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1. INTRODUCTION

The purpose of this set of notes is to give a systematic proof of
Liouville’s Theorem using elements of Calculus.

2. LIOUVILLE’S THEOREM

Consider the autonomous system

i = f(t,x) (1)

where f: I xQ C RxR"” — R" satisfies the smoothness conditions as
in the uniqueness and existence theorem. An important property of the
solutions to the differential equation (1)) is the flow property; namely, of
é1.s(y) = ¢(t; s, y) denotes the solution in ¢ to (1) with initial conditions
¢(s;s,y) =y, then

1. ¢1s0¢s,(y) = Prr(y) forall v, s, t € I and y € €.

2. ¢ei(y) =y forallt eI and y € Q.

For sake of simplicity, we will assume that any solution starting in €2
exists for all times, that is I = R.

Suppose that D(0) C ©Q has a finite volume v(0) in R™; then, the
flow ¢, transports D(0) to D(t) = ¢10(D(0)). A problem of interest
is to understand how the volume v(t) = vol(D(t)) evolves with ¢y .

Theorem 2.1. Consider the differential equation (1), where f is an
R"—valued continuous differentiable function defined on a domain R x

Q C RY™™, and let ¢ be the flow associated to (1). For any region
1
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D(0) C Q with finite volume v(0), let v(t) = vol[D(t)] = vol[g:o(D(0))].
Then, v(t) satisfies the equation
o(t) = [ (Vy )t 6(t:0,y))det {2—3@; O,y)] dy

D(0)
= [ V,-f(t,y)dy
D)

Corollary 2.2. If f is incompressible, that is V.- f (t, z) = div, f(t,x) =
0 for allt € R and z € Q, then we have that the system & = f(t,z) is
volume preserving.

(2)

Example 2.1. A Hamiltonian system is a 2n—dimensional system of
equations of the form

. 0H
b= g
. oH
q = _api

with ¢ = 1,...,n. H(p,q) is called Hamiltonian. These systems are
volume preserving.

3. PROOF OF LIOUVILLE’S THEOREM

By the change of variables formula for integration, (see for instance
[Buc78, pp. 386, 391], [Spi65, Thm. 3.13], [Rud87, Thm. 2.16]) we

have that
v(t) = Jpu v =S4, n0) W

= fD(O) }det [%—;O(y)} } dy

Since ¢r(+) is a family of diffeomorphisms and ¢ ¢ = Id, we can ignore
the absolute value in (3). Differentiating with respect to ¢ gives

- [ i et |2 ay (@)

We will use the following elementary auxiliary Lemma from linear
algebra:

(3)

Lemma 3.1. Let A : R” — R be the determinant function, i.e.
A(Oén, ey Oty e, Oy e v ey, Oénn>T = det[(aw)]

where (cy;) is the n X n—-matriz whose ij—th component is ;. Then,

0A
Aa:a—:(Wll'-'aWnla“'anm“"W"")
«

where W;; is the ij-th cofactor of the matriz (o).
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Proof. This is an elementary exercise on computing determinants using
the cofactor formula [HK71, p. 148]. O

Lemma 3.2. Let ¢(t;x) be a solution to the equation x = f(t,x), with
#(0;x) = x. Define the function W by

W(t,x) = det [%(t;x)].
Then, W satisfies the differential equation
W(t)=W(t) (Vi )t o(t2);  W(0) =1, (5)

where (V- f) (t,0(t;x)) = 37_, 5L (t, ¢(t:x))

Proof. £ ¢(t;x) = (¢'(;%),..., ¢"(t;x)) ", denote by ¢, (£;x) = 52 (t; x).
Using Lemma 3.1 and the chain rule we have that

W = Zz Wiléfcl +Z Wm(ﬁ%

where W;; is the 7j-th cofactor of the matrix (qb;]) Recall from class-

(6)

notes that ¢4 (t;x) = %(t; x) satisfies the variational equation
Ox(t;x) = fult, d(t:%))x(t: %)
ox(0;x) = 1

substituting (7) on (6) and recalling the fact that the determinant of a
matrix that has two identical columns is zero, we obtain

W(t) = > Wiyt)fi, (& 6(t:%)) ek (1x)

ijk
:Z( (t,0(t;x)) ZVV” Cbktx)
= Zj” o(t; x) ZVszthfrj (t;x)
- Zf;i(t,qs(t;x))W(t) =W(t) (Vx- f) ([ é(t:x))

(7)

O

To conclude the proof of Theorem 2.1, notice that equation (2) follows
directly from equation and Lemma 3.2. O
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Example 3.1. For a non—autonomous linear system
t=At)r x(0) = xo, (8)
where A(t) € L(R",R") is continuously differentiable in ¢, we have that

W (t) = W(0) exp ( /0 t Tr(A(s))ds) 9)

where Tr A(t) = 3_; aj;(t). This follows from the variational equations
and Lemma (3.2, The solution to (9) is known as the Wronskian of (8).

4. CONSERVATION LAW.

Theorem can be extended to other measures on phase space.
Suppose that x4 is a measure on (2, B(€2)) with smooth density G with
respect to Lebesgue measure on Q; flow ¢ associated to equation (1)
satisfies conditions (1) and (2). The flow ¢, induces the measure p; on
phase space (€2, B(€2)), namely

pu(B) = p(dyg (B)) = pbo(B)) (10)
Furthermore, j; also has a density with respect to the Lebesgue mea-
sure. This follows from

m(B):/%t(B) G(x)dx:/BG(gbOt( x)) det [f%@t(x)] dx.  (11)

So, w(t,z) = G(po+(x)) det [8(1)‘” (X)] is a density for p;.
The following result generalizes Theorem 2.1 by describing how
changes in time.

Theorem 4.1. Let ¢ be the flow associated to equation (1), and p(dx) =
G(x)dx be a smooth measure on phase space (2, B(2)). Then, the den-
sity w = w(t,x) of the induced measure p(dx) is smooth and satisfies
the equation

ow
E+v (wf)=10 (12)

Proof. Notice that pu(B) = pt(¢ro(B)) for all t and any B € B(Q2); so
0= %Ut(QSt,O(B))' By Lemma 3.2,

0 = [ (52(t,600(x)) + Vi (wf) (1, d10(x))) det |
= Js08) Qu(t,x) + Vx - (wf)(t,x) dx

ag;,o (X)] dx

(13)
for any B € B(Q). O
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Corollary 4.2. If w = w(x) is a positive stationary solution to equa-
tion (12), then pu(dz) = w(x)dzr is an invariant measure, i.e., fy = p
for all t.

Proof. Suppose w is a positive solution to
Vi (wf)=0. (14)
Then,

n(B) = [ w(ona(x)) det [%2(0)] da
By Differentiation and Lemma [3.2] we obtain
d
Gn(00(B) = [ Vi (@)t oro(00) det [ %2
B

Hence, p1(p10(B)) = p(B) for all t and B € B(Q2) and by taking ¢ +(B)
in place of B we get u; = p for all ¢. U

(x)] dx =0

Example 4.1. If f(x) is an incompressible field, i.e. V- f =0, then
taking w(x) = 1 we obtain that the Lebesgue measure on B(f) is
invariant under the flow ¢.

Example 4.2. Consider the Hamiltonian system defined in exam-
ple For any measurable function ¢ : R — R such that o o H €
Ll (R?*"), the measure

loc
1 (dp, dq) = ©(H (p, q)) dpdg
is invariant. Indeed, if w(p, q) = ¢(H(p,q)) and f = [0,H J,H]"
Vpa- (wf) = SOl(H) OpH - 0,H + @(H)ap,qH
- Spl(H) aqH : apH - ‘P(H)aq,pH =0

A special case is

e
p(dp, dq) =

where Z = [,,, e 79 dp dq if the integral exists or 1 otherwise. This
measure is called Gibbs measure.
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