
Some nifty stuff.

Let
X1, X2, . . . , Xn, . . .

be a sequence of independent Bernoulli random variables with parameter p ∈ [0, 1, ]
and let q = 1− p. For each positive integer r let

Tr

be the time of the r-th success. Let

G1 = T1

and let

Gr = Tr − Tr−1 whenever r is a positive integer and r > 2.

Theorem 0.1.
G1, G2, . . . , Gn, . . .

is a sequence of independent geometric random variables all with parameter p.

Proof. Whenever r, s are positive integers with r < s let

Sr,s =
∑

r<i<s

Xi.

Suppose r is a positive integer;

g1, g2, . . . , gr

are positive integers;

t1 = g1; and ts =
s∑

j=1

gj whenever s is a positive integer and 1 < s ≤ r.

We have
P (G1 = g1,G2 = g2, . . . , Gr = gr)

= P (T1 = g1, T2 = t2, . . . , Tr = tr)

= P (S1,t1 = 0, Xt1 = 1, St1,t2 = 0, Tt2 = 1, . . . , Str−1,tr = 0, Xtr = 1)

= qt1−1p qt2−t1p · · · qtr−tr−1−1p

= qg1−1p qg2−1p · · · qgr−1p.

¤
One says Tr has the negative binomial distribution with parameters r

and p. It should be clear that

pTr (tr) =
(

tr − 1
r − 1

)
prqtr−r for any positive integer tr.

More importantly,

Tr =
r∑

s=1

Gs for any positive integer r.
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