
Theorem. Suppose f is a 2L-periodic function, n is a nonzero integer, M is a positive integer,

−L ≤ a1 < a2 < · < aM < L,

a0 = aM − 2L,

f is continuously differentiable on the intervals

(a0, a1), (a1, a2), . . . , (aM−1, aM )

and the limits
lim
x↑aj

f ′(x), lim
x↓aj

f ′(x)

exist for j = 1, . . . , M .
Then the limits

lim
x↑aj

f(x), lim
x↓aj

f(x)

exist for j = 1, . . . , M and

(f,En) =
L

iπn


(f ′, En) +

M∑

j=1

JmEn(am)




where
Jj = lim

x↓aj

f(x)− lim
x↑aj

f(x), j = 1, . . . , M.

Proof. For any j = 1, . . . , M we have

∫ aj

aj−1

f(x)e−inπx/L dx

=
∫ aj

aj−1

f(x)d
(

e−inπx/L

−inπ/L

)
dx

= f(x)
(

e−inπx/L

−inπ/L

) ∣∣∣
aj

aj−1

−
∫ aj

aj−1

f ′(x)
(

e−inπx/L

−inπ/L

)
dx

=
L

inπ

(
lim

x↓aj−1
f(x)En(aj−1)− lim

x↑aj

f(x)En(aj) +
∫ aj

aj−1

f ′(x)e−inπx/L dx

)
.

Now sum over j = 1, . . . , M .
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