Some worked problems from the Chapter Six homework.

P- 292 n. 20. In the first case X and Y are independent because the joint density factors; in fact,

re ™ if x >0, e ¥V ify>0,
fx(z) = and  fy(y) =
0 else 0 else.
In the second case, X and Y are not independent because the set {(z,y) : 0 < z < y and 0 < y < 1} where
fx,y is not zero is not a product.

P. 292 n. 22.

(a) No, the joint density fx y does not factor.

(b)
o0 fyaxt+ydy if0<z<l, s+l o<z <1,
fx(z) :/ fxy(z,y)dy = =
0 0 else 0 else.
(c)
1 1 1
P(X+Y<1)=// fX7y(ac,y)dxdy:/ (/ (x—!—y)dy) de = =.
Ty<l 0o \Jo 3
P- 292 n. 23.

(a) Yes, because the joint density fx y factors; in fact, fxy = fx(x)fy (y) where

fele) = {im(l — ) z:; x <1, ad foly) = {zy ZI y<1,

(b) o

E(X) = //a:fx,y(x,y) dxdy :/0 (/0 1242(1 —J:)ydy) da.
(C) 1 1

E(Y)= //yfx,y(x,y) dxdy :/0 (/0 122(1 — z)y? dy> do.
(d)

B(X?) = //ﬂfzfx,y(x,y)dxdy:

(e)

E(Y?) = //?ﬁfx,y(x,y)dxdyz

P- 293 n. 27. Part One. Let Z =X +Y.



Since the range of Z is (0,00) we have fz(z) = 01if z < 0. Suppose 0 < z < co. Then, as X and Y are
independent, we have

fz(2) = fx * fy(2)
/ Fx (2 = w) fr (w) dw

:/ fr(w)dw because 0 < z—w <1l & z—1<w<z

{foz e Wdw ifz<1,

fil e Wdw ifz>1

{1—€_Z if z<1,

e~ (=) — =2 if 2> 1.
Integrate to get Fz if you like.

Part Two. Suppose Z = X/Y. We have

eV if0<z<1land0<y,
fxy(@y) = fx@)fy(y) =
0 else.
Note that the range of Z is (0, 00). Suppose 0 < z < co. Then
Fz(z) = P(Z < 2)
= P(X < zY)

[ [ rxvmdsdy
<zy
= // e YVdxdy
0<z<1, 0y, x<zy

1 e}
= / / e Ydy | dx
0 z/z

=2(1—e /7).

p- 293, n. 28. We have

MAge ™ M1e=A2 if 21> 0 and zo > 0,
le,Xg(x17x2) = fx, ($1)fX2(SU2) =

0 else.

Let Z = X;/X5. Note that the range of Z is (0,00) so Fz(z) =0 if z < 0. Suppose 0 < z < co. Then

Fu(z) = P(Z < =)
=P Xl/z < XQ)

// le X5 d1‘1d$2
z1/2<x2
o
= )\2/ (/ e AT A2E2 dm) dxq
0 $1/Z

o )\12
Az A



In particular,

A
H&<X”:HZ<”:M;h’

p. 294 n. 42. (a) We have fx(z) =01if 2 < 0. If z > 0 we have

fx@ = [ ety =se [ ey —aets e
0 0
Thus if 2 > 0 (so fx(x) > 0) we have

B fxv(z,y) - xe Y if y > 0,
fY|X(y\$) = T(m) = {

0 else.

We have fy(y) =0if y < 0. If y > 0 we have

o0 oo —z(y+1 —z(y+1
fy(y) = / re— W) g — ,/ xd, <€(y)> — 7:5&
0 0 y+1 y+1

Thus if y > 0 (so fy(y) > 0) we have

r=00 oo efzxz(y+1) d 1
+ €r = .
=0 A y+1 (y+1)?

fXJ (‘T’y) (yfl)ze 2(y+1) ifx> 0,
X |y % s L 97

0 else.

(b) Suppose z > 0 and y > 0. Then

1 1fxy(Z.y)
Ixviy (2ly) = fyxpy (2ly) = an‘Y(ay) - 5%

Therefore,

> “1lz _-= L [e L, [Tew .
fxy(z):/ fXY\Y(Z|y)fY(y)dy:/ —Ze vt gy = ze / —dy=e / —dw=e
0 o YY o Y 0

_1
e w

where we have made the substitution y = zw and deduced that fooo — dw = since fooo fxv(z)dz must be
1 and since [, e *dz = 1.

p. 294 n. 43. We have fx(z) =0 for z < 0. For z > 0 we have

= ooy a de 3 o
fx@ = [ erydy=c [ @ - ey = Fate.
0

—T

Thus, for x > 0 we have

frix(yle) = ———=—= =

fX,Y(:I"7y) %xzz_?’llz if 7‘T<y<$,
fx(x)

0 else.
Finally, Fy|x(ylz) =0if y < —2, Fy|x(ylz) = 1if y >z and, if —z <y <z,

Y 3;1:3—103
- dw =

1
FY‘X(MQ:):/ 4 g3 2 4z 42

—T



