
Transformations of continuous random vectors.

Theorem. Suppose

(1) U is an open subset of Rn and X = (X1, . . . , Xn) is a continuous random vector with range U ;

(2) V is an open subset of Rn and

g = (g1, . . . , gn) : U → V

is a continuously differentiable mapping carrying U one-to-one onto V with continuously differentiable inverse
and

(3) Y = g(X).

Then Y is continuous and

fY(y) =

{
fX(x) |det ∂g

∂x (x)|−1 if x ∈ U and y = g(x),

0 else.

Proof. Suppose x ∈ U and y = g(x). For each positive h let

Ch = (y1 − h, y1 + h)× · · · × (yn − h, yn + h).

Then

fY(y) = lim
h↓0

P (Y ∈ Ch)
(2h)n

= lim
h↓0

P (X ∈ g−1(Ch)
(2h)n

= lim
h↓0

1
(2h)n

∫

g−1(Ch)

fX(w) dw

= fX(x) lim
h↓0

1
(2h)n

∫

g−1(Ch)

dw

= fX(x) |det
∂g
∂x

(x)|−1.
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