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1. The Fourier transform.

For f : R→ C with
∫ |f(x)| dx < ∞ we let

f̂ : R→ C
be such that

f̂(ξ) =
∫

e−ixξf(x) dx for ξ ∈ R.

Why do we care about this? Because if X is a continuous random variable with∫
|x|fX(x) dx

then
ξX(t) = E

(
eitX

)
=

∫
eitxfX(x) dx = f̂X(−t) for t ∈ R.

And you can do essentially the same thing when X is discrete. We want to show,
among other things, that if two random variables have the same characterisic func-
tion then they have the same distribution. I guess that’s why they call ξX the
characteristic function of X.

For f : R→ C we define

τaf : R→ C for a ∈ R
by

τaf(x) = f(x− a) for x ∈ R.
One verifies that

τ̂af(ξ) = e−iaξ f̂(ξ) for ξ ∈ R.
This implies that

f̂ ′(ξ) = −iξf̂(ξ) for ξ ∈ R.
For f : R→ C we define

δrf : R→ C for r ∈ (0,∞)

by
δrf(x) = f

(x

r

)
for x ∈ R.

One verifies that
δ̂rf(ξ) = rf̂(rξ) for ξ ∈ R.

We have ∫
f(x)ĝ(x) dx =

∫
f̂(ξ)g(ξ) dξ.

This implies ∫
f(εx)ĝ(x) dx =

∫
δ1/εf(x)ĝ(x) dx

=
∫

δ̂1/εf(ξ)g(ξ) dξ

=
∫

1
ε
f̂

(
ξ

ε

)
g(ξ) dξ

=
∫

f̂(η)g(εη) dη

1



2

where in the last step we made the substitution ξ = εη, Letting ε ↓ 0 we obtain

f(0)
∫

ĝ(x) dx = g(0)
∫

f̂(η) dη.

Replacing f by τ−xf we find that

f(x)
∫

ĝ(x) ds = g(0)
∫

eixξ f̂(ξ) dξ

for x ∈ R; so we are oh so close to inverting the Fourier transform!

The Gaussian. Let

g(x) =
1√
2π

e−x2/2 for x ∈ R.

We have
√

2π

(
d

dξ
+ ξ

)
ĝ(ξ)

=
(

d

dξ
+ ξ

) ∫
e−ixξ−x2/2 dx

=
∫

(−ix + ξ)e−ixξ−x2/2 dx

= i

∫
e−ixξ−x2/2 dx(−ixξ − x2/2)

= 0.

Thus
ĝ(ξ) = ĝ(0)e−ξ2/2 for ξ ∈ R.

Now

ĝ(0) =
1√
2π

∫
e−x2/2 dx = 1

so
ĝ(ξ) = e−ξ2/2 for ξ ∈ R.

Thus we have established the Fourier Inversion Formula:

f(x) =
1
2π

∫
e−ixξ f̂(x) dx for x ∈ R.

I’ll leave it to you to check that all these integrals converge!

2. Back to characteristic functions and such.

Proposition 2.1. Suppose a ∈ R ∼ {0}, b ∈ R, X is a random variable and
Y = aX + b. Then

χY (t) = eibχX(at) for t ∈ R.

Proof. Turn the crank. ¤

Definition 2.1. We say the random variable Z is standard normal if Z is con-
tinuous and

fZ = g

where g is the Gaussian introduced above.
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It follows from the foregoing that

χZ(t) = E
(
eitZ

)
=

∫ ∞

−∞
eitxfZ(z) dz = ĝ(−t) = e−t2/2 for t ∈ R.

Since
d

dt

m

E(eitX)
∣∣
t=0

= imE(Xm) for any nonnegative integer m

we find that
E(Z) = 0 and V ar(Z) = 1.

Definition 2.2. Suppose µ, σ ∈ R and σ > 0. We say the random variable is
normal with parameters µ and σ2 if X has the same distribution as σZ + µ
where Z is standard normal.

It follows that E(X) = µ, V ar(X) = σ2, X is continuous and

fX(x) =
1√
2πσ

e−(x−µ)2/2σ2
for x ∈ R.

(Why?)

Proposition 2.2. Suppose X and Y are independent random variables. Then

χX+Y = χXχY .

Proof. For any t ∈ R we have

E(eit(X+Y )) = E(eitXeitY ) = E(eitX)E(eitY ).

¤
Theorem 2.1. Suppose X1, . . . , Xn are independent random variables and, for
each j = 1, . . . , n, Xj is normal with parameters µj and σ2

j . Then Y =
∑n

j=1 Xj is
normal with parameters

∑n
j=1 µj and

∑n
j=1 σ2

j .

Proof. For each j = 1, . . . , n let Zj = (Xj − µj)/σj and note that Zj is stan-
dard normal. Evidently Y = sumj=1σjZj + µj and σjZ1 + µ1, . . . , σnZn + µn are
independent. Thus

χY (t) = χσ1Z1+µ1(t) · · ·χσnZn+µn(t)

= eiµ1χ(σ1t) · · · eiµnχ(σnt)

= eiµ1e−(σ1t)2/2 · · · eiµne−(σnt)2/2

= ei
Pn

j=1 µj e−((
Pn

j=1 σj)
2)/2

= χW (t)

if W is normal with parameters
∑n

j=1 µj and
∑n

j=1 σ2
j . ¤


