Math 211, Fall 2009, Duke University

Vector Derivative Identities and Properties

F(z,y,2) = P(z,y,2)i + Q(z,y,2)j + R(z,y, 2)k

=10, + jo, + ko,

grad f=Vf= —f i+ g—f + g—ﬁk (vector)
oP 9Q OR
divF=V. F_87x+87y+£ (scalar)
i j k
curl F=VxF=1|9, 9, 0, (vector)
P Q@ R

F, G: vector fields, f: scalar function, v: either

1. Orthogonality of the gradient to level curves or
surfaces: Vixo) L {f(x)=fo} at xg

2. Vector forms of the product rule:

V- (fF)=F-Vf+fV-F (12)

x (fF)=(Vf)xF+ f(VxF) (1b)
(G-V)F+Gx (VxF)

VEG=  pociFxwxa 19

V- FxG)=(VxF)-G-F-(VxG) (1d)
_ (G-V)F - (V-F)G

VXEXG = p.vig+(V.QF (1e)

V- (FG)=(V-F)IG+ (F-V)G (1f)

3. The curl-free property of gradient fields (Vf):

4. The divergence-free property of curl fields (VF):
V- (VxF)=0]

5. div(grad)=Laplacian:

CEZEIEY

6. curl-curl-grad(div)-Laplacian:
|V x (VxF)=V(V-F) - V°F

Review of Vector Calculus

Integral Theorems of Vector Calculus
Green’s theorem in the zy plane

For region D inside closed-curve C' with no singularities of

P, Q inside C:

chdeery://D <E;Cj@a]y3) dA

If singularities are present, then the values of the line and
double integral are not promised to be equal.

2D Vector versions of Green’s theorem
In the zy plane, with F = (P(x,y), Q(z,y),0):

¢ 2D Stokes’ theorem (Green’s Work Theorem)

%F-tds:/ (VxF) -kdA
C D

unit tangent vector, t = (z/(¢), y'(t))/|x'(t)]
¢ 2D Divergence theorem (Green’s Flux Theorem)

fF~nd5://V~FdA
c D

—2'(1))/1x'(1)]

j{C—le’-i-de://D(Pw‘f'Qy)dA

3D Stokes’ theorem: Surface S with edge curve C'

}I{F-tdSZ/ (VXF) -ndS
c S

Surface integral: n is the “right-thumb” unit normal to S
with edge curve C with fingers gripped in the direction of C

Work =

Flux =

unit outward normal vector, n = (y'(¥),

Work =

3D Divergence theorem: Volume D enclosed by

closed surface S
//F-ndSz///V-FdV
s D

Line integrals on parametric curve C = {t: a — b}
y =),

unit tangent t = x'(t)/|x’(t)|, arclength ds = |x'(¢)| dt

Work:/F~tds:/F~dx
c c

b
/ F(x(t)) - x' t)dtz/de—&-Qdy—&—Rdz
a c

Surface integrals

Fluxz//F-ndSz//F-dS
s s

Flux =

x = xz(t), z = 2(t)




Parametric curves

Position
x(t) = (x(t),y(1), 2(t))
Velocity
dX ! / /
= = (.Z’ (t)’y (t)az (t))

v(t) = i

unit Tangent vector

E=VE N0

In 2D: unit tangent and normal t -n =0
04 ) M 77 O R )

z'(t)? +y'(t)? z'(t)? + y/'(t)?

Product rules applied to parametric curves x = p(t), x

q(t) and scalar function k(t)

d dk dp
Z(kp) = —p + k— 2
dt( P) e e (2a)
d dp dq
Zlp.q) = £ . .4 )
dt(p q) o AtP (2b)
d _dp dq
@(pXQ)—EXqupXE (2¢)

Surface integrals: list of unit normal vectors n

Parametric surface: = = x(u,v),y = y(u,v), z = z(u,v)
ox 0x N
N=_—x_— ==
Bu " v 7 " |N|

Graph of fen: z = g(z,y)
(_ng —Gy> 1)

n=——>—>°>=-_°+
\J1+92+92

Plane: ax + by +cz=d
(a,b,¢)

n= —"> >+
Va2 + b2+ c?

Sphere: p=a
1
n= E(xayvz)

Circular cylinder: r=a
n x 0
'Y,




