1. THE FOURIER TRANSFORM.
For f:R — C with [ |f(z)]dz < oo we let
f :R—C
be such that
fe) = /eiizgf(x) dx for £ € R.

Why do we care about this? Because if X is a continuous random variable with

[ ialsx(o)as
then
Ex(t) = E (e"X) = /eimfx(x) dx = f)\((—t) for t € R.
And you can do essentially the same thing when X is discrete. We want to show,
among other things, that if two random variables have the same characterisic func-
tion then they have the same distribution. I guess that’s why they call {x the

characteristic function of X.
For f: R — C we define

Tof : R—=C foraeR
by
Tof () = f(x —a) forx € R.
One verifies that - o
Taf(§) = e f(€) for £ €R.
This implies that X A
(&) =—if(§) for{eR.
For f: R — C we define
O0rf :R—C forr e (0,00)
by
T
5. f(x) = f (;) for = € R.

One verifies that

— ~

5. 7(6) =rf(re) for ¢ R,
‘We have

f@i(e) dz = [ F€)9() e
This implies

= [ 5@t de

= [ (8) e
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where in the last step we made the substitution £ = en, Letting € | 0 we obtain
£0) [ gta)ds = 9(0) [ Fn)dn
Replacing f by 7_, f we find that
@) [ ata)ds = g10) [ <7 de

for z € R; so we are oh so close to inverting the Fourier transform!

The Gaussian. Let

—z2/2

g(x) = \/%e for x € R.
T
We have
d
Van (dg - 5)@(5)
- <c;i£ *5) /67”5”2/2 da
- /(—iﬂﬁ +&)e T2 gy
— i/e—ixg—mz/Q dw(_l-ﬁf o 1‘2/2)
Thus
9(6) = 4(0)e €72 for € € R.
Now : /
§(0) = — e 2y =1
Vor
SO T

g(&) = e €2 for e
Thus we have established the Fourier Inversion Formula:

flx) = %/e‘”éf(x) dxr for x € R.

I’ll leave it to you to check that all these integrals converge!

2. BACK TO CHARACTERISTIC FUNCTIONS AND SUCH.

Proposition 2.1. Suppose a € R ~ {0}, b € R, X is a random variable and
Y =aX +0b. Then
xy (t) = e®®xx(at) forteR.

Proof. Turn the crank. O

Definition 2.1. We say the random variable Z is standard normal if 7 is con-
tinuous and

fz=49g
where ¢ is the Gaussian introduced above.



It follows from the foregoing that

xz(t) = E (7)) = / e fr(2)dz = g(—t) = e/ fort eR.

—00
Since
am_
T E(e”f)()‘t:0 ={™E(X™) for any nonnegative integer m
we find that

E(Z)=0 and Var(Z)=1.

Definition 2.2. Suppose p,0 € R and ¢ > 0. We say the random variable is
normal with parameters 1 and o2 if X has the same distribution as 02 +
where Z is standard normal.

It follows that E(X) = u, Var(X) = 02, X is continuous and

1
Ix(x) = Tef(xfl‘)Q/z”Z for x € R.
o

(Why?)
Proposition 2.2. Suppose X and Y are independent random variables. Then
XX+Y = XXXY-
Proof. For any t € R we have
E(etXHY)) = B(eitXeitY) = B(eitX) B(eitY).

d
Theorem 2.1. Suppose Xi,...,X,, are independent random variables and, for
each j =1,...,n, X; is normal with parameters u; and sz. Then Y = Z?:1 X is

normal with parameters 3", pj and 37, o7

Proof. For each j = 1,...,n let Z; = (X; — p;)/0; and note that Z; is stan-
dard normal. Evidently Y = sum;—10;Z; + p; and 0,2y + pu1, ..., 002y + piyn are
independent. Thus

XY(t) = Xo1Z1+p1 (t) “ Xow Zn+iin (t)
= ey (o1t)--- ey (opnt)
_ it g (@022 gitin = (out)?/2
S o (S 072
= xw(t)

if W is normal with parameters Y7, pi; and >, o7. O



