Math 211, Fall 2009, Duke University Lecture 2

Review of key parts of Matrix-Vector Eigenvalue Problems (Linear Algebra)

e Let L be a n X m square matrix (L for Linear operator)

e The eigenvalue problem for L:

Lo = Ag @] # 0

In each of the i “special directions” (eigenvectors ¢, ) the action of L is

to stretch ¢, by factor Ag (the eigenvalue), without rotating the vector.

e Characteristic polynomial for eigenvalues A1, A2y« , Ay

p(A) = [L—ATl|  p(Ax) =0

e Inner products are used to define orthogonality, adjoints, norms

e For real vectors, x,y € R"™, use the real inner product:
(X%,y) =x-y

e For complex vectors, x,y € C™, use the complex inner product:
(x,y) =x-¥



Important results

e The adjoint L" is defined by the inner product relation

(y, Lx) = (L'y, x)

— Using the real inner product: L* = LT
— Using the complex inner product: L* = L7

e The adjoint matrix may have different adjoint eigenvectors 1),

but has the same eigenvalues A (conjugated)

L*¢k — A—kwk

e The orthogonality relation for A; # Ag.
From ¢j - (Lo, = Apdy) — Oy, - (L*¢j — A_j¢j):

(Yj,P1) =0 > Y; L o

e If L is self-adjoint, L* = L, then

All Ag are real and Each ¢, = ¢,




Completeness: {¢, } is a complete basis set if every given vector x € R™ can be

written as a linear combo:

= <¢'7X>
X = Cr @ — use (., X) — Cs — J
,;1 Rk ! T (e 95)

Then, we can use this to solve the linear equation |Lx = Db

for unknown x as an eigenvector expansion:

Multiply by each 4, for j = 1,2,..-n | So the formula for the coefficients is
<¢j7LX> — <¢jab> c. — <¢jab>
;= =
(L*lbja X) = Aj <¢ja ij)
<>‘—j¢ja X) = If L is self-adjoint, this reduces to
X (5%) =
rc‘Z'ﬂ J;b ) = (¥;,b) cj = ()
L) = . . —
R ’ T llglP







