The Gamma and Poisson distributions and the Poisson pro-
cess.

1. THE BASIC SETUP.
We fix a positive number A and a i.i.d. sequence
I, Is,..., I,,...
of random variables such that
(1) P(I; >0)=1.
We let Ty = 0 and we let

n

T, = ZI" for each n € NT.
i=1

So if we think of I,,, n = 1,2,3,... as a sequence of interarrival times then T,,,
n € N1, is the corresponding sequence of arrival times. Owing to (1) we find that

O0<Th <Ty<---<T,<--- with probability 1.

We define random variables
Ny, t>0

with values in NU {oco} by letting Ny = 0 and requiring that, when ¢ > 0, we have
P(N; ¢ N) =0 and

{Nt =n} ={T, <t <T,y1} whenever n € N;

in other words, IV; is the number of arrivals before time ¢; this is possible because
of (1). Equivalently, when ¢ > 0,

{Ny >n}={T, <t} foranyneN.

The following Lemma will make everything work. The way you get anywhere
in this business is to condition on 77; this amounts to starting over at t = Tj.
Whatever that means.

Lemma 1.1. Suppose
(i) N e NT;
(ii) to =0, (t1,...,tn) € (0,00)" and
th < - <itn;
(iii) (n1,...,nNn) €N
(iv) m; = Z;Zlnj forie {1,...,N};
(v) IT€{0,1,...,N} is such that

=0 ifi<I

m; 1 Z,_ ’ whenever i € {1,...,N}.
>0 ifi>1

Then

(2) NNy, = i} = 0L Ny, — Ni o, = mi}
1



2

and, for any u € (0, 00),
P(nLy {Ny, = mi}|Ty = u)
P(ON, {Ny—w=m; —1}) if I < N and t; <u < tr4q,
=<1 if I =N and u < ty,
0 if u ZtN.

(3)

Remark 1.1. Given m; € N, i € {0,1,...,N} with 0 =mo <m; <--- <my we
can set
ni=m; —m;—1 €N forie{l,...,N}.
Proof. (2) is evident. As to (3), we let
A={ie{l,...,N}:i<I} andwelet B={ie{l,...,N}:i>1TI};
we observe that for any ¢ € {1,..., N} and 0 < u < oo we have
{N, =m;} N {T1 = u}
={Th, <t; <Tp,s1} N{T =u}
{{O<ti<u}ﬂ{T:u} if i € A,
{Tm, -Th <t1—u<Tp,41 —T1}N{TH =u} ifie B;

1] ifire Aand u <t
T =wu} ifi € Aand u>t;,
)0 ifi € Band u>t;,

{Th, -Th <ti—u<Tp1—T1}N{T1 =u} ifie Bandu<t.
It follows that if I < N and 0 < u < oo then
P( ﬂi]\;1 {N;, =m;}Th = u)
B {P(ﬂf\iIH{Tmi_l <ti—u<Tp}) ifu<t,
0 ifu>1t
and that if I = N and 0 < u < oo then
PNy {Ny, = mi}|Th = )

- 1 ifuztl,
N 0 ifu<t.

2. THE DEFINITIONS OF THE RELEVANT DISTRIBUTIONS.

Definition 2.1. Suppose A € (0,00). We set

n

A
pa(n) = ef)‘ﬁ for n € N.

We say the random variable N has the Poisson distribution with parameter
Aif

P(N =n) =px(n) whenever n € N;
note that

o0

P(N ¢N)=0 since Z

n=0

)\n
2=
n!
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Suppose n € NT. We say the random variable G has the gamma distribution
with parameters n and ) if G is continuous and fg = I'), where we have set

0 if z <0.

Obviously, I';, > 0; we will show presently that the integral of T',, is 1

Theorem 2.1. Suppose n € NT; 0 < A < o0; X1,..., X, are independent random
variables each of which has the exponential distribution with parameter \ and
G= Z?:l X;. Then G has the gamma distribution with parameters n and .

Proof. We induct on n. It’s immediate for n = 1 since I'; is the pdf of a random
variable with parameter \. Suppose n € N*; the Theorem for n; X1,..., X, X411
are independent random variables each of which has the exponential distribution
with parameter \; and G = Z;.I:l X;. Since X,,+1,G are independent we have for
any > 0

Je+Xni (T) = [x0i * fa(x)

/ e Mz—y) ()\((:L‘y_nl)l!) dy

— \nt 7,\1/ y" dy

()\x)(n-&-l)—l
((n+1)—1)!
=Tt (x).
Since P(G + X, 11 < 0) = 0 we are done. O

3. THE BASIC THEOREM.
The remainder of this article is devoted to the proof of the following Theorem.

Theorem 3.1. The following conditions are equivalent:
(i) For any N € Nt and
t1 <tg <---<tn
the random variables
Nty Ney — Neyyoo oy Neyw — Niyy

are independent.
(ii) For some A > 0, I; is exponentially distributed with parameter \.

Moreover, when these conditions hold, Ny — N is Poisson with parameter A(t — s)
whenever 0 < s < t.

Proof. Suppose N; — Ny, Ny are independent whenever 0 < s < t. Let f(s) =
P(N, =0) for s > 0. Then
f(s+1) = P(N = Ny =0,N; = 0) = P(Ny = 0)P(Ns = 0) = f(s)f(?)

whenever s,t > 0. Since f(s) = P(I; > s) we find that f is continuous and
decreasing and that limg o f(s) = 1. It follows that f(s) = e for s € (0,00) so
that I; has the exponential distribution with parameter .



Let

(A"

flt,n) = e*)‘tf fort >0and n € N.
n!

Thus the Theorem will be proved once we show that

N
(4) P, ANy, =my) =[] £t = ticr,mi —mia)
i=1
whenever tg = 0, (t1,...,ty) € (0,00), mg =0, (my,...,my) € N,

t1<--- <ty and mp <---<my.

Indeed, if ni,...,ny € Nand m; = Z;:l n; then

{Nt1 an,NtQ _Nt1 :7’2,2,...7NtN —NtN71 ZTLN}

:{Ntl :mlaNt2 :m2>"‘7NtN :mN}

We prove (4) by conditioning on T7.

We being by noting that (4) holds whenever m; =0 for i € {1,...,N}.

We begin by establishing (4) in case N = 1. (4) clearly holds when N =1 and
my = 0. Suppose m; > 0 and (4) holds with N =1 and with m; replaced by any
smaller nonnegative integer. We have

P(Nt1 =m) = /OO P(Nt1 =mq|T1 = u)f(u,0)du
0

-/ " PNy = 1 — 1) £(0.0) du
0

/t1 ftr —u,my —1)f(u,0)du
0

_ /t1 ef)\(tlfu) ()‘(tl — u))nilef)\u du
0 (n — 1)'
= f(

t1,m)

Thus (4) holds when N = 1.

Suppose N € NT and (4) holds when N is replaced by any smaller positive
integer. We induct on mj.

In case m; = 0 we find that (4) holds by making use of Lemma 1.1. Letting
I =max{ie{1,...,N}:m; =0} > 0 we find that, in case I < N,



P(Ntl :O,J\/’t2 :mg,...,NtN :mN)

:/ P(Ny, =0, Ny, = ma,...,Nep =my|Ti = u)f(u,0)du
0

tr4a
= / P(ON 1 {Nt,—o = m; — 1}) f(u,0) du

tr

Il fei—ticomi- mz?l)/ - ftrsr —u,mpp — 1) f(u,0) du

i=I+1<i<N tr
= H f(ti —tici,mi —mi—1) f(tr41, mry1)
I+1<I<N
N
=TI st —tice,mi —mis)
i=1

and that, in case I = N, m; =0 fori € {1,...,N} and

P(Nt1 :07Nt2 :07"‘7NtN :0)

= P(NtN = 0)
= f(tn — 1o,0)

N

H f(ti —tici,my —mi_q).

=1

So suppose m; > 0 and (4) holds when m; is replaced by any nonnegative integer
less than m;. Using Lemma 1.1 with I there equal 0 we find that

P(Nt1 = ’n’Ll,]\[t2 = mz,...7NtN :mN)

:/ P(Ny, =mi, Ny, =ma, ..., Ny = my|Ti = u) f(u,0) du
0

t1
= / P(Ntl—u =mi — 17Nt2—u = M9 — 1, .. -aNtN—u =mpyN — 1)f(’1,6,0) du
0
t1

N
=L st—tiimi —micy) | f(0 = wymy = 1)f(u,0) du
i=2 0

N
=t —tica,mi —mi_y).
i=1



