Fourier series.
Preliminary material on inner products.

Suppose V is vector space over C and
('v )
is a Hermitian inner product on V. This means, by definition, that
(,):VxV—->C
and that the following four conditions hold:
i) (v1 4 v, w) = (v1,w) + (va, w) whenever vy, v, w € V;

ii) (cv,w) = ¢(v, w) whenever ¢ € C and v,w € V;

(
(
(iii) (w,v) = (v, w) whenever v,w € V;

(iv) (v,v) is a positive real number for any v € V ~ {0}.
These conditions imply that

(v) (v,w1 + wa) = (v,w1) + (v, we) whenever v, wy, ws € V;
(vi) (v, cw) = é(v, w) whenever ¢ € C and v,w € V;

(vii) (0,v) =0 = (v,0) for any v € V.

In view of (iv) and (vii) we may set

[o]| = V/(v,0) forveV
and note that
(viil) [[v]] =0 & v =0.
We call ||v]|| the norm of v. Note that
(ix) ||ev|| = |¢|||v]| whenever ¢ € C and v € V.

Suppose
A:VxV =R and B:VxV —-=R

are such that
(1) (v,w) = A(v,w) +iB(v,w) whenever v,w € V.
One easily verifies that

(i) A and B are bilinear over R;

(ii) A is symmetric and positive definite;

(iii) B is antisymmetric;

(iv) A(iv,iw) = A(v, w) whenever v,w € V;



(v) B(v,w) = —A(iv,w) whenever v,w € V.

Conversely, given A : V x V' — R which is bilinear over R and which is positive definite symmetric,
letting B be as in (v) and let (-,-) be as in (1) we find that (-,-) is a Hermitian inner product on V. The
interested reader might write down conditions on B which allow one to construct A and (-,-) as well.

Example One. Let

n
(z,w) = sztTj for z,w € C".
j=1
The (-, -) is easily seen to be a Hermitian inner product, called the standard (Hermitian) inner product,
on C”.

Example Two. Suppose —00o < a < b < oo and F is the vector space of complex valued Riemann
integrable functions on [a, b]. Note that

/abf(m)dxz/abﬂ%f(x)dac—i-i/abi‘yf(x)dx

/ flx dx whenever f,g € F.

Let

One easily verifies that (i)-(iii) of the properties of an inner product hold and that (iv) almost holds in the
sense that for any f € F we have

b
(f.f) =/ F@)2de >0

with equality only if {z € [a,b] : f(z) = 0} has zero Jordan content. In particular, if f is continuous and
(f,f) =0 then f(x) =0 for all = € [a,]].

This Example is like Example One in that one can think of f € F as a an infinite-tuple with the
continous index x € [a, b].

The following simple Proposition is indispensable.
Proposition. Suppose v,w € V. Then

o+ wl* = [[vll* + 2R (v, w) + [Jw]|*.

Proof. We have
v+ w||* =

(v+w,v+w)

= (v,v) + (v,w) + (w,v) + (w, w)
= (v,0) + (v, w) + (v, w) + (w, w)
= |[oll* + 2R(v, w) + |Jw||*.

O

The Cauchy-Schwartz Inequality. Suppose v,w € P. Then

| (0, w)| < [Jvl[[w]]

with eqality only if {v, w} is dependent.
Proof. If w = 0 the assertion holds trivially so let us suppose w # 0. For any ¢ € C we have

0 < [Jo + cwl]* = [[o]]* + 2R (v, cw) + [lew|[* = [[v]]* + 2R(E(v, w)) + |c|*||w][*.

Letting




we find that

2
0 < o2~ 1222
[Jwl]
with equality only if ||v + cw|| = 0 in which case v + cw =050 v = —cw. O

Corollary. Suppose a and b are sequences of complex numbers. Then

i |anbn| < (i |an|2>1/2 (i |bn|2>1/2_

n=0 n=0 n=0

Proof. For any nonnegative integer N apply the Cauchy-Schwartz inequality with (-, -) equal the standard
inner product on C¥,
v = (ag,...,any) and w = (by,...,bn)

and then let N — co. O
The Triangle Inequality. Suppose v,w € P. Then
v+ wl < [[ol] + [Jw]|

with equality only if either v is a nonnegative multiple of w or w is a nonnegative multiple of v.
Proof. Using the Cauchy-Schwartz Inequality we find that

o+ wl? = |[o][* + 2R (v, w) + [[w][* < [Jo]|* + 2[[v]|[[w]] + [lw][* = (]| + |lw]])*.

Suppose equality holds. In case v = 0 then v = Ow so suppose v # 0. Since |(v,w)| > R(v,w) = ||[v||||w]|
we infer from the Cauchy-Schwartz Inequality that w = cv for some ¢ € C. Thus

1+ ellfol] = 13+ )o)l| = [l + cwl] = [[ol] + llew]| = (1 + lef)Jo]
from which we infer that
T4+2Re+ |cP=1+c> =1+ |c))? =1+2|c|+ |
which implies that c is a nonnegative real number. O
Definition. Suppose U is a linear subspace of V. We let
Ut ={veV:(uv)=0foralucU}
and note that U~ is a linear subspace of V. It follows directly from (iv) that

Unu* ={0}.

Definition. We say a subset A of V' is orthonormal if whenever v, w € A we have

1 ifv=w;
(v,w):
0 ifv#w.

Orthogonal projections.
Definition. We say a linear subspace of V is nice if for each v € V' there is u € U such that
(2) [lv —ul| <|lv—a|| whenever @ € U;
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that is, no point of U is closer to v than u.
Suppose U is a nice linear subspace of V.
Proposition. Suppose v € V and u € U. Then (2) holds if and only if
(3) v—ucU™t.
Proof. We have
(4) o —wl[* = [|(v = u) + (u—w)[[* = [Jv — ul|* + 2R(v — v, w) + [[u —w|* forweV.
If (3) holds and @ € U we set w = @ in (4) and infer that
o —all* = [Jv —ull* + |Ju — al|* > [jv - u||*

so (2) holds.
Suppose (2) holds and 4 € U. For and t € R and ¢ € C we set w = u — tcu € U in (4) and obtain

o —ull® < flv—wl|* = |lv — ul|* + 2tR(v — w, ct) + ¢*]|cal|*

0
0 < 2tR(v — u, cit) + t3||cal)?

so R(v — u, ct) = 0. Letting ¢ = +i we infer that (v —u, @) =0. O
Proposition. Suppose v € V and, for j = 1,2, we have
u; €U and |lv—u|| <|lv—a| whenever aeU.

Then
Up = ug.

Proof. From the preceding Proposition we obtain
(v—wu1,4) =0 and (v—ug,4) =0 wheneveraecU.

Subtracting we obtain
(ug —ug,u) =0 forallaelU.

Now let &t = u; —us. O
In view of the preceding Proposition we may define the map
P:V U,
callled orthogonal projection of V onto U, by requiring that
v—PveUt wheneverveV.

We define
PtV Ut

by requiring that
Ptv=v—Pv whenver veV.

Theorem. We have



(i) P is linear;
(i) Po P = P.
(iii) (Pv,w) = (v, Pw) whenever v, w € P.
(iv) U™ is nice and P+ is orthogonal projection of V onto U+.
() [[olP? = [[Pe]? + || Po| ]| for any v € V.
Proof. All this follows from (3). Suppose v,w € V and ¢ € C.
Then (v + cw) — (Pv + cPw) = (v — Pv) + ¢(w — Pw) € Ut so P(v + cw) = Pv + cPw so (i) holds.

That Pu = u for u € U is immediate and this implies (ii).
We have

(Pv,w) = (Pv, Pw + P*w) = (Pv, Pw) = (Pw, Pv) = (Pw, Pv + P1v) = (Pw,v) = (v, Pw)

so (iii) holds.
If w € UL we have
(v — Ptv,w) = (Pv,w) =0

so (iv) holds.
Finally

[0][> = [|[Pv + Pol|* = || Pol[* + 2R(Puv, P~o) + ||[PLo||* = [|Po]|* + || P .
O

The Gram-Schmidt Process. Suppose P is orthogonal projection on the nice linear subspace U of V,

4eV ~U,U={u+ct:ce C} and

Pv=Pv+ Trj |u2)ﬁ whenever v € V.
@

Then U is nice and P is orthogonal projection on U.
Proof. Easy exercise for the reader. O

Remark. If U = {0} then P =0 so

V)

[l
and P is orthogonal projection on the line {ci : ¢ € C}.

Proposition. Suppose U is a finite dimensional linear subspace of V. Then U is nice.
Moreover, if B is a finite orthonormal subset of U and the number of elements in B equals the dimension
of U then
Pv=>Y (v,uu and [[Pv|[>=>|(v,u)]® wheneverve V.
ueB ueB

Proof. Standard linear algebra together with the Gram-Schmidt process may be used to produce B as
above and to show that B is a basis for U.
Let
Lv = Z(v,u)u forveV.
uEB

Suppose v € V and @ € B. It is evident that (v — Lv, @) = 0 which, as B is a basis for U, implies that
v—LveUt; thus P = L.



Finally, if v € V we have

ueB ueB
= Z (v,u) (v, @) (u, @)
u€EB, WEB

The real stuff.

Definition. Given a real number P, we say a complex valued function f on R is P-periodic if
flx+P)= f(x) forallxzeR.

We let
P

be the vector space of complex valued 27-periodic functions on R which are integrable over any bounded
interval.

Definition. For f,g € P we let

()= [ st de
We have already shown that (-,-) is, essentially, a Hermitian inner product on P.
Definition. For each n € Z we let
E.(z) =€, C, forxeR;
evidently, E,, € P.

Proposition. Suppose A € C ~ {0}.

b s eAT b eAb _ pAa
e dl' = =
i Al A

Proof. Since

d Az
d—eA = forzeR
T

the Proposition follows from the Fundamental Theorem of Calculus.

Corollary
1 if m=n,

(Enu En) =27 {

0 else.

Remark. Thus the the set {ﬁEn :n € Z} is orthonormal with respect to (-, ).
For each N € N we let
Tn
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be the linear subspace of Poo spanned by {E,, : |[n| < N} and we call the members of 7y trigonometric
polynomials of degree N.
For each f € P we define

f:7Z — C,

the Fourier transform of f, by letting

f(n)=(f,E,) forneZ.

One of our goals is to reconstruct f from its Fourier transform. As a first step in this direction, for each
nonnegative integer N and each f € P we set

1 A
Pyf=o- > f(n)E,.
In|<N
From our earlier work we find that if f € P then Py f is orthogonal projection of f onto Tn.

Bessel’s Inequality. For any f € P we have
1 .
7 S <P
nez

Remark. Plancherel’s Theorem, which comes later, will give the opposite inequality.
Proof. This follows directly from our previous work with orthogonal projections. O

Proposition. For any f € P and any a € R we have
T+a us
/ f(z)de = f(z)dx.
—m+a -

Proof. Let n be that integer such that
2mn —nw < a < 2mn + 7.

Making the substitution = w — 27n we have
2mn+m T T
/ flx)de = / flw—=2mn)dw = / f(w) dw.
a a—2mn a—2mn
Making the substitution x = w — 27(n + 1) we have
a+2m a—2mn a—2mn
/ f(z) da:z/ f(w—27r(n+1))dw=/ f(w) dw.
2mn+m —T —r

We complete the proof by adding these equations. O

Using this result we now show that the Fourier transform behaves nicely with respect to translations.
Whenever h € R and f € P we define
mnf:R—C

by setting
mf(z) = f(x —h) forz € R;

Evidently, 7, f € P.

Proposition. We have
(1) 7, is linear for each h € R;



(2) Thy © Thy = Thy+ho whenever hi, ho € R;
(3) (tnf,hg) = (f,g) whenever f,g € P and h € R.
Proof. Exercise. O

Proposition. Suppose f € P and h € R. Then

Proof. Exercise. O
Corollary. Suppose f € P and h € R. Then

Py (tnf) = e ™ Py f.
Proof. Just unwrap the definition of Py. O

Definition. For f € P we define
Af:R—-C

by setting
Af(x) = f(—z) whenever z € R;

Evidently, Af € P.
Wesay f € Pisevenif Af = f and we say f is odd if Af = —f. We set

fo=5(f+AS) and fy=(f - A).

Evidently,
feiseven, f,isodd and f=fc.+ fo.

Proposition. Suppose f € P. Then

lef(n) =—f(n) forneZ.
Proof. Straightforward exercise. O
Definition. Suppose f,g € P. For each x € R we set
J2 f@ =g dy if [T [f(z—y)g(y)ldy < oo
frg(x) =
0 else

and we call f * g the convolution of f and g. It is not hard to show that

fxgeP.
Proposition. Suppose f,g € P. Then

Proof. Exercise. O

Definition. For each nonegative integer N we define the Dirichlet kernel Dy by letting

1
DN:% Z E,.
In|<N
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Proposition. Let N be a nonegative integer. Then
(i)
snVi3)e  jr g #0
Dy(z) = % SI 3
2N +1 if x = 0;

0
DN / DN

(iii) Py f = Dy * f for any f € P.
Proof. Suppose N and z € R ~ {0}. Then

(ii) Dy is even,

1 &,
Dy(x) = o Z e
n=—N
1 CiNa 1— (eiz)2N+1
~ o’ 1—ei®

1 efi(N+%)z _ 6i(N+%)x

o % el — ¢l%
3 1
_ 1 sin(N+3)x
2m sin ’

2

and it is evident that Py(0) = 25 so (i) holds.

That Dy is even follows directly from (i). We have

N

o [ Dy(x)de= Y (En Eo) =1

- n=—N

which, together with the fact that Dy is even implies (ii).
To prove (3), suppose f € P and « € R and observe that

PNf 72 f7

In|<N

- Z ( zntdt>
\n|<N -

:/: (;ﬂ > ei”@t))f(t) dt

[n|<N
= Dy * f(z).

The Riemann Lebesgue Lemma. Suppose —oco < a < b < oo and f is integrable on (a,b). Then

b
lim / f(z)sintzdx = 0.

t—o0

Proof. It follows directly from a preceding Proposition that the assertion holds if f is a step function.
Let n > 0. Choose a step function s such that

/ablfSISn.



Then

|/b f(z)sintrdx| = | b[f(x) — s(x)]sintx dx + /b s(x) sin tx dx|
a Z . a
< / |f(z) —s(x)|dx+| | s(z)sintdzx]

<n+| [ s(z)sintxdzl|;

a

for any t € R. Let t — oo and note that 7 is arbitrary to complete the proof. O

Corollary. Suppose f € P. Then R
lim f(n)=0.

[n|—o0
Lemma. Suppose 0 < |z| < 7/2. Then

|sinz| > |].

1
V1472

Proof. Suppose 0 < b < 7/2. If 0 < |z| < b then, by the Mean Value Theorem there is £ € (—|z|, |x|) such
that
|sinz| = |sinz —sin0 = | cos&(z — 0)] > cosb|z]|.

If b < |z| < 7 then

inb
|sinz| > sinb > &m
T
Now let b = arctan7. O

Lemma. Suppose g € P and
9(x)

dr < co.

.

]\}Enoo Pyg(0) = 0.

Then

Proof. Let h: R — C be such that h(z) = 22 if 2 # 0 and h(0) = 0. By virtue of the preceding Lemma,

sinxz /2

2
V1+m?

9(x)

[h(z)] <

ifo<|z|<m

SO

/ﬂ Ih(x)| da < oo,

—T

By the Riemann-Lebesgue Lemma,

s s 1
Png(0) = Dy (x)g(x)dx = / h(zx) sin (N + 2) xdr —0 as N — oc.

O

The Fourier Inversion Formula. Suppose f € P,a € R, LT,L~ € C and

[ e [

flz) = L*

Tr—a

‘dm<oo.
T

10



Then I I+
T+
%I%HOIOPNf( ) 9 :

Very important remark. For example, if f is differentiable at a the hypothesis holds with L* = f(a).

Proof. Let
L=+ LTt
5 .

A:

Let s € P be such that
L=—A if n<z<0,
s(z) =

Lt —A4 ifo<z<nm
and note the s is odd. Let ¢ € P be such that ¢(z) = A for x € R and let

g="T.f —s—c.

We have _ N
/ ‘ / flwta) - L7 ’dw+/ flota = L7)
—T 0 w
a-+m _ +
/ ’dx/ flo) L7
T —a o T —a
< 00.

By the preceding Lemma we have
I\}im Pyng(0) = 0.

Suppose N is a positive integer. Since s is odd and Dy is even we have that Dys is odd so

Pns(0) = ' Dy (z)s(z)dx = 0.

—T

Moreover,

Pye(0) = A Dy (z)dx = A.

It follows that
]\}im Py1of(0)=A

But
Pn7,f(0) = Z Taf(n) = Z ei"“f(n) = Py f(a).

In|<N In|<N
0O

Proposition. Suppose m is a positive integer, f € P and f is m times continuously differentiable. Then

Fom (n) = (in)™ f(n).

Proof. We use integration by parts to obtain
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Thus the Proposition holds if m = 1 and follows for arbitrary m by induction. O

Remark. A good way to look at this is to note that

f'=lim - (T nf—1)

and then to recall that 4
Tnf=e"f

Corollary. Suppose m is a positive integer, f € P and f is m times continuously differentiable, N is a
nonnegative integer and x € R. Then

‘f(x)_PNf( )‘— 2m1||f H

xf TN
Proof. Note that

S bl < (z ) " (z w) "

neZ neZ

whenever a and b are complex valued functions on Z; that

oo

2m = 2m . Nom—1’
Mol N N
and that, by Bessel’s Inequality, R
S < 1R
|n|>N

Suppose z € R. From the Fourier Inversion Formula we have that

fl@) = Pyf(z)= lim > f(n

N<n<M

Moreover, Suppose O and N are positive integers and O < N.

S B =] 3 ﬁf@(n)En(m)

N<|n|<O N<|n|<O
1/2 1/2

DR I I SRFIRIT

N<|n|<O [n|>N

A

IN

aw t-

el

O

Corollary. Plancherel’s (or is it Parseval’s?) Theorem. Suppose f € P and

JICR

I£1I? = Z |f(n

nEZ
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Proof. That the right hand side does not exceed the left hand side is Bessel’s Inequality. To prove the
opposite inequality one combines an approximation argument with the Fourier Inversion Formula.

Theorem. Suppose f,g € P, M is a positive integer

—T<a <ag<---

ag = ap

f'(z) = g(x) for z in any of the intervals

(a07a1)7 (a17a2), ceey

and the limits

lim g(z),
zTaj
exist for j=1,..., M.
Then the limits
hTm f(@),

exist for j =1,..., M and

(fs Bn) =

where

Jy = lim f(@) = lim f(z),

zTa;

Proof. For any j =1,..., M we have

/ailf(x)e_mm dx
_ / f(x)d(e::;) da
e

s (

e—inm
—in
1
= |
in (uy}xﬂ E
M. O

Now sum over j =1,...,

Example. Let f € P be such that

flxy==z if

Then f(0) = 0 and
2w

(aJ 1) — ilm f(z

<G,M§7T,

— 2,

(apr—1,an)

lim g(a)

xlaj

lim f(2)

zla;

j=1,...,M.

( _ )dw
—in

—nm<ax<m.

f(n) = (=)™ ifn#0.

To see this let M =1 and let a; = w. Then J; =
(fvl;n) =
where g € P is such that g(z) =1 for —7 < z < 7.

Corollary.

=1
IR

n=1

Proof. Let f be the member of P such that f(z)

13

in <(g, E,) - 2#%) = 277,i

—2m so if n # 0 we have

71 n+1
(=1

2

En(aj) / f'(x)e " dm) .

O

=z for x € [—m,7) and apply Parseval’s Theorem. 0O



