Variation of Constants?

Let us recall how we solved
dy
(IVP). o TP@)y(@) = a(z),  y(zo) = yo

First solve

% +p(x)y(z) =0, p(xo) =1.

(This p is the reciprocal of the one we considered earlier, but it fits the current context better as we shall
see.) We calculate

so that

y(@) = () (yo N RGRG d€> |

0

Now let n be a positive integer greater than one and consider the system

dy

(IVP) 7p TP@)Y (@) =Q(2), Y(xo)="Yo
where
Yi(x) pu(z) - pia(z) Q1 () v
Y)=| : |, P)= : : . Qz) = : , Yo=|:
Yo () pn1(z) o pan(T) @n(x) Yn

Note that Y is a column vector of functions; P is a (square) matrix of functions; @ is a column vector of
functions; and Yy is a column vector of constants. Let

Hi11 Hin

Hn1 Hnn

be the (column) vectors of functions that solve the IVP’s

dp, .
T;-FP(.’E),U/J(J}):O, Mj(l‘o):ej,]zl,...,n,

and let

ple) =[m(@) - pal@)];

here ej, j = 1,...,n, the j-th standard basis vector in R", has 1 in the j-th row and zeroes in the other
rows. This p is called a fundamental solution of Ly = 0. Note that u is an n x n matrix of functions and
that

W P =0, ule)=T

where [ is the n x n identity matrix.



Example. Say n =2 and

Then () () )
[ (2)  po(z)] = [MH e ] = [ _ ]
po1(x)  poa(x) sinz  cosx
We have
()Y @) = ) L ) (@) + )
= —p(x) " (=P(x)u(x) plx) 'Y (2) + p(z) " (=P (2)Y (z) + Q(x))
= p(z) ' Q(x)
(@)Y () = V(o) = [ (€)1 Qe) de

Y () = () (YO + [Cueae) d€> |

0

Note that if we let vector in parentheses equal

v1 ()
vn ()
then
(VofP) Y(z) = vi(z)pa(z) + - + v (@) pn(2).

Thus if the u's are “constants” then Y is obtained by “varying” the constants with the v’s; that’s why (I
think) they call this method of obtaining a solution of the inhomogeneous problem “variation of constants”.

Now consider the LDO

Ly(z) = y™ (@) + an-1y" D (2) + -+ ar(@)y' () + ao()y(x)

and consider

(IVP') Ly(z) = q(x), y(xo) =yo, -,y V(o) = yn
where ¢ is a given function and g, ..., y,_1 are given constants. Let
[ ylx) T [0 1 0 0 [ 0 7
y'(z) 1 0 0 0 0
Y(z) = , Pla)=— , Qz) =
y("=2(2) 0 0 0 1 0
Ly~ (z) ] Lao(z) ai(z) ... ap—2(z) ap-1(z)] La(z) ]




and
Yo

U1
Yo

Yn—2

L Yn—1

Then IVP’ is equivalent to IVP. Moreover, VofP becomes

y(x) = vi(@)p11(x) + - - -+ vp(T) 1 ().

It customary to let the Wronskian
W (x) = det (),

and to let
M(x)
be the cofactor matrix of p(x) so that
i)™ = Gy M)
W(z) '

In case n = 2, for example, if y1,ys are the solutions of Ly = 0 such that

[yl(l‘o) yz(fﬂo)]ll 0]
yi(zo)  ya(wo) 0 1

(note the clash of notations!) then

and we have

and



