The Poisson process.

Let
Ii,Io,..., 1y, ...

be a sequence of independent identically distributed continuous random variables. Let Ty = 0 and, for each
positive integer m, let
m
Ty = Z I;.
i=0

Evidently,
0=To<T1 < - <Tppy < -~

For nonnegative integers m,n with m <n let

Tm,n: Z Iu

m<i<n

note that
Tn = Tm + Tm,n;

and that
Tinn and T,y have the same distribution, which is to say that fr,, ., = fr,._,-

Let F': R — [0,1] be such that

F(t) = P(I,, <t) whenevert € Randm=1,2,...

and let
f=F.
Let fi = f and, for each m =2,3,... let
=,
—_—
m times

For each m =1,2,... let

t
F,(t) = / fm(7)dT  whenever t € R.

Theorem. We have

(1) Fr, =F,, and fr,=fn m=12,....
Proof. This was shown earlier. O

Theorem. Suppose k and mq,...,my are positive integers,

mg > - > 1My,

t;,...,t, are positive real numbers and
ty > - > t1.
Then
(2) STy (s 00) = frngmmy s (b — te—1) - fa(t2 — t1) f1(th).
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Proof. This is a good exercise in conditioning.
The key point is the following. Suppose j =1,...,k. For any u € R we have

P(T,, < u\TmJ C=ti,..., Ty =t1)

P(To, Ty yymy; < T, =tj—1,...., T, = t1)
=P(tj 1+ T, ym; <uTrm;_ , =tj1,..., T, =11)
P(To; ym; <u—tj_1)

P(To—m; ., <u—tj_1)

which implies that

ST Ty ey (Gl 15 t0) = foy, o (G = E0)-

—10

It follows that

STy oo Tony (i - 1)
me Mg —17" 7”1 (tk|tk Tyews 7t1) T fT1n2 ‘Tﬂll (t2|t1)mer1 (tl)
= [Ty =y, (tk = to=1) STy, (2 — 1) fry (81).

For each t € (0,00) we let
Ny

be the nonnegative integer random variable such that

{N;y =n} ={T, <t <T,i1} for any nonnegative integer n.

Theorem. For each t € (0,00) we have

3) P(N, = n) = /(/ f n+1—t>dtn+1)fn<n>

Proof. We have
P(N;=n)=P(T, <t,Thy1 > 1)

:// an+1,Tn(tn+latn)dtn+1dtn-
tn <t<tpi1
Now apply (3). O

Theorem. Suppose s and ¢ are positive real numbers and m and n are nonnegative integers. Then

P(Ns+t:m+n,NS=m)=

(4) S s+t s+t [ee)
/ / / </ g(tma tm+17 tm-‘rna tm+n+1)dtm+n+1> dtm-‘rn dt7n+1 dtm
0 S tmi1 s+t

where we have set

g(tma tm+1a tm+na tm+n+1) = f(tm+n+1 - tm+n)fn71(tm+n - tm+1)f(tm+1 - tm)fm(tm)

for 0 < ty, <tmt1 <tm, <lmitnti1.



Proof. Since
P(Ngy=m+n,Nyg=m)=P(Ty, <5< Tmit1, Tmin < s+t <Tpini1)
the desired probability is the integral over
{(tmtn+1, tmtn, tmt1s tm) 1 0 <ty <8 <ttty tman < S+t < lbpint1 < 00}

of the joint density
fT'm,+n+17Tm,+n7Tm,+laTm, (tm+n+17 tmtn, tmt1, tm)'

Now apply (3). D

The Poisson process. Now suppose 0 < A < oo and
P(I, >t) =e* whenever 0 <t <ocandm=1,2,....

That is, I,,, m = 1,2,... is exponentially distributed with parameter .

Theorem. For any m = 1,2,... we have

0 if t <0,
(5) fm(t) = { gm—1

A AL i > 0,

Proof. We induct on n. (4) holds by definition if m = 1.
Suppose (5) holds for some positive integer k and ¢ > 0 then

m—1 t tm

t m t
fer1(t) = f* fi(t) = / ed(H)e*MTi), dr = e’”/ (77 dr = e M
0 . 0

(m—1 m—1)! o ml’

Theorem. For any t € (0,00) and any nonnegative integer n we have

()
n!

(6) P(N,=n)=e

Remark. Thus N; has the Poisson distribution with parameter At.

Proof. Suppose n is a nonnegative integer. By (3) and (5)

P(N; =n) = /t /Oo e Altusr — ta) dtar ) Nren gy — 3D
o \Jt (n—1)! n!

Theorem. Suppose s,t € (0,00) and m, n are nonnegative integers. Then

(7) P(Nsyt =m+n,Ns =m) = P(Ns = m)P(Ny =n).

Proof. This will follow from (5) and (4).



Suppose n > 1. If g is as in (4) we have from (5) that

-2 —1
I(tmtnt1, tngns tms1, tm) = ARl o= At (tmtn = tmi)" tn
’ ’ ’ (n—2)! (m —1)!

whenever 0 < £, < ty+1 < tmant1 < tmgnt1 < 0o. Then

s s+t s+t fe’e]
/ / / (/ g(tm7 tm+17 thrna tm+n+1)dtm+n+1> dthrn dthrl dtm
0 S tm+1 s+t
0o
= \mintl (/ e~ Atmtnt dtm+n+1)
s+t

s+t s+t _ n—2 s m—1
/ / (tm+n tm+'1) dtm—i—n dtm_;,_l (/ tmi dtm>
s tm41 (n - 2) 0 (m - 1)!

_ ymntt e—A(s—&-t) tn g™

A nlm!

We leave it to the reader to use similar techniques to handle the case n =0 or n = 1.

Corollary. Suppose s and t are positive real numbers. Then Ngy; — N, is independent of Ny and has the
Poisson distribution with parameter At.

Proof. We have
(1) P(Ns+t - N, :n;NS :m) = P(Nert :m+n;7Ns :m) = P(NS :m)P(Nt :TL)
for any nonnegative integers m and n. Summing over m in (1) we infer that Ny — N, has the same

distribution as N;. Substituting P(N; = n) = (Ns1+ — Ny, = n) in the right hand side of (1) we infer that
Nsy+ — N; is independent of Ny, O

Remark. Suppose m is an integer not less than 2 and 0 < t; < to < - -+ < t,,, < 00. Applying the preceding
Corollary repeatedly we infer that

Ny, Niy, — Niyyoo oy Ny, — Ny
are independent with Poisson distributions with parameters
)\tl, )\(fg — tl), ey )\(tm — tmfl),

respectively.
We say the Poisson process has independent increments.



