(B) = ta(h).



