The vibrating string.

Suppose 0 < L < cc.

We start with the fundamental fact that, given a sufficiently nice
uw:[0,L] -— R,

we have

u(zx) = an sin ?, z €10, L],
n=1

in a sense we will make precise later, where

L
b, = z/ u(x)sin—xdx, n=123,....
L Jo
Now suppose 0 < ¢ < co. Let

f9:[0, L] - R

be given. We seek
u:[0,L x[0,00) = R

such that

0%u 0%u
PDE Z2_ 227,
(PDE) o2~ 0a?
(BC) u(0,t) = u(L,t) fort e [0,00).;

Ju

(10) u(w,0) = f@), and S(r,0) = g(a).

We solve this by assuming v has the form

(1) u(z,t) = Z b, (t) sin (t,x) € ]0,00) x [0, L];

nmx
L ’

here
by :[0,00) =R, n=1,23,...

is a sequence of functions to be determined. The motivation is that

0,L] >z —— Sin?

is an eigenfunction of
82
A
Ox?

(with eigenvalue (—‘”}“)2) and, in view of the above, any function can be written as a linear combination,
albeit infinite, of these eigenfunctions.



Proceeding formally, we obtain

and

for (z,t) € [0, L] x [0, 00) which suggests requiring that

. 2
bn(t)+(mT7r) ba(t) =0, n=1,2,3,..., t € [0,00)
which says
enmt - L enmt
b, (1) = b, b, (0)—=— si C n=1,23..... t€[0,00).
(t) (0) cos + b,(0) p— n 3 € [0, 00)
Since

flx)= ;bn(O) sin% and g(x) = ;bn(o) sin $a z € [0, L],

we should have

2 L . 9 L
bn(O):E/O Fla)sin 7% dz, - and bn(O):z/O ge)sin T dr, n=1,23,....



