Math 211, Fall 2009, Duke University Lecture 26
1 The Laplacian in different coordinate systems
e Rectangular coordinates (2D) u = u(z,y) or (3D) u = u(x,y, 2)
2 2 2 2 2
e Cylindrical polar coordinates (2D) u = u(r,8) or (3D) u = u(r,0, 2)
x =rcosf y =rsinf 2=z
r=+22+y> 0 =arctan(y/z) 2=z
2 2 2
e Spherical polar coordinates u = u(p, 6, @)
x = psin ¢ cos y = psin¢sinf 2 = pCos ¢
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Viu = ig (p

1 0%*u

1 0

i p?sin® ¢ 062

T Psin ¢ 09

(Sin Qﬁg—z

)

2 ODE BVPs from Separation-of-Variables for the Helmholtz eqn V¢ =

—\o

General self-adjoint eigenvalue problems
Sturm-Liouville equation on a < x < b

Ly = —)Xo(z)y

4 (sz) +a(e)y = ~do(@)y

Singular problem:
If p(a) =0,thenno BCat z = a

(similar at © = b)

General solution (homogeneous solution)

’yh(x) = dywi (x) + daws(x) ‘

Homogeneous BC’s select the eigensolns (/\n7 yn(x))
for n =0,1,2,... from the general solution.

Inner product with weight function o(z)

b
(o o) = / U (@) ()0 (&) d

Orthogonality (yn, ym) =0if n #m

Norm ||y774||2 = <yn7 yn>
Series expansion, coefficients
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2) Rectangular coordinates: f(x),g(y) or g(6)

Harmonic oscillator equation on 0 <z </ ) = /é @ ()
0
y'=-X\y Useful formulas:
SL coefficient fens: p(z) =1, ¢(z) =0, o(z) =1 sin (nm) = 0, cos (nm) = (—=1)"
General solution A > 0
aeliclal sOULLION sin ((Qn;-l)ﬂ) _ (—1)”, COS ((271-51)#) =0

yn() = di cos (VAz) + da sin (VAr) l1sin (VAz)||” = ||cos (VA)[ = £/2,  A>0

2=¢  (cos(vVAz)=1, A=0)

Inner product with weight function o(x) =1

3) Polar coordinates (Laplace): f(r) Inner product with weight function o(z) = 1/x
Cauchy-Euler equation on a < x <b .
1
= i) = [ vol@n (o)} do
SL coefficient fens: p(z) =z, g(z) =0, o(z) = 1/x Useful formulas:

Singular at = 0: p(0) =0
General solution A > 0, (m = +iv/\)

yn(z) = dj cos (\Aln (z)) + da sin (\Aln (z)) [|sin (VAIn (x))HQ = [ cos (VAIn (55))H2 = %ln (b/a)

(oy') = -\ y

4) Polar coordinates (Helmholtz): f(r) Inner product with weight function o(x) =
Bessel’s equation of order kona < x <b

b
2% + 2y — Ky = —da?y] a

Useful formulas:
SL coefficient fens: p(z) = z, q(v) = —k?/z, o(z) = 2
Singular at z = 0: p(0) =0 (zy') — (k*/x)y = —Azy
General solution A > 0

Jo(0)=1,  J5(0) =
yn(z) = diJ(VAz) + do Y (V) Jr(0) =0,  Yi(0) = —oo, k=1,2,3..

5) Spherical coordinates: g(¢) Useful formulas:
Legendre’s equationon —1 <z <lor0<x <1

(900) = yleoss), v =cog)

(1 —2dy) = -y

(singg’) + Asingg =0

SL coefficient fens: p(x) =1 — 22, g(z) =0, o(z) =1 « C o1
’ ) P = 1 1 +1) =
Singular at z = £1: p(+1) =0 A(@) poynomiat QD

General solution A > 0 For —1 <z <1 (no BC’s needed)

(@) = diPx(x) + d2Q, () | An=nlntl) (@)= Fu@), n=012..

For0<z<1
Inner product with weight function o(x) =1

y'(0) =0, An = 2n(2n + 1), Yn () = Pan(z)

i) = [ (el (2) d YO =0, Ay =24)@n+),  ya(@) = Ponsi ()

1

A > 0 Oscillatory solutions | A < 0 Non-oscillatory solns
Harmonic, f(z), g(6) sin(vAz), cos (VAz) sinh(axr), cosh(ax) or e*o®
(

Cauchy-Euler, f(r) sin (VA Inr), cos (VA Inr) re @
Bessel order k, f(r) T(VAr), Y (V) L, (VAr), Ke (VAr)
Legendre, g(¢) P, (cos ¢),Q,,(cos $) —




