Math 211, Fall 2008, Duke University

1 Integrating First Order Ordinary Differential Equations

1. Integration: If you are solving a specific initial value problem, use definite integrals. If you are finding a general
solution of an ODE, use indefinite integrals. When calculating an integrating factor, use an indefinite integral and drop
the “+C.” If you get confused by using too many different letters for dummy variables of integration, use CAPITALs:

dy _
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Sy = /zgm ax + o
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Review the various methods of integration: partial fractions, trigonometric substitutions, integration by parts,

etc.

2. Deriving ODFE’s:
etc. Remember that “rate of change of y(t)
dy/dx = tan§.

b2

3. Determine the appropriate way to solve the problem by
identifying the type of the ODE:

’First, put the ODE in standard form: ‘1 2

dy _
de

’then check the type of ODE: ‘
a) Is it simple?

H(z,y)

dy
dr f(@)
Just integrate.
b) Is it separable?
dy _ fla)
dr g(y)

Separate x’s and y’s and integrate.’
c) Is it linear?*
dy

Lt Py = QM)

Calculate integrating factor | p(z) = e/ P(*) 4% | then multi-

ply the ODE across by p(x), let | w = p(z)y | and integrate
the resulting simple ODE for w(z):

d
= = p(@)Q(x)
If these don’t work, try:
d) Is it Bernoulli?
d
2+ Py = Qa)y"
Let and multiply the ODE to get a linear ODE
for w(z).?
e) Is it homogeneous?°
dy y
Y _p(
dx (x)

Let to get a separable ODE for v(x).
If these don’t work, try:
f) Is it upside-down?
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Use the given assumptions appropriate for the science in the problem — chemistry, physics,
means dy/dt For geometry, remember that the derivative is the slope,

Integrate the easier ODE for z(y) to get an implicit solu-
tion. For homogeneous ODE, let .

g) Does the ODE look like it came from a product rule
or chain rule for a derivative? — Try to undo it!

h) Fancy substitutions: If you see some “interesting”
combination of g’s and x’s inside a exp, sin, cos, or etc,
try to let w =“the combination of variables.”

i) Existence and Uniqueness: Does a theorem say that
no solution exists? or more than one solution exists? Does
%—I; blow up?

Some ODE’s fit into several types, they can be solved in
several different ways. Try these:
1) Use (b), (e) for

2) Use (d), (e) for

3) Use (e), (f) for

Notes

1 Standard form means: no factors multiplying the derivative, all
else on RHS.

2These techniques are arranged in order of (usually) increasing dif-
ficulty to integrate, so try to use the first method that applies to your
ODE.

3 Formally true, but recall full details: reduce (b) to a simple
ODE (a) by multiplying across by g(y) and using the chain rule to
get the ODE for w(x):

w=[oww=cw) - =@
-

4linear in y(z).

5The Bernoulli approach doesn’t work for n = 1 (separable (b))
or n = 0 (linear (c)), but you already know how to solve these cases.

6A good way to test if the ODE is homogeneous is to plug in
y = vz and see if the right-side is F'(v) (no y’s or z’s alone).



2 Basic algebra of Complex Numbers

Standard form: « and b are real numbers”
z=a+1ib=Re(z) +ilm(z)

Complex conjugate

Absolute value®

All about 4:°

= —i i2=-1 i3 = —i

Euler’s equation!®

et = coso9+isin0‘
Deriving trig identities:
610 4 6—19 0 __ 6—19
cosf = sinf =
2 2i

einf — (ew)”
cos (nd) + isin (nf) = (cos @ + isinh)"

Expand!! the right-side and separate Re and Im parts. Ex:
cos (20) = Re((cos 0 + isin §)?).

Rectangular and Polar forms

z=a+ib=re? Z=a—ib=re "

Converting rectangular to polar
r=lzl=va?+b> >0

Converting polar to rectangular

6 = tan"'(b/a)

a=rcosf b=rsinf

Division B )
1_ 2z 1 _4p_ a—ib
z |22 r a2+ b2

What are they good for?

Polar: multiply, divide, powers, “easy angles
Rectangular: add, subtract, separate Re and Im parts,
“hard angles!3.”

12 »

Solve z™ = 1 really means:

n 2wk

solve Z=e

Let , then take (both sides)!/™ and the solu-

tions are
ze=e*  withk=0,1,2,...,(n —1)

Ex: n=05,80 ¢ =27/5 ="T2°.
LA

T . :/(\O 20
v,3/’// \
\,
Solve z™ = a + ib really means convert w = a+1b to polar
w = re'? and solve

= 7’6“9627”“ _ 7,,ez(9+27rk)

taking (both sides)'/™, let o = #/n, then

2, = rt/meilatks)

2 :

so the roots get stretched by r*/™ and rotated by angle a.
Finally, solving (z — ¢)™ = a + ib gives solutions that are
translated by c: zi, = ¢ + ri/meil@the)

1/n

Notes

7a is called the REAL part of z, b is called the IMAGINARY part
of z.
8 Also called the length or modulus.
90dd powers are imaginary, Even powers are real.
10k = 0,41,%£2,... (k can be any integer).
1 Remember the binomial expansion?
12 Angles like 30°,45°,60°,90°, ...
13 Angles where you’d have to look up sin and cos.



