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1. MARKOV TRANSITION FUNCTIONS AND MARTINGALE PROBLEM

Let (S, %) be a separable complete metric space with its Borel o—
algebra %.

Let P be a Markov transition probability function (t.p.f.) on (S, %),
and let L = P — I its generator.

We will use {X,,} to denote the Markov chain on S associated to P,
so that

Eo[f(X,)] = / F ()P (. dy) = P"f(z)

The shifting operator 6 on path-space S7+ is defined by X, (6(w)) =
Xpt1(w) for all n € Z. The natural history of X is the filtration
{Zn}, Fpn=0(Xp:m<n).

Recall that {X,, %, : n € Z,} defines a Markov process on path
space (S%+, %%+) if and only if, for any bounded measurable func-
tion f on (S, %),

Eulf (Xeys)|F] = Ex, [f(Xs)] = P(f(X4))

Given a bounded measurable function h, we define a transition kernel
Iy, in S by

Inf(x) := h(z) f(x)
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2 OLIVER R. DIAZ-ESPINOSA
Theorem 1.1. Let {X,,,.%, : n € Z,} be an adapted process. X is a

Markov process with transition probability function P if and only if for all
bounded measurable function f on (S, %)

t—1
My = f(X0) — f(Xo) = S LF(X),  My=0
s=0

is a martingale w.r.t. {F}.

Proof. Necessity: Suppose {X,,, %, } is a Markov process with t.p.f P. Then,
by the Markov property

E[Myp1| ] = E [f(XtH) — f(Xo) - ZLf(Xs)L%]
s=0
t—1
= Pf(X)) = f(Xo) = > Lf(Xs) = Lf(X))
s=0
= M+ Pf(Xy) — Lf(Xy) — f(X¢) = My

Sufficiency: Suppose {M,,,.%,} is a martingale. Then

t—1
ELf (Xe4r) |F7] = My + f(Xo) + E[ Y LF(X,)| 7] M
s=0
r—1
+ [E[ZLf(XS oet)p@t] (2)
s=0
r—1
= f(Xe) + E[ Y Lf(X, 06,)| 7] 3)
s=0

Define L = P — I and notice that for r = 1, (1) takes the form
E[f(Xe)| ] = f(Xo) + E[Lf(Xy)| 7]
= f(Xy) + Lf(Xy) = Pf(Xy).

By induction, assume that E[g(X.ys)|#] = P°g(X;) for all bounded g and
1 < s < r. Then,

r—1 r—1

Ff (X)) = (X0 +E[ L (Xoud)| | = F(X0) + 3 (PPLf)(X0)

= f(X)+ Y (P = P*)f(Xy) = PT(X0)

Therefore, X is a Markov process with t.p.f. P. O
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2. OPERATORS ASSOCIATED TO MARKOV OPERATORS

e For any A € #, define the stopping times

og=inf{n >0: X, € A}; (4)
called first hitting time of A, and
T4 :=inf{n > 0: X, € A}; (5)

called first return time to A. Denote by L(z, A) = E,[T4 < 00].
e Observe that cpo00 =714 — 1
e The point process

n(A)=> 0x,(A), Ac#
n=1

counts the number of visits of the chain X to a given set A.
e The expected number of returns of the chain X starting at x, A —
U(z,A) = E4[n(A)], defines random kernel from S to itself.

Lemma 2.1. L(z, A) > 0 if and only if U(x, A) >0

Proof. From the definition of U, it follows that U(x, A) > 0 if and only if
Px[n(A) > 0] > 0. Since

Lra<oo} = Ln(ay>0p = Ty,5, (xnea}
the conclusion follows immediately. O

e Suppose 1" is a random variable in Z, and that T is independent
from the chain X. If a(n) = P[T' =n|, n € Z,, then
o
Ko(2,A) :=P,[Xp € A=) a(n)P"(x, A)

n=0
is a Markov kernel on (5, %#).
Theorem 2.2. Let ¢ > 0 and A € A. Assume that ) a(n) = 1 and

)
a(n) > 0 for alln € Zy. Then, L(x,A) > 0 for all x iff K,(x,A) >0 for
all x.

Proof. Necessity: Clearly U(z, A) > 0 implies that K,(x, A) since a(n) > 0
for all n.

Sufficiency: Observe that K,(y,A) > 0 for all y € S\ A implies that
L(y,A) > 0 for all y € S\ A. By the Markov property,

L(z, A) = P,[X; € Al +P,[X; € A%, 74 < 9]
— Pld)+ [ Ly APy,
S\A

Therefore, L(xz, A) > 0 for all z. O
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e Give a stopping time 7', we define a transition kernel Pr in S by

Prf(z) = B [f(X1)L{r<o0)]
e Let D € & and p be a function on S such p(z) + 1 # 0 for any
r€eS.
2.1. Balayage operator.
e The balayage (scanning) operator P, pe is defined by
Pupe = (Iss,P)"Tpe (6)
n>0

where ¢ = (1 + p)~ L.
e Given a bounded measurable function ¢ in S, it is easy to check that

opc

P;L,ch(x) =k, [g(XUDC) H(l + :U'(Xk))il ]l{aDc<oo}]
k=1

e It is easy to check that
(L1, P)By.pe = Byu,pe — Ipe (7)

e From (7) it follows that h(x) = P, peg(x) solves the Poisson bound-
ary problem

w(x)h(x) — Lh(z) = 0 xeD
h(z) = g(z) z=e€ D

Example 2.1. Suppose S = T'UT, ' = AU D, where AN D = (). The
solution to the Poisson problem

(u—L)h(x) = 0 zel
h(z) = 1a(z) zeTl*
denoted by hi p is called the p—capacitor of A with respect to D.
Hence, Iy () = P, rela(z) and clearly

hi,D(x) = L, [(1 +u) %04 < UD]
= 1a(z) +1r(@)Pa[(1 4 p) ™74 < 7D)
2.2. Killing operator.
e The killing operator G, pe is defined as
Gupe = Z (IdﬂlDP)nIdﬂlD = ZIdﬂlD (PI¢>]1D)n
n>0 n>0

where ¢ = (1 + u)~ L.
e Given a bounded measurable function g in S, it is easy to check that
ope—1 k
Gupeg() = Ex| > g(x) TT(+ (X)) 7|

k=0 =0
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e It is easy to check that
(Up1p P)Gppe = Gu,pe — Ipa, (8)
e Irom (8) it follows that f(z) = G pcg(x) solves the Dirichlet
problem
p(x)f(x) — Lf(x) = g(x) €D
flx) = 0 x € D¢

Example 2.2. Let wy(x) := E;[04]. Observing that
oa—1

wa(z) = [Ex[ Y 1(X))] = Gal(a),

§=0
we have that w4 solves the Dirichlet problem
—Lw(x) = 1(z) xe€ A°
w(z) = 0 reA
2.3. Taboo operator.
e The taboo operator U, pe is defined as
-1 -1
Uppe = (PIyn,)" P=Y P(Iy,P)"

n>1 n>1
where ¢ = (1 + p)~ L.
e For any bounded measurable function g on S it is easy to check that

Tpc n—

1
Unpeg(e) = B[ D g(Xa) TT(1+ (X)) ]
n=1

J=1

e It is clear that
TD(:fl

Voo Ipeg(@) = Er[9(Xrpe) T (4 m(X0) " Lrpecocy
j=1

e The balayage and taboo operators are related by the equation

PMDC =Ipc+ I(z)]lDU,u,DCIDC

2.4. Potential operator.
e The u—potential operator with respect to P is defined by
n
Gu=2_ (IeP)"Is

n>0
where ¢ = (1 + u)~ L.
e Given a bounded measurable function g on .S, we have that
k

Gug(x) = Eo [ 3 g(x) [T (1+ (X)) ']

k>0 §=0
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e It is easy to check that
I,PG, =G, — 1y
o It follows that f(z) = GLg(x) satisfies

(n(@) = L)h(x) = g(=)

3. MAXIMUM PRINCIPLE

Combining the killing and balayage operators we obtain the following
result

Theorem 3.1. Let ¢ : D — [0,00) and ¢ : D¢ — [0,00) measurable. If
Pylope < 00| =1 for all x € S, then

O'Dc—l

h(w) = Gpee(@) + Poed(a) =E[ Y. e(Xe) + 6(Xope)Ligpecasy]  (9)

k=0
1$ a unique solution to the problem
—Lh(z) = c¢(x) z€D
h(z) = o¢(x) =€ D

The following results are known as the maximal principles for Markov
chains

Theorem 3.2. Let ¢ and ¢ and h as in Theorem 3.1. If u: S — [0,00)
satisfies
—Lu(x)

u(z)

then, u(x) > h(x) for allz € S.

clx) €D

¢(x) = e D¢ (10)

AV

Proof. For each n € 7 define the nonnegative sequence

|:Z Xk Il{k<UDC} +¢( UDC)]l{chc<n}]
k=0

Observe that hg = 0 and that

= (nz:lID(PID)kC) (Z (IpP) IDr )( )

It follows immediately that h,yi(x) = Phy(z) + ¢(z) for all z € D and
hp+1(z) = ¢(z) for all z € D¢; moreover, by monotone convergence, h,, /* h.
If u satisfies (10), then h > hg = 0; and by induction, v > w, implies
u>Pu+c>Phy+c=hppponDandu > ¢ = hyy1 on D Therefore,
u > lim,, h, = h. O
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Theorem 3.3. Suppose {X,, #,} is a Markov process with t.p.f P. Let
D be a bounded open domain and assume that Plope < ool = 1. If u is a

bounded nonnegative functions such that Pu(x) > u(z) on D, then

sup u(z) < sup u(x)
xeD reDe

Proof. We first show that {u(X7P), ﬁn} is a submartingale. Indeed,
My, = u(X;) — u(Xo) ZLU My=0

is a martingale. Hence,
opcAn—1
w(X7Pe) = M7P*+u(Xo)+ ), Lu(X)
s=0
opeA(n—1)—1
> MP* +u(Xo)+ Y. Lu(X,)
s=0
= M — M u(X]2))

Since (MjP°,.%#,) is a martingale, then

Fo[u(X3P9) 1] > u(XIP5).

n—1

Consequently, {u(X;”), #,} is a submartingale. Hence,

£, [U(XaDc/\n)] > |E$[U(XO'DC/\0)] = u(x)

By Doob’s optional time theorem and dominated convergence we conclude

that
Erlu(Xo,e)] > u(x), xes.

Therefore, for any = € D, sup,ecpe u(y) > Ex[u(Xspe] > u(w).

4. DUAL PROCESS

e For any o-finite measure on (5, %) we use the notation

wpi= [fan. (g [fim. wpyie [Pram
e m is an tnwariant probability measure for P if
mP f:=mf f € Li(m).
o It is easy to see that ||Pfl|l2 < ||f]]2 for any f € Lo(m), for

/‘/f Pla,dy)| m(dr) < //If(y)IQP(x,dy)m(dx)
_ 2
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e The adjoint operator P* is the the unique operator on L9(m) such
that

<Pfyg>m:<fap*g>M7 f7g€[’2(m)
e It follows immediately that P*1 = 1.

Lemma 4.1. Let %, = 0(Xy : k > n). Then
E[f (Xn)[Fnt1] = P f(Xn41)

Proof. Let f and g be bounded measurable functions on (S, %) and on
(S7+, B%7+) respectively. Let 1(x) = E,[g(Xo, X1,...)] = E4[g(X)], then
by the Markov property
Enlf(Xn)g(X 00n11)] = Em[f(Xn)Ex,..[9(X )]]
= En[f(Xn)Y(X106,) } Xn)Py(X,)]
(P ohpers = EnlP* (X 90T
= En[P*f(Xn41)9(X 0 0np1)]
Therefore, E,, [f(Xn)|%+1] = P*f(Xp+1). O
e The process {}7”} with probability transition function P* is called
dual process.
e Since P* is a contraction, so is P* and || P||z = ||P*||2. Moreover, if
h is harmonic, i.e. Ph = h, then P*h = h, and {h(X,,),%,} is a
reversed martingale w.r.t P,
e In discrete state space S, the duality relation between P and P* is
equivalent to

m(j)p(j,i) = m(i)p* (i, 4), i,j €S
5. CAPACITY

The p—potential measure of A with respect to D is defined as e} ,,(z) =
(n— L)hi,D(ﬂf)-
o ¢/}, satisfies

(1+p)(1 =P [(1+p)"™;74 < 7p]) e A
eZ,D(d’j) = _(1 +IU)IP$ [(1 +M)7TA;TA < TD] xe D
0 zel

e Hence by ;, solves the equation
(n— L) p(x) = Ta(x)ey p(2) z € D"
Myplr) = 0 x€D;

e Consequently, hi’D(a:) = (GM,DllAejD)(a:).
e It is clear that if 4 > 0, then €’} ,(z)La(z) >0
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Assume P has a (unique) invariant probability measure m. The y—capacity
of A with respect to D is defined by

cap“(A,D):/Aei’D(x)m(dx) (11)

e For = 0, we have the following probabilistic interpretation:
cap(A,D) = / ea,p(x) m(dx)
A
= /(1 — Pylta < 1p])m(dz) = Py, [Xo € A, 7p < T4]
A

e When p = 0, observe that
1—hap(x) = Pzlop <oa]l=hpa(x)

e Since L1 =0 and [ Lfdm =0 for any f € Ly, we have

/eA,de:—/eD,Adm:—/eD,Adm—i-/ ep,adm
A A ¢
:/evadm-i-/ eDvAdm:/ ep,adm
T D D

e Hence, cap(A, D) = cap(D, A) or, equivalently,
Pn[Xo€ A, mp <74] =P, [Xo € D, 74 < D]
e The ergodic flow out of A is defined by
B(A) = / Plac(z) m(dz) = Po[Xo € A, X € A°] (12)
A
e Observe that

B(A) = m(A°) - / Placdm

= m(A°) — (m(AC) —/ P14y dm)

c

- /PﬂA:[Pm[XoeAC,XleA]:q)(AC)

6. DIRICHLET FORM
Suppose, in addition, that P is self-adjoint; that is,
(Pf,h)m = (f, Ph)m

for all f € Li1(m), h € Loo(m).

e The u—Dirichlet form Q! is defined by

Q" (f.g) = / (4 — L) (x)g(x) m(de)
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e It can be easily checked that
1
o (1.0) = 5 [ (1@ =~ FwPPla,dy) + 20lf@) ) m(da)
= (u+ DIy — (P F) =0
for all p > 0.

Theorem 6.1. hi,D is the unique function that minimizes the form QF(f, f)
over all f € Lo(m) such that f(z) = 14(x) forx e = AUD.

Proof. Denote h = Ry ,. Let g € Lz(m) real and such that g(z) =
g(x)Laup(z). Then

Q'(h+g,h+g)—Q"(h,h) = 209¥(h,g) + Q"(g,9)
+ [ir-101 im0
T

To show uniqueness, suppose f € Lo, f = fl14 and QH(f, f) = Q¥ (h,h).
Then
HQ G+ T+~ O —hf—h) = J(QUFS)+ Q)
= Qu(ha h)

v

Hence, from

Q (h,h) < Q*(5(f +h), 5(f +h)) = Q*(h,h) — Q"(5(f — h), 5(f — h)),

we conclude that Q“(%(f —h), %(f —g)) = 0. Therefore, ||f —hl2 =0. O
e The capt(A, D) satisfies

cap’(A,D) = /AeffLD dm = /hiD(u — L)Wy pdm
= Q“(hi,lw hZ,D)
e For = 0, we have that
Q(hap) = cap(A,D)
Qla) = @(4)
o It follows that cap(A4, D) < ®(A) for any D C A°.
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