The central limit theorem.

To prove the central limit theorem we make use of the Fourier transform which is one of the most useful
tools in pure and applied analysis and is therefore interesting in its own right.

We say a f : R — C is summable if

[1s@lds < .

For any such function we define its Fourier transform
f R—-C

by setting

Note that f — f is linear.

For a € R set 7,(z) =z + a. Then

—

fora(t) = e f(1).
Indeed,
f/o\Ta(t) = /e‘im fl+a)dz
= /e_”(y_“)f(y) dy substitute y — a for x
=t [ sy ay
= e f(t).

As a corollary we obtain that if f’ is summable then
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For ¢ > 0 set 6.(x) = cx. Then
Fod. = Xfoa
C c

Indeed,

s d
= /e_“‘/% f(y) ~ substitute £ for

:%foé%(t).

If f and g are summable then so is f % g and



Indeed,
Fxgt) = /e‘“” /f(x — y) g(y) dy dz

[ [ees@ - e g dey
/ /e_it“’f(m) dw e~ g(y) dy for each y substitute w + y for x

= J(6)4(0).

The Fourier inversion formula. Suppose f is twice differentiable and each of f,f’ and f” are summable.

Then )
flz) = — /eimf(t) dt for each t € R.
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Remark. You don’t need to assume this much, but the proof gets more technical.

Proof. It will suffice to prove that

(1) £(0) = %/f(t) it

for all f satisfying the hypotheses because if this is so and z € R we may set g = f o 7, and observed that
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To prove (1) we will make use of the

Lemma.
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Proof. Note that
e siny = d e (cosz + t sinz)
Tdr 2+ 1 '
We have n n
/ s dr = / sin x / e~ dt dx
0 € 0 0
[e's) R
= / / et sina dx dt
o Jo
i 1
= /0 21 (1 — e ™ (cos R + t sin R)) dt
I as R T oo.
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We have f(x) = f(0) + zq(x) where we have set ¢(z) = fol f(Az)dA. Let

I(R) = /SinRxf(x) da.

T



Then ) " R
/f(t) dt = lim /_R/e_”’”f(m) dedt = //_Re—”x dt f(x)dx = I(R).

I(R) = Ii(R,e) + I2(R,€) + I3(R,€)

Now

for any € > 0 where we have set

Ii(R,e) :/ sinRx@dx,
|z|>e x
I(R,¢) = f(O)/ sin dz and
jol<e

I5(R,e) = / sin Rz q(z) dx.
|z|<e

Approximating z +— @ by step functions on |z| > € we find that limpgjeo I1(R,€) = 0 for each € > 0.
Substituing % for x we find that
sin w

dw.

w

Re
L(R.¢) = 2 £(0) /

Moreover,
[I3(R,€) < 2esup{|f'(z)|: |2] < e}

It should now be clear that by making R large we can make I(R) as close as we like to

R

sinw
2 f(0) li dw = 0).
1) Jim J == dw =7 f(0)
The Gaussian. Set ) ,
g(z) = fe% forz e R

where we have set

a2
I = /eT dz.

This function is called the Gaussian; let us compute its Fourier transform. We have

t

Doy = L [emitrge=sy = b [ emito o5 g = 45
a(t) I/e dle™2) I/e ez dx tg(t)

from which we infer that )
—t

9(t) = g(0)e=" = Ig(t).

From the Fourier inversion formula we obtain

which implies that

and that



The characteristic function of a random variable. Suppose X is a random variable for which
E(]X]|) < co. We set '
xx(t) = E(e"X) forte R

and call this function the characteristic function of X. If X is continuous we have
xx(t) = /eit’” fx(x)de = f)\((—t).

If X is discrete, the characteristic function has a simple Fourier analytic interpretation, but we shall not go
into that.
Now suppose that ‘
E(XJ) < o for j =1,2,3.
From Taylor’s theorem we obtain for any ¢ # 0 that

t? 3
xx () = xx(0) + xx(0)t + x(0) 5 + X’)’(/(S)E

for some s € (—|t],|¢]). This gives

t2 |t|3
xx() — (1 +tEX) + QE(XQ))\ < ?E(IXIB)
Suppose ¢ > 0. We have
. Ply—-h<cX <y+h) 1P(%<CX<#)_1 Yy
fex(y) = lim 5% = lim % =~ Ix(Q).
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This implies that

—

xex(t) = Fox (=) = +fx0b1(—t) = —efx 0du(~1) = Fx(—et) = xx(et)

The proof of the central limit theorem. Let X, Xs,...,X,,...beasequence of independent identically
distributed random variables, each having mean 0 and variance 1. We will leave it to the reader to spell
out the hypotheses on the X;’s which will allow us to make use of the foregoing. Let x be the common
characteristic function of these variables. For each positive integer n let S, = Y1 ; X,;. We have

¢ ¢ 2 3 2
. (1) = — =x(—=)" = (1 - — 4+ 6(t) ——= E(X*))" z
o () = X5 (= = M=) = (1= 5+ 000) o BUXP)" — e
where |0(t)| < 1 for each ¢. Thus if —0o < a < b < 0o we have

b
Pla < S < b) :/ f\s%(x)dx
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