
LECTURE NOTES ON LÉVY PROCESSES

OLIVER DÍAZ

1. Examples and definitions

1.1. Basic results in Probability. In this section we introduce some
general concepts and results from Probability that will be needed in
our treatment of the subject. The most important result, theorem 1.16
on characteristic functions of distributions, will be used systematically
in this notes. We conclude with the definition of a Lévy processes and
three of the most basic examples of such processes, namely Poisson
processes, Compound Poisson processes and Brownian motion.

Definition 1.1. A probability space (Ω,F ,P) is a triplet of a set Ω, a
family F of subsets of Ω, and a function P from F to R satisfying the
following properties:

(1) Ω ∈ F
(2) If A ∈ F then Ω \ A ∈ F
(3) If An ∈ F for n = 1, . . . , then ∪∞n=1An ∈ F
(4) 0 ≤ P[A] ≤ 1, P[∅] = 0 and P[Ω] = 1.
(5) If An ∈ F for n = 1, . . . and they are disjoint, then

P

[ ∞⋃

n=1

An

]
=

∞∑

n=1

P[An]

The family of sets F is usually called σ–algebra of events of Ω. Very
often we have a family of indexed σ–algebras, {Ft : t ∈ [0,∞)}, such
that Ft ⊂ Fs ⊂ F whenever 0 ≤ t ≤ s. Such a family is called a
filtration and define the final σ–algebra to be

F∞ =
∨

t

Ft def
= σ

(⋃

t

Ft
)
.

On any topological space E, the σ–algebra B(E) generated by the open
sets is called the Borel σ–algebra of E.
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Definition 1.2. Given a probability space (Ω,F ,P), we say that a
function X from Ω to Rd is measurable, o simply a random variable,
if it is F–measurable, i.e., X−1(B) ∈ F for all B ∈ B(Rd). If X is a
random variable, the probability measure PX [B] = P[X−1(B)] is called

the law or distribution of X. We write X
d
= Y to say that the random

elements X and Y have the same law or distribution.

Given a collection of measurable spaces {(Et, Et) : t ∈ T} we consider
the space of all choice functions f : T −→ ∪t∈TEt with f(t) ∈ Et,
denoted by

∏
t∈T Et, and endow it with the product σ–algebra, i.e., the

σ–algebra generated by the projections pt :
∏

t∈T Et −→ Et, defined by
pt(f) = f(t).

Lemma 1.1. Let (Ω,F ,P) be a probability space. Then a function
X : Ω −→∏

t∈T Et is measurable (with respect the product σ–algebra) if
and only if for each t ∈ T , Xt : Ω −→ S, given by Xt(ω) = (pt ◦X)(ω),
is F–measurable.

It is of interest when the spaces (Et, Et) are Polish spaces (separable
topological spaces that admit a complete metric) endowed with their
Borel σ–algebras. Example of such spaces are separable Banach spaces,
C[0,∞) and D[0,∞). If Et = E for all t ∈ T , we simply use the
notation ET to denote the product space. A mapping X with the
properties of lemma 1.1 is called an E–valued (random) process on T
or a process on T with paths in E.

Let Xt, t ∈ T , be random variables on (Ω,F ,P) taking values in
Polish spaces Et, t ∈ T , respectively. The associated marginal finite
dimensional distributions, given by

µt1,...,tk = P ◦ (Xt1 , . . . , Xtk)
−1, t1, . . . , tk ∈ T, k ∈ N,

are consistent in the sense that if T1 = {t1, . . . , tm} ⊂ T2 = {α1, . . . , αk} ⊂
T and µ1, µ2 are the respective laws of (Xt1, . . . , Xtm), (Xβ1, . . . , Xβk),
then µ1 is the image of µ2 under the projection

∏
T2
Et →

∏
T1
Et. The

first of the following two lemmas, which holds true for arbitrary random
variables, gives a full description of the product σ–algebra σ(Xt, t ∈ T )
in terms of countable ones; The second one shows that the distribution
of a process is determined by the set of finite–dimensional distributions.

Lemma 1.2. σ(Xt, t ∈ T ) = ∪σ(Xt, t ∈ J) where the union is taken
over all countable J ⊂ T .
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Lemma 1.3. (finite dimensional distributions) Let X and Y be pro-
cesses on T with paths in E (not necessarily defined on the same prob-

ability space). Then X
d
= Y iff

(Xt1, . . . , Xtk)
d
= (Yt1, . . . , Ytk) t1, . . . , tk ∈ T, k ∈ N

The next theorem due to Kolmogorov shows that the consistency
property described above is sufficient for the realization of such ran-
dom variables. Also, it warranties the extension to a unique probability
measure on product spaces when a system of finite–dimensional distri-
butions with good compatibility properties is given.

Theorem 1.4. (Kolmogorov’s extension theorem). Let Et, t ∈ T , be
Polish spaces and µJ ,J ⊂ T finite, a consistent family of probabil-
ity measures on EJ =

∏
J Et respectively. Then there exists a unique

probability measure µ on ET =
∏

T Et such that µJ is the image of µ
under the projection EJ → ET .

For the proofs of lemmas 1.1 and 1.3 see [6]. For the proofs of
lemma 1.2 and of Kolmogorov’s extension as stated see [2].

If T = [0,∞) and X is a random process on T with paths in the
Polish space E, then we can associate to it a mapping χ : [0,∞))×Ω 7→
E given by

χ(t, ω) = Xt(ω) = (pt ◦X)(ω).

Consider a filtration {Ft : t ≥ 0} on (Ω,F ,P). We say that that the
stochastic process X is adapted to the filtration Ft iff for each t ≥ 0, the
mapping ω 7→ χ(t, ω) = Xt(ω) is Ft–measurable. Very often we refer
to χ as the stochastic process. We say that a process X measurable
iff χ : ([0,∞)× Ω,B([0,∞)⊗ F∞)) −→ (E,B(E)) is measurable. The
process X stopped at time t, denoted by X t, is given by the mapping
(s, ω) 7→ X(s ∧ t, ω). This means that for each ω ∈ Ω, the path of
X t
s(ω) is the constant Xt(ω) after time t. A process X is progressively

measurable if for every t ≥ 0 the stopped process X t is measurable on
B([0,∞)⊗Ft). Intuitively, this means that any measurable information
about the whole path up to time t is contained in Ft.
Proposition 1.5. (i) A progressively measurable process is adapted.

(ii) A left– or right–continuous adapted process is progressively mea-
surable.

Proof. (i)Xt = pt◦X is the composition of ω 7→ (t, ω) with the mapping
χt associated to X t.
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(ii) If X is adapted with left–continuous paths, define the processes
X(n) by setting

X(n)
s (ω) = Xk/n(ω) for k = [n s]

That each X (n) is progressively measurable follows from

((χ(n))t)−1(A) =




[nt]⋃

k=0

[
k
n
, k+1

n

)
× (Xk/n)−1(A)




⋃([
[nt]+1
n

,∞
)
× (Xk/n)−1(A)

)
.

Clearly χ(n)(s, ω) → χ(s, ω) as n → ∞, which implies that χ is
B([0,∞))⊗Ft–measurable.

Assume now that the paths of X are right–continuous and fixed a
time t ≥ 0. The mapping χt(s, ω) is clearly the point-wise limit of the
functions

χ(n)(s, ω) =
∞∑

k=0

Xk+1
n
∧t(ω) ·1„ k

n
,
k+1
n

–(s)

Each term in the sum above is B([0,∞))⊗Ft–measurable. �

Given a stochastic process X with values in R̄, we define its maximal
process X∗ by

X∗t (ω) = sup
0≤s≤t

|X∗s (ω)|

It might be thatX∗ is not a stochastic process. WhenX is progressively
measurable and the filtration is universally complete however, then not
only is Z∗ a stochastic process but also it is progressively measurable
again. See [1] for the details. The case of cadlag processes can be dealt
with easily once we notice that in such a case, the supremum over [0, t]
can be substituted by the supremum over Qt = (Q ∩ [0, t]) ∪ {t}.
Definition 1.3. (Uniform integrability) Let be (Ω,F , µ) a measure
space. A family of random vectors {Xα : α ∈ I} is uniformly integrable
iff:

(1) sup
α∈I

∫
Ω
|Xα| dµ <∞

(2) For very ε > 0 there is δ > 0 such that if µ(A) < δ then

sup
α∈I

∫

A

|Xα| dµ < ε
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It can be easily shown that uniform integrability of the family {Xα :
α ∈ I} is equivalent to

lim
a→∞

sup
α∈I

∫

{|Xα|≥a}
|Xα| dµ = 0

Given a probability space (Ω,F ,P) and an integrable random vari-
able X, we can define a signed (or complex) measure ν by

ν(A) =

∫

A

X(ω)P(dω), A ∈ F

If C is a sub σ–algebra of Ω contained in F , then the restriction of ν
to C, will be absolute continuous with respect to the restriction of P to
C. Thus by Radon–Nikodym’s theorem there exists a P–almost surely
unique C–measurable function g such that

ν(A) =

∫

A

g(ω)P(dω) =

∫

A

X(ω)P(dω) for A ∈ C

This function g is called Expectation of X given C and is denoted by

g = E [X|C]
Definition 1.4. Let (Ω,F•,P) a probability space with filtration F• =
{Ft : t ≥ 0}. A process M is a martingale with respect to F• if

(1) E [|Mt|] <∞ for all t ≥ 0
(2) For s ≤ t, E [Mt|Fs] = Ms

Lemma 1.6. If g ∈ L1(P) and define Mt = E [g|Ft] for t ≥ 0. Then
M is a uniform integrable martingale.

Proof. The uniform integrability property follows from Chebishev’s in-
equality

P [E[|g| |Ft] ≥ a] ≤ 1
a
E[|g|].

and from Jensen’s inequality which gives the estimate

E
[
|Mt|1[|Mt|≥a]

]
≤ E

[
|g|1[E[|g| |Ft]≥a]

]

Combining both both estimates we obtain

lim
a→∞

sup
t≥0
E
[
|Mt|1[|Mt|≥a]

]
= 0

The martingale property follows from the fact that if C ⊂ B ⊂ F are
σ–algebras and g is F–measurable then

E[g|C] = E [E[g|B]|C]
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which is easy to check from the definition of conditional expectation.
�

Definition 1.5. Let be (Ω,F•,P) a probability space with filtration
F• = {Ft : Ft ⊂ F}. A function T : Ω 7→ [0,∞] is called a stopping
time with respect to Ft if for all t ≥ 0 [T ≤ t] ∈ Ft.

The σ–algebra FT generated by T is given by

FT = {A ∈ F : A ∩ [T ≤ t] ∈ Ft}
It is obvious that if S and T are stopping times such that S ≤ T , then
FS ⊂ FT . It is easily proved that if M is a martingale with respect F•,
and T is a stopping time taking a countable number of values, then
MT is FT measurable.

Lemma 1.7. Let M be a martingale, S and T be stopping times, both
taking a finite number of values and such that S ≤ T . Then

(i) for any u ≥ T

E [Mu|FT ] = MT

(ii)

E [MT |FS] = MS

Proof. Let 0 ≤ t1 < . . . < tN = t be an ordering of the values of T . For
A ∈ FT we have that

A ∩ [T = t1] = A ∩ [T ≤ t1] ∈ Ft1
A ∩ [T = tj] = A ∩ [T ≤ tj] ∩ [T ≤ tj−1]c ∈ Ftj for j > 1

Therefore for u ≥ t

E
[
MT1A

]
= E

[
N∑

j=1

MT1[T=tj ]∩A

]
=

N∑

j=1

E
[
Mtj1[T=tj ]∩A

]

=
N∑

j=1

E
[
1[T=tj ]∩AE

[
Mu|Ftj

]]
=

N∑

j=1

E
[
E
[
1[T=tj ]∩AMu

∣∣∣Ftj
]]

=
N∑

j=1

E
[
1[T=tj ]1AMu

]
= E[Mu1A]

Part (i) follows from here. Now, if S ≤ T then

MS = E [Mu|FS] = E
[
E [Mu|FT ]

∣∣∣FS
]

= E [MT |FS]

This shows (ii). �
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Lemma 1.8. (Doob’s Maximal lemma) Let M be a martingale and
define

MQ
t = sup

s∈Qt
|Ms|

Then at any instant t ≥ 0 and for any λ > 0

P
[
MQ

t > λ
]
≤ 1

λ

∫

[MQ
t >λ]
|Mt| dP ≤

1

λ
E[|Mt|]

Proof. Let S = {s0 < s1 < . . . < sN} be a finite set of numbers in Qt

and let u > t. Set

MS = sup
s∈S
|Ms| and U = inf{s ∈ S : |Ms| > λ} ∧ u

Clearly U is a stopping time and |MU | = |MU∧t| > λ on the set

[U < u] = [U ≤ t] =
[
MS > λ

]
⊂
[
MQ

t > λ
]
∈ Ft

Therefore

1[MS>λ] ≤
|MU |
λ
·1[U≤t]

and the function on the right–hand side is Ft–measurable. Now, we
apply expectation on both sides and by Lemma 1.7 we get

P
[
MS > λ

]
≤ λ−1

∫

[U≤t]
|MU | dP ≤ λ−1

∫

[U≤t]
E
[
|Mu|

∣∣∣FU
]
dP

= λ−1

∫

[MS>λ]

|Mu| dP ≤ λ−1

∫

[MQ
t >λ]
|Mu| dP

≤ λ−1

∫

[MQ
t >λ]
|Mt| dP ≤ λ−1E[|Mt|]

We take now the supremum over all finite subsets of Qt and Doob’s
inequality follows. �

Given two process Xt and Yt, we say that one is modification of the
other if

P[Xt 6= Yt] = 0 for each t ≥ 0

Definition 1.6. A stochastic processes {Xt : t ≥ 0} with paths in Rd
is continuous in probability, if for every t ≥ 0 and ε > 0

lim
s→t
P [|Xs −Xt| > ε] = 0

Analogously, we can define right–continuity in probability by replacing
s→ t by s ↓ t.
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Lemma 1.9. A continuous process in probability {Xt : t ≥ 0} is uni-
formly continuous in probability on any finite interval [0, t0], i.e., for
every ε > 0 and η > 0, there is δ > 0 such that if s, t ∈ [0, t0] and
|t− s| < δ, then P [|Xt −Xs| > ε] < η.

Proof. Fix ε and η positive. For each t ∈ [0, t0] there is δt such that
P
[
|Xt −Xs| > ε

2

]
< η

2
whenever |t − s| < δt. The intervals It = (t −

δt
2
, t + δt

2
) form an open cover of [0, t0]. Take a finite sub-cover {Itj :

j = 1, . . . , n} and let

δ = min
1≤j≤n

δtj
2
.

It follows easily that if t, s ∈ [0, t0] and |t− s| < δ then

P [|Xt −Xs| > ε] < η

This concludes the proof. �
The idea of of up-crossings, due to Doob, will be at handy in order

to show the following result

Theorem 1.10. (Regularity of paths, Doob) A right–continuous in
probability martingale M has a modification M ′ which has right–continuous
paths with left limits (rcll or cadlag), and a modification M ′′ which has
left–continuous paths with right limits (lcrl or caglad).

Proof. Let Mt be a real valued martingale right–continuous in proba-
bility. Consider two numbers a < b, an instant 0 < u <∞, and a finite
set

S = {s0 < s1 . . . < sN}
of numbers strictly less than u. We define the following random times:

T0 = inf {s ∈ S : Ms < a} ∧ u
T2k+1 = inf {s ∈ S : s > T2k,Ms > b} ∧ u
T2k = inf {s ∈ S : s > T2k−1,Ms < a} ∧ u.

Clearly, each Tn is a stopping time. We say that the path Mt(ω) up-
crosses the interval [a, b] on S if there are points s < t in S with
Ms(ω) < a and Mt(ω) > b. We will be interested in estimating the

number U
[a,b]
S of up–crossings that the path of M has on S. If the path

of Mt(ω) ups-crosses the interval [a, b] at least n times, it means that
there are n pairs s1 < t1 < s2 < t2 < . . . < sn < tn in S with Msj < a
and Mtj > b. This implies T2n−1(ω) < u and vice versa. In other words

[
U

[a,b]
S ≥ n

]
= [T2n−1 < u] ∈ Fu
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It follows that

1h
U

[a,b]
S ≤n

i ≤ 1

n(b− a)

( ∞∑

k=0

(MT2k+1
−MT2k

) + |Mu − a|
)

(1)

To see this, notice that the sum in the right–hand side of (1) has at
most 2N terms, each of which contributes by a number no less than
b− a, with the exception perhaps of the last term. That only happens
when T2k < sN , which means that MT2k

(ω) < a, and when T2k+1 = u.
In that case, the last term is given by Mu(ω)−MT2k

(ω), which might
be negative. If so, it is certainly not smaller that Mu(ω) − a. That is
why we need to add term |Mu − a|.
Lemma 1.7 implies that

P
[
U

[a,b]
S ≥ n

]
≤ 1

n(b− a)
E [|Mu − a|]

Let Qu
− = Q

⋂
[0, u). Taking supremum over all finite sets S ⊂ Qu

−
and then union over all a < b in Q we obtain that the set

⋃

a,b∈Q,a<b

[
U

[a,b]
Qu− =∞

]
(2)

is a null set. Similarly we get that the set

Osc =
⋃

n∈N

⋃

a,b∈Q,a<b

[
U

[a,b]
Qn− =∞

]

is null. By Doob’s Maximal lemma we have that

P =
⋃

n∈N

[
MQ

n =∞
]

is null as well. Let us denote by Ω0 the complement of Osc
⋃
P and

define

M ′
t(ω) =

{
lim
Q3q↓t

Mq(ω) for ω ∈ Ω0

0 for ω ∈ Osc⋃P

M ′′
t (ω) =





M0 for ω ∈ Ω0 and t = 0
lim
Q3q↑t

Mq(ω) for ω ∈ Ω0

0 for ω ∈ Osc⋃P

The processes M ′ and M ′′ are well defined since for each t ≥ 0, the
limits above exists as a real numbers. Moreover, the process M ′ is
cadlag, while the process M ′′ is caglad. The continuity in probability
implies that for each t ≥ 0, Mt = M ′

t = M ′′
t a.s. Thus M ′

t and M ′′
t

are modifications of Mt. It is clear that M ′′ is also a martingale with
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respect to F•. On the other hand, both Mt and M ′
t are measurable

with respect to F+
t =

⋂
Q3q>tFq. Therefore, if F• is right–continuous,

i.e. Ft = F+
t for all t ≥ 0, then M ′ is a martingale with respect to F•.

�

Corollary 1.11. Let M be a uniform integrable continuous in proba-
bility martingale with respect to the filtration F•. Then there exits a
F∞–measurable function M∞ such that Mt = E[M∞|Ft] for all t ≥ 0.
Furthermore, Mt → E[M∞|Ft] a.s and in L1(Ω) norm.

Proof. LetQ∞− = Q∩[0,∞) and MQ
∞ = sup

q∈Q∞−
|Mq|. Slight changes in the

proofs of the Doob’s maximal lemma and Doob’s regularity theorem
give:

P[MQ
∞ =∞] = 0

P[UQ∞− =∞] = 0

Let us denote the set [MQ
∞ = ∞] ∪ [UQ∞− = ∞] by Ω′0. We define M ′′

as in Theorem 1.10 but with Ω′0 instead. Not only is M ′′ well defined
and M ′′

t = Mt a.s. at any finite time, but also it can be extended to
infinity:

M ′′
∞ = lim

Q∞− =Q3q↑∞
M ′′

q
a.s.
= lim
Q∞− =Q3q↑∞

Mq

Let M∞ = E[M ′′
∞|F∞]. Fatou’s lemma implies that M ′′

∞ is integrable:

E[|M∞|] ≤ lim inf
Q∞− =Q3q↑∞

E[|Mq|] ≤ sup
t≥0
E[|Mt|]

Uniform integrability implies that E[|M∞ −Mq|] → 0 as Q 3 q ↑ ∞
since

E [|M∞ −Mq|] = E
[
|M∞ −Mq|1[|M∞−Mq |≤ε]

]
+

E
[
|M∞ −Mq|1[|M∞−Mq |>ε]

]

The conclusion follows from the estimate

E [|E[M∞|Ft]−Mt|] ≤ E[|M∞ −Mq|]
for all Q ∩ [t,∞) 3 q. Then we pass to the limit. �

Corollary 1.12. Let M be a continuous in probability martingale with
respect to the filtration F•, and Ω0 as in Theorem 1.10. Then for each
t > 0

P [Ω0 ∩ [|Mt −Mt−| > 0]] = 0.
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Proof. By Theorem 1.10 we have that for each t ≥ 0 Mt = M ′′
t a.s.

Therefore in Ω0 we have

Mt− = lim
s↑t

Ms = lim
Q3s↑t

Ms

= M ′′
t

a.s.
= Mt

Thus a.s. there are no fixed jumps. �

We introduce now the concept of independence of sets and of random
variables.

Definition 1.7. Let be (Ω,F ,P) be a probabilistic space. The sets
{Aα : α ∈ I} are said to be independent if P

[⋂
α∈J Aα

]
=
∏

α∈J P[Aα]
for any finite subset J of I. The families in {Cβ : β ∈ K}, where Cβ ⊂
F , are said to be independent, if the sets in any family of the form {Aβ :
Aβ ∈ Cβ} are independent. We extend the notion of independence to
random elements by applying the concept to the σ-algebras generated
by them.

For a sequence of events {An}, the upper limit event and the lower
limit event are defined by

lim sup
n→∞

An =

∞⋂

n=1

∞⋃

k=n

Ak and lim inf
n→∞

An =

∞⋃

n=1

∞⋂

k=n

Ak

An important result related to independence is

Proposition 1.13. (Borel–Cantelli)

it (i) If
∑∞

n=1 P[An] <∞, then P[lim supn→∞An] = 0.
it (ii) If {An : n = 1, . . .} is independent and

∑∞
n=1 P[An] = ∞, then

we have P[lim supn→∞An] = 1

A σ–algebra F is said to be P–trivial if P[A] = 0 or P[A] = 1 for
every A ∈ F . Given a sequence of σ–algebras {Fn}, we may introduce
the associated tail σ–algebra

T =
⋂

n

∨

k≥n
Fk =

⋂

n

σ (Fk : k ≥ n)

Theorem 1.14. (Kolmogorov’s 0–1 law) Let {Fn} independent σ–
algebras. Then the tail σ–algebra T is P–trivial.

Proofs of the last results can be found in [2] or [6].
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Definition 1.8. The characteristic function µ̂(z) of a probability mea-
sure µ on Rd is

µ̂(z) =

∫

Rd

ei〈z,x〉µ(dx), z ∈ Rd

Definition 1.9. Consider the measurable space (Rd,B(Rd))
it (i) A collection P of distributions is uniformly tight if for any ε > 0

there is a compact set K such that inf
µ∈P

µ(K) ≥ 1− ε
it (ii) A sequence of distributions µn, n = 1, 2, . . . converges in law to

a distribution µ, which we will denote by µn
d→ µ as n→∞, if

for every bounded continuous function f ,∫

Rd

f(x)µn(dx)→
∫

Rd

f(x)µ(dx) as n→∞

When µ and µn are bounded measures, the convergence µn
d→ µ

is defined in the same way.
(iii) A Borel set B is a µ–continuity set if µ(∂B) = 0.

The following theorem contains a fundamental set of results in con-
vergence in law

Theorem 1.15. If p ∈ Rd, X, {Xn} are random variables, and µ and
{µn} are distributions on Rd , then

(a) If µn
d→ µ then {µn} is uniformly tight.

(b) If {µn} is uniformly tight, there is a subsequence {µnk} that
converges in law to some distribution P.

(c) If Xn converges in µ–probability to X, i.e., limn µ [|Xn −X| > ε] =

0 for any ε > 0, then Xn
d→ X.

(d) Xn converges in µ–probability to p iff Xn
d→ δp

(e) The following are equivalent

(i) µn
d→ µ

(ii) For all open U , lim infn µn(U) ≥ µ(U)
(iii) For all closed F , lim supn µn(F ) ≤ µ(F )
(iv) or all µ–continuity sets B, limn µn(B) = µ(B)

For a proof of this, see [3].

Definition 1.10. The convolution µ of two finite measures µ1 and µ2

on Rd, denoted by µ = µ1 ∗ µ2, is a measure defined by

µ(B) =

∫

Rd

∫

Rd

1B(x+ y)µ1(dx)µ2(dx), B ∈ B(Rd)
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The convolution operation is commutative and associative. If X1

and X2 are independent random variables on Rd with distributions µ1

and µ2, respectively, then X1 +X2 has distribution µ1 ∗ µ2.
In the following theorem, we state some results that summarize some

of the most important properties of the characteristic function. First,
we introduce the following terminology: for a probability measure µ
on Rd, µ̃ is its dual if µ̃(B) = µ(−B); µ# is its symmetrization if
µ# = µ ∗ µ. When d = 1, the dual is usually called the reflection. If µ
agrees with its dual, then it is called symmetric.

Theorem 1.16. Let µ,{µn : n ∈ N} be distributions on Rd.
(i) (Bochner’s theorem) We have that µ̂(0) = 1, |µ̂(z)| ≤ 1, µ̂(z) =

µ̂(−z), µ̂(z) is uniformly continuous, and nonnegative–definite
in the sense that for each n = 1, 2, . . .,

n∑

j=1

n∑

k=1

µ̂(zj − zk)ξj ξ̄k ≥ 0 for z1, . . . , zn ∈ Rd, ξ1, . . . , ξn ∈ C

Conversely, if a complex–valued function ϕ(z) on Rd with ϕ(0) =

1, uniformly continuous and ϕ(z) = ϕ(−z), then ϕ is the char-
acteristic function of some distribution on Rd.

(ii) If µ̂1(z) = µ̂2(z) for all z ∈ Rd, then µ1 = µ2.
(iii) If µ = µ1 ∗ µ2, then µ̂(z) = µ̂1(z)µ̂2(z). If X1 and X2 are inde-

pendent random variables on Rd, then P̂X1+X2(z) = P̂X1(z)P̂X2(z)
(iv) Let X = (Xj)j=1,...,n be an Rnd–valued variable, where Xj is

an Rd–valued variable for each j = 1, . . . , n. Then {Xj : j =
1, . . . , n} are independent iff

P̂X(z) =
n∏

j=1

P̂j(zj) for z = (zj)j=1,...,n

(v) If µ̃ and µ# are the dual and symmetrazation of µ respectively,

then ̂̃µ(z) = µ̂(−z) and µ̂#(z) = |µ̂(z)|2
• (vi) If µn

d→ µ, then µ̂n(z)→ µ̂(z) uniformly on compact sets.

(vii) If µ̂n(z)→ µ̂(z) for every z, then µn
d→ µ

(viii) (Lévy continuity) If µ̂n(z) converges to a function ϕ(z) point-
wise and ϕ(z) is continuous at z = 0, then ϕ(z) is the charac-
teristic function of some distribution.

(ix) Let n be a positive integer. If
∫
Rd |x|nµ(dx) <∞, then µ̂(z) is a

Cn–class function, and for any nonnegative numbers n1, . . . , nd
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such that n1 + . . .+ nd ≤ n,∫

Rd

xn1
1 · · · xndd µ(dx) =

[(
1
i
∂
∂z1

)n1

· · ·
(

1
i
∂
∂zd

)nd
µ̂(z)

]
z=0

(x) Let n be a positive even integer. If µ̂(z) is of class Cn in a
neighborhood of the origin, then

∫
Rd |x|nµ(dx) <∞.

(xi) If
∫
Rd |µ̂(z)| dz < ∞, then µ is absolutely continuous with re-

spect to Lebesgue measure, has a bounded continuous density
g(x), and

g(x) = 1
(2π)d/2

∫

Rd

e−i〈x,z〉µ̂(z) dz

Proofs can be found in [5], [3] and many other books.

Corollary 1.17. (Inheritance of independence) Suppose that for each
j = 1, . . . , k, Xj,n → Xj in probability as n → ∞. If the family
{Xj,n : j = 1, . . . , k} is independent for each n, then the family {Xj :
j = 1, . . . , k} is independent.

The following concept and results will be useful in the characteriza-
tion of Lévy processes

Definition 1.11. A triangular or null array is an indexed collection of
random variables or vectors ξnj, n ∈ N, 1 ≤ j ≤ mn, such that for each
n, the variables ξnj are independent and satisfy

sup
j
E[|ξnj | ∧ 1]→ 0 as n→∞ (3)

It is an easy exercise to show that condition 3 is equivalent to

sup
j
P[|ξnj| > ε]→ 0 as n→ 0 for all ε > 0. (4)

Theorem 1.18. (Poisson convergence) Let (ξnj) be a null array of Z+–
valued random variables, and let ξ be Poisson distributed with mean c.

Then
∑
j

ξnj
d→ ξ iff these conditions hold:

(i)
∑
j

P[ξnj > 1]→ 0;

(ii)
∑
j

P[ξnj = 1]→ c.

Moreover, (i) is equivalent to sup
j
ξnj ∨ 1

P→ 1. If
∑
j

ξnj converges in

distribution, then (i) holds iff the limit is Poisson.
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Theorem 1.19. (Gaussian convergence, Feller, Lévy) Let (ξnj) be a
null array of random variables, and let ξ be N(b, c) distributed for some

constants b ∈ R and c > 0. Then
∑
j

ξnj
d→ ξ iff the following conditions

hold:

(i)
∑
j

P[|ξnj| > ε]→ 0 for all ε > 0;

(ii)
∑
j

E[ξnj; |ξnj| ≤ 1]→ b;

(iii)
∑
j

var[ξnj; |ξnj | ≤ 1]→ c.

Moreover, (i) is equivalent to

sup
j
|ξnj | P→ 0

almost surely. If
∑
j

ξnj converges in distribution, then (i) holds iff the

limit is Gaussian.

For proofs of theorems (1.18) and (1.19) look [6] chapter 4.

Definition 1.12. A stochastic processes {Xt : t ≥ 0} on Rd is a Lévy
process if the following conditions are satisfied:

(i) For any choice of n ≥ 1 and 0 ≤ t0 < t1 < . . . < tn the random
variables Xt0, Xt1 −Xt0, . . . , Xtn −Xtn−1 are independent

(ii) X0 = 0 a.s.
(iii) The distribution of Xs+t −Xs does not depend on s
(iv) It is stochastically continuous
(v) There is Ω0 ∈ F with P[Ω0] = 1, such that for every ω ∈ Ω0,

Xt(ω) is right-continuous in t ≥ 0 and has left limits in t > 0

Remark 1.1. (1)
(2) Dropping (v) and assuming (i)–(iv) we have a Lévy process in

law.
(3) A process satisfying (i), (ii), (iv) and (v) is called additive pro-

cess.
(4) If a process satisfies (i), (ii) and (iv) is called additive process

in law.
(5) An additive process in law can be modified in a set of measure 0

in such a way that the modification is an additive process. See
theorem 2.21.

We present some general theorems that we will be needed in the
analytic proof of the Itô–Lévy decomposition. For 0 < t < ∞ let
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D([0, t],Rd) be the set of functions ξ(s) from [0, t] to Rd with are right
continuous for s ∈ [0, t) and with left limits for s ∈ (0, t]. We introduce
the norm ‖ξ‖t = sups∈[0,t] |ξ(s)|. It is well known that with this norm,

the space D([0, t],Rd) becomes a complete norms space.

Lemma 1.20. Fix t > 0. Let {Zj(s) : s ∈ [0, t]}, j = 1, 2, . . ., be
independent stochastic processes and S0(s) = 0, Sn(s) =

∑n
j=1 Zj(s)

for n = 1, 2, . . .. Suppose that for each j, the sample function Zj(s)
belong to D([0, t],Rd) a.s. Then, for any ε > 0 and n ∈ N,

P
[

max
1≤j≤n

‖Sj‖t > 3ε

]
≤ 3 max

1≤j≤n
P [‖Sj‖t > ε] . (5)

Proof. Let M0 = 0 and Mk = max1≤j≤k ‖Sj‖t for k ≥ 1. Let a, b > 0,
and Ak = [Mk−1 ≤ a+ b < ‖Sk‖t] for k ≥ 1. Then A1, . . . , An are
disjoint and [Mn > a+ b] =

⋃n
k=1 Ak. Thus

P [‖Sn‖t > a] ≥
n∑

k=1

P [Ak ∩ (‖Sn‖t > a)] ≥
n∑

k=1

P [Ak ∩ (‖Sn − Sk‖t ≤ b)]

=
n∑

k=1

P[Ak]P [‖Sn − Sk‖t ≤ b] ≥ P[Mn > a+b] min
1≤k≤n

P [‖Sn − Sk‖t ≤ b]

Taking a = ε and b = 2ε. Then

P[‖Sn‖t > ε] ≥ P[Mn > 3ε]

(
1− max

1≤k≤n
P[‖Sn − Sk‖t > 2ε]

)

≥ P[Mn > 3ε]

(
1− 2 max

1≤k≤n
P[‖Sk‖t > ε]

)

Assuming that max1≤k≤n P[‖Sk‖t > ε] < 1
3

implies that

1
3
P[Mn > 3ε] ≤ P[‖Sn‖t > ε]

If max1≤k≤n P[‖Sk‖t > ε] ≥ 1
3

then the conclusion is trivial. �
Lemma 1.21. Consider {Sn(t)} as before. If

lim
n,m→∞

P[‖Sn − Sm‖t > ε] = 0 for any ε > 0, (6)

then there is a stochastic process {S(s) : s ∈ [0, t]} such that the sample
functions of S(s) belong to D([0,∞],Rd) a.s. and

lim
n→∞

‖Sn − S‖t = 0 a.s. (7)

Proof. By lemma 1.20

P
[

max
n≤j≤m

‖Sj − Sn‖t > 3ε

]
≤ 3 max

n≤j≤m
P[‖Sj − Sn‖t > ε]
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Triangle inequality implies that

P


 max

n ≤ j ≤ m
n ≤ k ≤ m

‖Sj − Sk‖t > 6ε


 ≤ P[ max

n≤j≤m
‖Sj − Sn‖t > 3ε]

Hence

P


 max

j ≥ n
k ≥ n

‖Sj − Sk‖t > 6ε


 ≤ P[max

j≥n
‖Sj − Sn‖t > 3ε]

Since the right–hand side converges to 0 as n→ 0, it follows that

lim
n→∞

sup
j ≥ n
k ≥ n

‖Sj − Sk‖t = 0 a.s

As the function space D([0, t],Rd) is complete under the uniform norm,
we get {S(s)} with the desired properties. �

Lemma 1.22. (Kolmogorov’s Inequality) Let (Xn) is a sequence of
independent random variables on Rd such that E [|Xn|2] < ∞ and
E[Xn] = 0 for each n. Let Sn =

∑n
j=1 Xj. Then

P
[
sup
n≥1
|Sn| > ε

]
≤ 1

ε2

∞∑

n=1

E[|Xn|2] (8)

for each ε > 0.

Proof. Given 1 ≤ n ≤ N , note that

|SN |2 − |Sn|2 = |SN − Sn|2 + 2(SN − Sn) · Sn ≥ 2(SN − Sn) · Sn;

and therefore, since SN−Sn has mean–value 0 and is independent from
σ(X1, . . . , Xn),

E
[
|SN |2, An

]
≥ E

[
|Sn|2, An

]
for any An ∈ σ(X1, . . . , Xn). (9)

In particular, if A1 = [|S1| > ε] and

An+1 =

[
max
1≤j≤n

|Sj| ≤ ε < |Sn+1|
]

then, the An’s are mutually disjoint and

BN =

[
max

1≤n≤N
‖Sn‖ > ε

]
=

N⋃

n=1

An,
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and so (9) implies that

E[|SN |2, BN ] =
N∑

n=1

E[|SN |2, An] ≥
N∑

n=1

E[|Sn|2, An]

≥ ε2

N∑

n=1

P[An] = ε2P[BN ].

This leads to

ε2P
[
sup
n≥1
|Sn| > ε

]
= lim

N→∞
ε2P[BN ]

≤ lim
N→∞

E
[
|SN |2

]
≤

∞∑

n=1

E[|Xn|2].

This finishes up the proof. �
1.2. Poisson Processes.

Definition 1.13. A stochastic process {Xt : t ≥ 0} on R is a Poisson
process with parameter c > 0 if it is a Lévy process and for any t > 0,
Xt has a Poisson distribution with mean ct

Definition 1.14. Let {Zn : n = 1, . . .} be a sequence of i.i.d random
variables on Rd. Let S0 = 0, and Sn =

∑n
j=1 Zj for n = 1, 2, . . .. Then

the random sequence {Sn : n = 0, 1, . . .} is called random walk on Rd.
Theorem 1.23. (Construction) Let {Wn : n = 0, 1, . . .} be a random
walk on R such that Tn = Wn−Wn−1 has exponential distribution with
mean c > 0. Define Xt by

Xt(ω) = n iff Wn(ω) ≤ t < Wn+1(ω)

Then {Xt : t ≥ 0} is a Poisson process.

Proof. Since Tn is nonnegative for any n, it follows that Wn ≤ Wn+1.
From the estimate

P
[

lim
n→∞

Wn ≤ t
]

= lim
n→∞

P [Wn ≤ t]

≤ lim
n→∞

P [T1 ≤ t, T2 ≤ t, . . . , Tn ≤ t]

= lim
n→∞

(P [T1 ≤ t])n = 0

we conclude that Wn increases to ∞ a.s., that the sample functions of
Xt are nondecreasing right continuous step functions with left limits
and jumps of size 1, and that

Xt = max{n : Wn ≤ t} <∞ a.s
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The estimate

P[X0 = 0] = P[W1 > 0] = P[T1 > 0] = 1

implies that X0 = 0 a.s.

Being Wn the sum of n exponential distributed distributions with pa-
rameter c, it follows that Wn has Γ(c, n)–distribution. Thus,

P[Xt = n] = P[Wn ≤ t < Wn + Tn+1] = P[(Wn, Tn+1) ∈ B]

where B = {(x, y) : 0 ≤ x ≤ t < x+ y}. Hence

P[Xt = n] = cn+1

(n−1)!

∫ t

0

∫ ∞

t−x
xn−1e−cxe−cy dy dx = e−ct

n!
(ct)n (10)

This shows that Xt is Poisson–ct distributed. Next, we show that

P[Wn+1 > t+ s|Xt = n] = e−cs = P[T1 > s] (11)

A computation similar to the one used to obtain equation (10) leads to

P[Xt = n,Wn+1 > t+ s] = P[Wn ≤ t,Wn + Tn+1 > t+ s]

= cn+1

(n−1)!

∫ t

0

xn−1e−cx
∫ ∞

t+s−x
e−cy dy dx

= e−c(t+s)
n!

(ct)n

This and (10) yield (11).

Let n ≥ 0 and m ≥ 1. Consider the conditional distribution of (Wn+1−
t, Tn+2, . . . , Tn+m) given that Xt = n. We will show below that it is
equal to the distribution of (T1, . . . , Tm). Let us set P[Xt = n] = a,
and observe that, for any s1, . . . , sm ≥ 0,

P[Wn+1 − t > s1, Tn+2 > s2, . . . , Tn+m > sm|Xt = n]

= P[Wn ≤ t,Wn+1 − t > s1, Tn+2 > s2, . . . , Tn+m > sm]/a

= P[Wn ≤ t,Wn+1 − t > s1]P[Tn+2 > s2, . . . , Tn+m > sm]/a

= P[Wn+1 − t > s1|Xt = n]P[Tn+2 > s2, . . . , Tn+m > sm]

= P[T1 > s1]P[T2 > s2, . . . , Tm > sm]

= P[T1 > s1, . . . , Tm > sm]

The argument above will show that for t > 0 and s > 0

P[Xt+s −Xt = m] = P[Xs = m] (12)

for

P[Xt = n,Xt+s −Xt = m] = P[Xt = n]P[Xt+s = m+ n|Xt = n]

= P[Xt = n]P[Wm+n ≤ t+ s < Wm+n+1|Xt = n]
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and since Wm+n ≤ t+ s < Wm+n+1 can be written as

Wn+1 − t+ Tn+2 + . . .+ Tm+n ≤ s < Wn+1 − t+ Tn+2 + . . .+ Tm+n+1

it follows that

P[Xt = n,Xt+s −Xt = m] = P[Xt = n]P[Wm ≤ s < Wm+1]

= P[Xt = n]P[Xs = m]

Addition over n yields (12).
The same argument shows that for, 0 ≤ t0 < t1 < . . . < tk,

P[Xt0 = n0, Xt1 −Xt0 = n1, . . . , Xtk −Xtk−1
= nk]

= P[Xt0 = n0, Xt1 = n0 + n1, . . . , Xtk = n0 + . . .+ nk]

= P[Xt0 = n0]P[Xt1−t0 = n1, . . . , Xtk−t0 = n1 + . . .+ nk]

Respiting this, we get the independent increments property, as

P[Xt0 = n0, Xt1 −Xt0 = n1, . . . , Xtk −Xtk−1
= nk]

= P[Xt0 = n0]P[Xt1−t0 = n1] · · ·P[Xtk−tk−1
= nk]

= P[Xt0 = n0]P[Xt1 −Xt0 = n1] · · ·P[Xtk −Xtk−1
= nk]

To see that the process is continuous in probability, notice that if Xt is
discontinuous in probability at time t0, then since Xt is nondecreasing,
there is a set A of probability larger than 0 where Xt0−Xt0− ≥ 1. But
A ⊂ ∪∞n=1[Wn = t0], which has probability 0. �

Using Poisson processes we can construct another example of a Lévy
process.

Definition 1.15. A distribution µ on Rd is compound Poisson if for
some c > 0, and for some distribution σ on Rd with σ({0}) = 0

µ̂(z) = exp (c(σ̂(z)− 1)) z ∈ Rd

The Poisson distribution is a special case where d = 1 and σ = δ1.

Definition 1.16. Let c > 0 and let σ be a distribution with σ({0}) = 0.
A stochastic process {Xt : t ≥ 0} on Rd is a compound Poisson process
associated with c and σ if it is a Lévy process, and for t > 0, Xt has a
compound Poisson distribution

E
[
ei〈z,X(t)〉] = exp (ct(σ̂(z)− 1)) z ∈ Rd

As we will see, the c > 0 and the distribution σ are determined
uniquely by {Xt}.
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Theorem 1.24. (Construction)
Let {Nt : t ≥ 0} be a Poisson process and {Sn : n = 0 . . .} be a random
walk on Rd defined on a probability space (Ω,F ,P). Assume that {Nt}
and {Sn} are independent and that P[S1 = 0] = 0. Define

Xt(ω) = SNt(ω)(ω)

Then {Xt : t ≥ 0} is a compound Poisson process with σ as the distri-
bution of S1.

Proof. Let B,B0, B1, . . . ,∈ B(Rd). Then,

P[Xt] = P [SNt ∈ B] =
∞∑

n=0

P [Nt = n, Sn ∈ B]

=

∞∑

n=0

P[Nt = n]P[Sn ∈ B]

For 0 ≤ t0 < t1, the stationary and independent increments property
of the Poisson process and of the random walk lead to

P[Xt0 ∈ B0, Xt1 −Xt0 ∈ B1] = P
[
SNt0 ∈ B0, SNt1 − SNt0 ∈ B1

]

=
∑

n0,n1

P[Nt0 = n0, Nt1 −Nt0 = n1, Sn0 ∈ B0, Sn1+n0 − Sn0 ∈ B1]

=
∑

n0,n1

P[Nt0 = n0]P[Nt1−t0 = n1]P[Sn0 ∈ B0]P[Sn1 ∈ B1]

= P[Xt0 ∈ B0]P[Xt1 ∈ B1]

Taking B0 = Rd we get that Xt1 − Xt0
d
= Xt1−t0 . In general, for

0 ≤ t0 < . . . < tk,

P[Xt0 ∈ B0, Xt1 −Xt0 ∈ B1, . . . , Xtk −Xtk−1
∈ Bk]

=
∑

n0,...,nk

P[Nt0 = n0, Nt1 −Nt0 = n1, . . . , Ntk −Ntk−1
= nk, Sn0 ∈ B0,

Sn0+n1 − Sn0 ∈ B1, . . . , Sn0+...+nk − Sn0+...+nk−1
∈ Bk]

=
∑

P[Nt0 = n0]P[Nt1−t0 = n1] · · ·P[Ntk −Ntk−1
= nk]

× P[Sn0 ∈ B0]P[Sn1 ∈ B1] · · ·P[Snk ∈ Bk]

= P[Xt0 ∈ B0]P[Xt1 −Xt0 ∈ B1] · · ·P[Xtk −Xtk−1
∈ Bk]

The right continuity with left limits condition for sample paths of {Xt},
as well as the continuity in probability, follow from {Nt} fulfilling the
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same conditions. By the same token, X0 = 0 a.s. As to the character-
istic function,

E
[
ei〈z,X(t)〉] =

∞∑

n=0

P[Nt = n]P
[
ei〈z,S(n)〉]

=
∞∑

n=0

e−ct
n!

(ct)nσ̂(z)n = exp[ct(σ̂(z)− 1)]

as asserted �

1.3. Brownian motion. Another important example of a Lévy pro-
cess is Brownian motion, very often referred as Wiener Process.

Definition 1.17. A stochastic process {Xt : t ≥ 0} on Rd defined
on a probability space (Ω,F ,P) is a Brownian motion, or a Wiener
process, if it is a Lévy process, and if for any t > 0, Xt has a Gaussian
distribution with mean 0 and covariance matrix tI.

There are many ways to prove the existence of Brownian motion.
Later on, we will derive a general and standard method to construct
Lévy processes. We borrow from [1] the following construction of Brow-
nian motion for d = 1.

Theorem 1.25. (Existence and Continuity of Brownian motion)

(i) There exist a probability space (Ω,F ,P) and a family of random
variables {Wt : t ≥ 0} on it that has stationary independent
increments, and such that W0 = 0 and the law of the increment
Wt −Ws is N(0, t− s).

(ii) Given such a family, one can change Wt for each t on a negli-
gible set in such a way that for every ω ∈ Ω the path t 7→Wt(ω)
is a continuous function.

Proof. Let (Ω,F ,P) any probability space that admits a sequence (ξn)
of independent random variables each having law N(0, 1). For instance,
take countably many copies of (R,B(R), γ1)1 and let (Ω,F ,P) be their
product. The projections ξn over the nth–component will do the job.
Let (φn) be any orthonormal basis of L2 (R); thus, any f ∈ L2 (R) can
be expressed uniquely in the form

f =
∞∑

n=1

anφn, with ‖f‖L2([0,∞)) =
∞∑

n=1

a2
n.

1γ1(dx) = (1/
√

2π)e−x
2/2 dx
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We define the map Φ : L2 ([0,∞))→ L2(Ω,F ,P) by

Φ(f) =
∞∑

n=1

anξn.

Notice that Φ associates to each equivalence class in L2 ([0,∞)) an
equivalence class in L2(Ω), also it is clear that Φ is a linear isometry
from L2 ([0,∞)) into L2(Ω).

The law of any function in the equivalence class Φ(f) isN(0, ‖f‖L2(R)).
To show this, note that if f =

∑
n anφn a.e. then

∫ ∞

0

f 2(t) dt =
∑

n

a2
n = E

[
Φ(f)2

]

The simple calculation

E
[
ei zΦ(f)

]
= E

[
ei z

P
n anξn

]
=
∏

n

E
[
ei zanξn

]
= e−z

2
P
n a

2
n/2

leads to the desired result.
A similar argument shows that if f1, f2, . . . are orthogonal then not

only are Φ(f1),Φ(f2), . . . orthogonal in L2(Ω), but actually they are
independent:

∥∥∥∥∥
∑

k

αkfk

∥∥∥∥∥

2

L2([0,∞))

=
∑

k

α2
k‖fk‖2

L2([0,∞))

therefore

E
[
ei
P
k αkΦ(fk)

]
= E

[
eiΦ(

P
k αkfk)

]
= e−‖

P
k αkfk‖2/2

=
∏

k

e−α
2
k‖fk‖2/2 =

∏

k

E
[
ei αkΦ(fk)

]

For any t ≥ 0, let Ẇt be the class of equivalence Φ
(
1[0,t]

)
and now

we simply choose Wt ∈ Ẇt. If 0 ≤ s < t then Ẇt − Ẇs = Φ
(
1[s,t]

)
is

N(0, t − s) distributed, thus stationarity increments property follows.
Since disjoint intervals are L2 ([0,∞))–orthogonal, the independence of
increments follows immediately. This is part (i) of the theorem.
The second part is much more difficult to prove. It is based on the
following result, due to Kolmogorov:

Proposition 1.26. Let U be an open subset of Rd, and let
{
X̂u : u ∈ U

}

be a collection of equivalence classes of random variables defined on
some probability space (Ω,F ,P) with values in some complete metric
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space (E, ρ). Assume that there exist non–negative constants p, α and
C such that

E
[
ρ
(
X̂u, X̂v

)p]
≤ C|u− v|d+β for u, v ∈ U.

Then,

(i) There exists a selection
{
Xu ∈ X̂u : u ∈ U

}
such that for every

ω ∈ Ω, the map u 7→ Xu(ω) from U to E is continuous.
(ii) Moreover, for any λ ∈ (0, β/p) and for any α > 0, there is

Ωα,λ ∈ F with P[Ωα,λ] > 1− α such that the family

{u 7→ Xu(ω) : ω ∈ Ωα,λ}
of E–valued functions can be chosen to be uniformly Hölder
continuous in any compact subset K of U with exponent λ.

(iii) Any two continuous selections Xu, X
′
u ∈ X̂u are indistinguish-

able in the sense that

P
[
sup
u∈U
|Xu −X ′u| > 0

]
= 0

A proof of this powerful result can be found in [1] and [6].

Continuation of proof of 1.25: In order to have a parameter domain we

extend the family {Ŵt} constructed in part (i) to negative times. One

possibility is to set Ŵt = Ŵ−t for t > 0. Then the estimate

E
[
|Ŵt − Ŵs|c

]
≤ |t− s|c/2E

[
|Ŵ1|c

]

gives the desired result. �
Incidentally, we have shown that almost surely, the maps Wt are

locally Hölder with exponent λ for all 0 < λ < 1/2. It is shown in [4]
that 1/2 is a threshold value, which consequently shows that almost
surely all paths of Brownian motion are nowhere differentiable. We can,
however, get aground the previous fact and prove by a direct method
the nowhere differentiability of Brownian motion.

Theorem 1.27. (Wiener) Let be W standard Brownian motion in
some probability space (Ω,F ,P). Then except from a set H of measure
0, the paths t 7→ Wt(ω) are nowhere differentiable.

Proof. The idea is to check that the set H ⊂ Ω where the path t 7→
Wt(ω) is differentiable at some point s is contained in

B =
∞⋃

K=1

∞⋃

M=1

∞⋃

N=1

∞⋂

n=N

Kn⋃

k=1

k+2⋂

j=k

[∣∣W(j+1)/n −Wj/n

∣∣ ≤ 7M
n

]
.
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To this end, suppose t 7→Wt(ω) is differentiable at some point s. Then
for some K ∈ N, s < K. Also, there exist M,N ∈ N such that for all
t ∈ (s− 5/n, s+ 5/n), |Wt(ω)−Ws(ω)| ≤M · |t− s|. Consider the first
consecutive number of the form j/n with j ∈ N in (s, s + 5/n). The
triangle inequality gives

∣∣W(j+1)/n −Wj/n

∣∣ ≤
∣∣W(j+1)/n −Ws

∣∣+
∣∣Ws −Wj/n

∣∣

and our assertion follows. To prove that B is indeed negligible, we
show that

Q
def
= P

[ ∞⋂

n=N

Kn⋃

k=1

k+2⋂

j=k

[∣∣W(j+1)/n −Wj/n

∣∣ ≤ 7M
n

]
]

≤ lim inf
n→∞

P

[
Kn⋃

k=1

k+2⋂

j=k

[∣∣W(j+1)/n −Wj/n

∣∣ ≤ 7M
n

]
]

= 0

To verify this, note that the events
[∣∣W(j+1)/n −Wj/n

∣∣ ≤ 7M
n

]
j = k, k + 1, k + 2

are independent and, by the homogeneity property, each has probability

P
[∣∣W1/n

∣∣ ≤ 7M/n
]

= 1√
2π/n

∫ 7M/n

−7M/n

e−x
2n/2 dx

= 1√
2π

∫ 7M/
√
n

−7M/
√
n

e−y
2/2 dy ≤ 14M√

2πn

Hence

Q ≤ lim inf
n

Kn
(
const√
n

)3

= 0

concluding thus the proof. �
An immediate consequence of the las theorem is

Corollary 1.28. (d=1) Almost surely there is no interval in which
t 7→ Wt(ω) is monotone.

Now that we have shown the existence of Brownian motion for d = 1,
we can construct Brownian motion in higher dimensions.

Proposition 1.29. Let be {Wt : t ≥ 0} be a stochastic process on
Rdand let W1(t), . . . ,Wd(t) be the components of Wt. The the following
are equivalent.

(i) {Wt} is a d–dimensional Brownian motion
(ii) {Wj(t)} is a one–dimensional Brownian motion for each j and
{W1(t)}, . . . , {Wd(t)} are independent.
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See [7] for the details of the proof.
The following theorem reveals some invariance properties of Brownian
motion under some transformations.

Theorem 1.30. Let {Wt} be a d–dimensional Brownian motion

(i) {−Wt} is a d–dimensional Brownian motion.
(ii) For each c > 0, {c−1/2Wct} is a d–dimensional Brownian mo-

tion
(iii) Define Xt = tWt−1 for t > 0 and X0 = 0. Then {Xt : t ≥ 0} is

a d–dimensional Brownian motion.

Proof. Only (iii) requires some extra thought. It is clear that Xt Gauss-
ian distributed with mean 0 and variance T . For any s, t > 0 the
estimate

E [Xj(t)Xk(t)] = stE
[
Wj(s

−1)Wk(t
−1)
]

= δjk(s ∧ t)

tells that Xt
d
= Wt for t > 0. Consider the continuous version Wt of

standard Brownian motion. Then Xt is continuous on (0,∞). We need
to show that Xt → 0 as t→ 0 almost surely. To this end consider the
set

Ω1 =

∞⋂

n=1

∞⋃

m=1

⋂

t∈Q∩(0,1/m)

[|Wt| ≤ 1/n]

by the same token, we define Ω′1 with Xt in place of Wt. By our choice
of Wt,

Ω1 =

[
lim
t↓0

Wt = 0

]
= [W0 = 0] = Ω

The identity in law of Xt and Wt for t > 0 gives P[Ω′1] = P[Ω] = 1,
concluding thus our proof. �
Theorem 1.31. (Behavior for large t). (d = 1) For any sequence
tn ↑ ∞

lim sup
n→∞

Wtn = ∞ a.s. (13)

lim inf
n→∞

Wtn = −∞ a.s. (14)

Proof. First notice that Wtn
d
= t

1/2
n W1, thus for any a > 0

P[Wtn > a] = P[W1 > t−1/2
n a]→ 1/2, n→ 0

Then an application of Fatou’s lemma leads to

P
[
lim sup

n
[Wtn > a]

]
= P[lim sup

n
Wtn > a]

≥ lim sup
n

P[Wtn > a] = 1/2



LÉVY PROCESSES 27

Therefore

P[lim sup
n

Wtn =∞] ≤ 1/2

Let t0 = 0 and Zn = Wtn −Wtn−1 . Then {Zn} are independent and

Wtn =
n∑

k=1

Zn

We have that

A =

[
lim sup

n
Wtn =∞

]
=

[
lim sup

n
(Wtn −Wtm) =∞

]

∈ σ(Zm+1, Zm+2, . . .)

for each m. Thus the event on the left hand side above is a tail event.
Then by Kolmogorov’s 0–1 law, we have that P[A] = 1. The symmetry
implied by theorem 1.30(i) gives (14) from (13). �

Theorem 1.32. (Behavior for small t)(d = 1) Let

T0(ω) = inf{t > 0 : Wt(ω) > 0}
T ′0(ω) = inf{t > 0 : Wt(ω) < 0}

for ω ∈ Ω. Then

T0 = 0 a.s. (15)

T ′0 = 0 a.s. (16)

Proof. Let tn ↓ 0. We use Xt = tWt−1 . Theorems 1.30 and 1.31 give

P
[
lim sup

n
[Wtn > 0]

]
= P

[
lim sup

n
[Xtn > 0]

]

= P
[
lim sup

n
[Wt−1

n
> 0]

]
= 1

This proves (15). Using symmetry we get (16) from (15). �

Now, we give another characterization of Brownian motion based on
theorem 1.19.

Theorem 1.33. (Lévy) Let X be a continuous process in Rd with
independent increments. Then X − X0 is Gaussian, and there are
continuous functions b in Rd and a in Rd2

, the latter with nonnegative
definitive increments such that Xt − Xs is N(bt − bs, ct − cs) for any
s ≤ t.



28 OLIVER DÍAZ

Proof. We fix s < t and consider successive divisions of the interval
[s, t] in n subintervals of equal length. Let us denote the corresponding
increments by ξn1, . . . , ξnn. By continuity we have that maxj |ξnj| → 0
a.s, thus by theorem (1.19) Xt − Xs =

∑
j ξnj is a Gaussian variable.

Since X has independent increments, it follows that the process X−X0

is Gaussian. Define b− t = E[Xt −X0] and at = cov(Xt −X0). Then
E[Xt −Xs] = bt − bs and by independence

0 ≤ cov(Xt −Xs) = cov(Xt)− cov(Xs) = at − as, for s < t

The continuity of X implies that Xs
d→ Xt as s→ t and thus bs → bt

and as → at. Proving continuity of bt and ct. �

2. Lévy processes: Existence and characterization

2.1. Infinitely divisible laws and Lévy processes in law. The
basic results on this section are the existence of Lévy processes in law,
the Lévy–Kintchine theorem, which gives a characterization of finitely
divisible distributions in terms of their characteristic functions. We will
give an analytic proof for this theorem and then we will use it later
to prove the Ito–Lévy representation theorem of additive processes,
which roughly speaking, decomposes such processes in a continuous
part plus a pure jump part. In the last section, it will show that we
can go the other way around and start from the Ito–Lévy’s theorem
and derive from it the Lévy–Kintchine theorem. There we will furnish
a probabilistic proof.

Definition 2.1. A probability measure µ on Rd is infinitely divisible
if for any n ∈ N, there is a probability measure µn on Rd such that
µ = µnn where

µnn = µn ∗ . . . ∗ µn︸ ︷︷ ︸
n

Simple examples of such distributions are Gaussian, exponential,
compound Poisson, delta and Cauchy distributions.

It is easy to check that if {Xt} is a Lévy process on Rd, then for
every t, the distribution of Xt is infinitely divisible. The following
lemma follows immediately from the definition

Lemma 2.1. If µ1 and µ2 are infinitely divisible, then µ1 ∗µ2 is infin-
itely divisible.

The following results will give the necessary means to show the ex-
istence of Lévy processes in law.

Lemma 2.2. If µ is infinitely divisible, then µ̂ has no zeroes, that is
µ̂(z) 6= 0 for any z ∈Rd.
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Proof. For each n there is a law µn such that µ̂(z) = µ̂nn(z). By theo-
rem 1.16 (v), |µ̂n(z)|2 = |µ̂(z)|2/n is a characteristic function. Let

ϕ(z) = lim
n→∞

|µ̂(z)|2/n = lim
n→∞

|µ̂n(z)|2 =

{
1 if µ̂(z) 6= 0
0 if µ̂(z) = 0

Since µ̂(0) = 1 and µ̂ is continuous, then ϕ(z) = 1 in a neighborhood
of 0. It follows from 1.16 (viii), that ϕ(z) is a characteristic function
for some law, and thus continuous. Hence ϕ(z) ≡ 1 which implies that
µ(z) 6= 0 for any z ∈Rd. �

Next we borrow three basic results from Complex Variable. The
proofs can be found in [7] or in [5] as exercises.

Lemma 2.3. For any u ∈ R and n ∈ N

ei u =
n−1∑

k=0

(i u)k

k!
+ θ(u) |u|

n

n!

with |θ(u)| ∈ C satisfying θ(u) ≤ 1

Lemma 2.4. (Continuous logarithm) Suppose that ϕ : Rd 7→ C is a
continuous function such that ϕ(0) = 1 and ϕ(z) 6= 0 for any z ∈Rd.
Then, there is a unique function f : Rd 7→ C such that f(0) = 0 and
ef(z) = ϕ(z). For any n ∈ N there is a unique continuous function
gn : Rd 7→ C such that gn(0) = 1 and gnn(z) = ϕ(z). Functions f and
gn are related by

gn(z) = ef(z)/n

.

We shall denote f by logϕ and gn as ϕ1/n, but we must not interpret
this as the composition of an analytic branch of logarithm with ϕ. More
generally,

ϕt(z) = et f(z)

Lemma 2.5. Suppose that ϕ(z) and ϕn(z), n = 1, 2, . . ., are continuous
functions from Rdinto C such that ϕ(0) = 1 = ϕn(0), ϕ(z) 6= 0 and
ϕn(z) 6= 0 for any z ∈Rd. If ϕn → ϕ uniformly on compact sets, then
logϕn → logϕ uniformly on compact sets.

Limits in law of infinitely divisible distributions are also infinitely
divisible.

Lemma 2.6. If (µk) is a sequence of infinitely divisible distributions

and µk
d→ µ, then µ is infinitely divisible
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Proof. First we show that µ̂(z) 6= 0 for any z ∈Rd. This will guar-
anty the existence of a continuous logarithm. By theorem 1.16 (vi),
µ̂k(z) → µ̂(z) uniformly in compact sets, hence |µ̂k(z)|2/n → |µ̂(z)|2/n
uniformly in compact sets for n = 1, 2, . . . as k → ∞. Since each
µk is infinitely divisible, |µ̂k(z)|2/n is a characteristic function; hence,
|µ̂(z)|2/n is continuous and then again, by Lévy continuity, it is a char-
acteristic function as well. The simple identity |µ̂(z)|2 =

(
|µ̂(z)|2/n

)n
shows that |µ̂(z)|2 is the characteristic function of an infinitely divisible
distribution. Therefore µ̂(z) 6= 0 for any z ∈Rd.
By lemma 2.5, log µ̂k(z)→ log µ̂(z) uniformly on compact sets. Hence

µ̂k
1/n(z) → µ̂1/n(z) uniformly in compact sets for any n = 1, 2, . . .

, as k → ∞. Being µ̂k
1/n(z) characteristic functions, and µ̂1/n(z)

continuous, it follows that µ̂1/n(z) is a characteristic function for any
n ∈ N. Therefore, µ is an infinitely divisible distribution, since µ̂(z) =(
µ̂1/n(z)

)n
.

Proposition 2.7. If µ is infinitely divisible, then for every t ∈ [0,∞)
µt is a definable infinitely divisible distribution.

Proof. Since µ̂1/n(z) =
(
µ̂1/nk(z)

)k
, it follows that for any n ∈ N µ1/n is

an infinitely divisible distribution. Hence for any positive integers n and
m, µn/m is also an infinitely divisible distribution. For any irrational
number t > 0, choose a sequence (rn) in Q such that rn → t. Then
µ̂rn(z) → µ̂t(z). The later is continuous, thus Lévy continuity shows
that µ̂t(z) is a characteristic function. Lemma 2.6 leads to positive
conclusion. �.

Using infinitely divisible distributions is all we need to construct
Lévy processes in law.

Theorem 2.8. (Existence of Lévy processes in law)

(i) If {Xt : t ≥ 0} is a Lévy process in law on Rd, then for any
t ≥ 0, PXt is infinitely divisible, and letting PX1 = µ, we have
that PXt = µt.

(ii) Conversely, if µ is an infinitely divisible distribution on Rd, then
there is a Lévy process in law {Xt : t ≥ 0} such that PX1 = µ.

(iii) If {Xt} and {X ′t} are Lévy processes in law on Rd such that

PX1 = PX′1, then X
d
= X ′.

Proof. (i) Let {Xt} be a Lévy processes in law. For any t > 0 consider
the points tk = kt/n with k = 0, . . . , n, with n ∈ Z+. Since

Xt =
n∑

k=1

(
Xtk −Xtk−1

)
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it follows immediately that P̂Xt(z) =
(
ϕ̂1/n(z)

)n
. where ϕ̂1/n is the

characteristic function of X1/n. Let µ = PX1, then µ =
(
PX1/n

)n
from

which we get PX1/n
= µ1/n. Thus, for any rational number n/m we have

PXn/m = µn/m.For any irrational number t > 0 let rn any sequence in

Q such that rn → t. By continuity in probability Xrn
P→ Xt, thus

Xtn
d→ Xt and PXt = µt follows.

(ii) If µ is infinitely divisible, then µt is a distribution with charac-
teristic function et log bµ(z). Hence

µs ∗ µt = µs+t (17)

µ0 = δ0 (18)

µt → δ0 as t ↓ 0 (19)

Now we proceed to construct the corresponding Lévy process in law.

Consider Ω =
(
Rd
)[0,∞)

with the Borel product σ–algebra. Consider
also the projections Xt(ω) = ω(t). For any n ∈ Z+ and 0 ≤ t0 < t1 <
. . . < tn define

µt0...tn(B0 × . . .×Bn) =

∫

(Rd)n+1

1B0(y0)1B1(y0 + y1) · · ·1Bn(y0 + · · ·+ yn)·

· µt0(dy0)µt1−t0(dy1) · · ·µtn−tn−1(dyn)

Each µt0...tn can be extended to B
(
(Rd)n+1

)
and clearly the family of fi-

nite dimensional distributions thus obtained satisfies the Kolmogorov’s
consistency condition. Therefore, there exists a unique probability
measure P on F such that

P [Xt0 ∈ B0, . . . , Xtn ∈ Bn] = µt0...tn(B0 × . . .×Bn).

In particular, Xt has distribution µt. We will show now that {Xt : t ≥
0} is indeed a Lévy process in law. If 0 ≤ t0 < t1 < . . . < tn then for

any bounded measurable function f :
(
Rd
)n+1 7→ R

E [f(Xt0, . . . , Xtn)] =

∫

(Rd)n+1

f(y0, y0 + y1, . . . , y0 + · · ·+ yn)·

· µt0(dy0)µt1−t0(dy1) · · ·µtn−tn−1(dyn)

In particular, for the function

f(x0, . . . , xn) = exp

(
i

d∑

j=1

〈zj, xj − xj−1〉
)
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we get

E

[
exp

(
i

d∑

j=1

〈zj, Xj −Xj−1〉
)]

=
d∏

j=1

∫

Rd
exp (i〈zj, yj〉)µtj−tj−1(dyj)

If follows immediately that Xj−Xj−1 has law µtj−tj−1 and that Xt has
independent increments. From (c) we get

P [|Xs −Xt| > ε] = P
[
|X|t−s|| > ε

]
→ 0 as s→ t.

That is, {Xt : t ≥ 0} is a Lévy process in law.

(iii) Let {Xt} and {X ′t} be Lévy processes in law and X1
d
= X ′1.

From (i) it follows that Xs+t −Xs
d
= X ′s+t −X ′s for any s, t ≥ 0. The

independent increments property implies that

(Xt0, Xt1 −Xt0 , . . . , Xtn −Xtn−1)
d
= (X ′t0, X

′
t1
−X ′t0 , . . . , X ′tn −X ′tn−1

)

for 0 ≤ t0 < . . . < tn. Since (Xt0, . . . , Xtn) is a measurable function of
(Xt0, Xt1 −Xt0 , . . . , Xtn −Xtn−1) then

(Xt0 , . . . , Xtn) = (X ′t0, . . . , X
′
tn)

Lemma 1.3 concludes the proof. �

2.2. Representation of infinitely divisible distributions.

Theorem 2.9. (Lévy–Kintchine)

(a) If µ is an infinitely divisible distribution on Rd, then

µ̂(z) = exp
[
− 1

2
〈z, Az〉+ i〈γ, z〉

+

∫

Rd

(
ei〈z,x〉 − 1− i〈z, x〉1D(x)

)
ν(dx)

] (20)

for z ∈ Rd, where D = {x : |x| ≤ 1}, A is a symmetric
nonnegative–definite d×d matrix, ν is a measure on

(
Rd,B(Rd)

)

satisfying

ν ({0}) = 0 and

∫

Rd

(
|x|2 ∧ 1

)
ν(dx) <∞, (21)

and γ ∈ Rd.
(b) The representation of µ̂(z) in (20) with triplet (A, ν, γ) is unique.
(c) Conversely, if A is a symmetric nonnegative–definite d× d ma-

trix, ν is a measure satisfying (21) and γ ∈ Rd, then there
exists an infinitely divisible distribution µ whose characteristic
function is given by (20).



LÉVY PROCESSES 33

Before we embark ourselves into proving such a result, we introduce
first some concepts and ideas that will be at handy later on.
We call (A, ν, γ) as in theorem 2.9, the generating triplet of µ. The A
and ν are called respectively, the Gaussian covariance matrix and the
Lévy measure of µ. When A = 0, µ is said to be purely non Gaussian.
When ν = 0, then µ is Gaussian.

The integrand in the right–hand side of (20) is integrable with respect
to ν because it is bounded outside any neighborhood of 0, and for fixed
z

ei〈z,x〉 − 1− i〈z, x〉1D(x) = O(|x|2) as |x| → 0

There are many other ways of getting an integrable integrand. Some
useful choices are obtained as follows. Let c : Rd 7→ R be a bounded
measurable function satisfying

c(x) = 1 + o(|x|) as |x| → 0
c(x) = O(1/|x|) as |x| → ∞ (22)

Under these conditions, it is easy to see that for fixed z

ei〈z,x〉 − 1− i〈z, x〉c(x) =

{
O(|x|2) as |x| → 0
O(1) as |x| → ∞

On the other hand, equation (20) is now expressed as

µ̂(z) = exp
[
− 1

2
〈z, Az〉+ i〈γc, z〉

+

∫

Rd

(
ei〈z,x〉 − 1− i〈z, x〉c(x)

)
ν(dx)

] (23)

where

γc = γ +

∫

Rd
x
(
c(x)−1D(x)

)
ν(dx) (24)

The triplet (A, ν, γc)c is also called generating triplet of ν. Commonly
used examples of c(x) are:

(i) c(x) = 1{|x|≤ε}(x) with ε > 0
(ii) c(x) = 1

1+|x|2

(iii) (d = 1) c(x) = 1[−1,1](x) + 1
x
1(1,∞)(x)− 1

x
1(−∞,1)(x)

(iv) (d = 1) c(x) = sinx
x

More generally, if c(x) is a measurable function, and if for every z,
ei〈z,x〉−1−i〈z, x〉c(x) is integrable with respect to a given Lévy measure
ν, then we obtain (23) with γc as in (24). The triplet (A, ν, γc)c is still
called generating triplet. If ν satisfies

∫
|x|≤1
|x| ν(dx) <∞, then letting
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c = 0 we get the representation

µ̂(z) = exp
[
− 1

2
〈z, Az〉+ i〈γ0, z〉+

∫

Rd

(
ei〈z,x〉 − 1

)
ν(dx)

]
(25)

with γ0 ∈ Rd. The term γ0 is called the drift of µ. If
∫
|x|>1
|x| ν(dx) <

∞, then letting c = 1 we have the representation

µ̂(z) = exp
[
− 1

2
〈z, Az〉+ i〈γ1, z〉+

∫

Rd

(
ei〈z,x〉 − 1− i〈z, x〉

)
ν(dx)

]
.(26)

The term γ1 is called the center of µ.
The following analytic proof of theorem 2.9, is taken from [7]. Parts

(b) and (c) are proved first by direct methods. Part (a) will follow from
a more general result using an integrand as in (23).

Proof. (b) Suppose that µ̂(x) is given by (20) with generating triplet
(A, ν, γ). The estimate

∣∣∣ei〈z,x〉 − 1− i〈z, x〉1D(x)
∣∣∣ ≤ 1

2
|z|2|x|21D(x) + 21Dc(x)

and dominated convergence shows that the expression in the square
brackets in (20) is continuous. Therefore log µ̂(z) is well defined. Dom-
inated convergence and the equality

log µ̂(sz) =− 1
2
s2〈z, Az〉+ i〈γ, sz〉

+ +

∫

Rd

(
ei〈sz,x〉 − 1− i〈sz, x〉c(x)

)
ν(dx)

gives

lim
s→∞

log µ̂(sz) = −1
2
〈z, Az〉. (27)

Hence A is uniquely determined by µ. Let C = [−1, 1]d and ψ(z) =
log µ̂(z) + 1

2
〈z, Az〉. Equation (27) shows that ψ(z) is completely de-

termined by µ. Clearly

ψ(z)− ψ(z + w) = −i〈γ, w〉+

∫

Rd

(
ei〈z,x〉 − ei〈z+w,x〉 + i〈w, x〉1D(x)

)
ν(dx).

The estimate

|ei〈z,x〉 − ei〈z+w,x〉 + i〈w, x〉| ≤ |1− ei〈w,x〉 + i〈w, x〉|+ |〈w, x〉||1− ei〈z,x〉|
≤ 1

2
|w|2|x|2 + |w||z||x|2

allows us to use Fubini’s theorem to get
∫

C

ψ(z)− ψ(z + w) dw = 2d
∫

Rd
e1〈z,x〉

(
1−

d∏

j=1

sinxj
xj

)
ν(dx) (28)
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Let

ρ(dx) =

(
1−

d∏

j=1

sinxj
xj

)
ν(dx).

Since
d∏

j=1

sinxj
xj

= 1− |x|2
6

+O(|x|4) as |x| → 0

it follows that ρ is a finite measure, and (28) is its Fourier transform.
By the Fourier inversion theorem we get that ρ in uniquely determined
by ψ, and thus, by µ. That γ is uniquely determined by µ now follows
immediately. �
Proof. (c) Given the triplet (A, ν, γ), let ϕ(z) be as in equation (20).
For each n ∈ N, define

ϕn(z) = exp
[
− 1

2
〈z, Az〉+ i〈γ,z〉

+

∫

|x|>1/n

(
ei〈z,x〉 − 1− i〈z, x〉1D(x)

)
ν(dx)

]

Each measure νn(·) = ν (· ∩ [|x| > 1/n]) is finite, thus ϕn(z) is the char-
acteristic function of the convolution of a Gaussian and a compound
Poisson distribution. Since ϕn(z)→ ϕ(z) and ϕ(z) is continuous, Lévy
continuity and lemma 2.6 imply that ϕ(z) is the characteristic function
of some infinitely divisible distribution. �

The proof of (a) will be based on the following result. Let us denote
by f ∈ C] if f : Rd 7→ R is bounded continuous function vanishing on
a neighborhood of 0.

Theorem 2.10. Let c : Rd 7→ R be a bounded continuous function
satisfying (22). Suppose that µn, n ∈ N are infinitely divisible distri-
butions on Rd and each µ̂(z) has the Lévy–Kintchine representation
given by the generating triplet (An, νn, βn)c. Let µ be a probability mea-

sure on Rd. Then µn
d→ µ if and only if µ is infinitely divisible and

µ̂(z) has Lévy–Kintchine representation given by the generating triplet
(A, ν, β)c with A, ν and β satisfying the following conditions

(i) If f ∈ C] then

lim
n→∞

∫

Rd
f(x)νn(dx) =

∫

Rd
f(x)ν(dx)

(ii) Define the symmetric nonnegative matrices An,ε by

〈x,An,ε〉 = 〈z, Anz〉+

∫

|x|≤ε
〈z, x〉2νn(dx) n ∈ N, ε > 0.
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Then

lim
ε↓0

lim sup
n→∞

|〈z, An,εz〉| = 0

(iii) βn → β.

The use of continuous c(x) is to compensate for the discontinuity of

1D(x)

Proof. First we proof necessity. If µn
d→ µ then µ is infinitely divisible,

therefore µ̂(z) 6= 0 for any z and µ̂n(z)→ µ̂(z) uniformly in compacta.
It follows that log µ̂n(z)→ log µ̂(z) uniformly in compacta.

Define

ρn(dx) =
(
|x|2 ∧ 1

)
νn(dx)

Claim:

(1) supn
{
ρn(Rd)

}
<∞

(2) lim
l→∞

supn
∫
|x|>l ρn(dx) = 0

This means that (ρn) is uniformly bounded and uniformly tight. Let
us assume for the moment that the claim holds. Then using theo-
rem 1.15 (b) after normalization we can show that there is a subse-
quence ρnk which converges to some finite measure ρ, since we can
assume infn ρn(Rd) > 0 as the case limn ρn(Rd) = 0 is evident. Define
ν by setting

(1) ν({0}) = 0

(2) ν(dx) = (|x|2 ∧ 1)
−1
ρ(dx) for |x| > 0.

In general, ρ might have a point mass at 0, but this is ignored by ν.
Let us define the function g : Rd × Rd 7→ C by

g(z, x) = ei〈z,x〉 − 1− i〈z, x〉c(x).

This function is continuous, and for fixed z it is bounded. Then

log µ̂n(z) = −1
2
〈z, Anz〉+ i〈βn, z〉+

∫

Rd
νn(dx)

= −1
2
〈z, An,εz〉+ i〈βn, z〉+ In,ε(z) + Jn,ε(z) (29)

where

In,ε(z) =

∫

|x|≤ε

(
g(z, x) + 1

2
〈βn, z〉

) (
|x|2 ∧ 1

)−1
ρn(dx)

Jn,ε(z) =

∫

|x|>ε
g(z, x)

(
|x|2 ∧ 1

)−1
ρn(dx)
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Let E be the set of ε > 0 for which
∫
|x|=ε ρ(dx) = 0. Then by theo-

rem 1.15 (e)

lim
k→∞

Jnk,ε(z) =

∫

|x|>ε
g(z, x)

(
|x|2 ∧ 1

)−1
ρ(dx) for ε ∈ E

hence,

lim
E3ε↓0

lim
k→∞

Jnk,ε(z) =

∫

Rd
g(z, x)ν(dx) (30)

From lemma 2.3 we get that for fixed z

(
g(z, x) + 1

2
〈z, 〉2

) (
|x|2 ∧ 1

)−1
= o(|x|2) as |x| → 0

therefore,

lim
ε↓0

sup
n
|In,ε(z)| = 0 (31)

Treating real and imaginary part of (29) separately, and combining (30), (31)
and the fact the fact that log µ̂n(z)→ log µ̂(z) uniformly in compacta,
we get

lim
E3ε↓0

lim sup
k→∞

〈x,Ank,εz〉 = lim
E3ε↓0

lim inf
k→∞

〈x,Ank,εz〉 (32)

lim sup
k→∞

〈βnk , z〉 = lim inf
k→∞

〈βnk , z〉 (33)

both sides of both (32) and (33) being finite. It follows that there exist
β such that βnk → β. Since each side of (32) is a nonnegative quadratic
form on z, it is equal to 〈z, Az〉 form some symmetric, nonnegative–
definite matrix A. We can drop the restriction ε ∈ E in (32) since
〈z, An,εz〉 is monotone increasing in ε. We have shown that

µ̂(z) = exp
[
− 1

2
〈z, Az〉+ i〈β, z〉

+

∫

Rd

(
ei〈z,x〉 − 1− i〈z, x〉c(x)

)
ν(dx)

]

and that (i), (ii) and (iii) hold along a subsequence (µnk). By part (c)
of theorem 2.9, the triplet (A, ν, β)c is unique. Since we could have
started the argument with any subsequence of (µn), this uniqueness
ensures that (i), (iii) and

lim
ε↓0

lim sup
n→∞

〈x,An,εz〉 = lim
ε↓0

lim inf
n→∞

〈x,An,εz〉 (34)
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It is no hard to check that (34) is equivalent to (ii).
Now we turn to the claim. Let C(h) = [−h, h]d. By Fubini’s theorem

−
∫

C(h)

log µ̂n(z) dz

= 1
2

∫

C(h)

〈z, An〉 dz −
∫

Rd

∫

C(h)

g(z, x) dz νn(dx)

≥ (2h)d
∫

Rd

(
1−

d∏

j=1

sinhxj
hxj

)
νn(dx). (35)

Since

Λ = inf
x∈Rd

(
1−

d∏

j=1

sinhxj
hxj

)
(
|x|2 ∧ 1

)−1
> 0

then

−
∫

C(1)

log µ̂n(z) dz ≥ 2dΛ

∫

Rd
ρn(dx).

In particular, since log µ̂n(z) → log µ̂(z) uniformly in C(1), it follows
that supn{ρn(Rd)} < ∞. On the other hand, continuity of log µ̂(z)
implies that

lim
h→0
− 1

(2h)d

∫

C(h)

log µ̂(z) dz = − log µ̂(0) = 0

Hence, for every ε > 0 there are n0 and h0 > 0 such that
∫

Rd

(
1−

d∏

j=1

sinh0xj
h0xj

)
νn(dx) < ε

2
for n ≥ n0

If |x| > 2
√
d/h0, then |xj0| > 2/h0 for some j0 and

1−
d∏

j=1

sinh0xj
h0xj

≥ 1−
∣∣∣ sinh0xj0

h0xj0

∣∣∣ ≥ 1− 1
h0|xj0 |

> 1
2

Hence, for every n ≥ n0∫

|x|>2
√
d/h0

ρn(dx) =

∫

|x|>2
√
d/h0

(|x|2 ∧ 1)νn(dx) < ε

Now we prove the sufficiency. Define ρn(dx) = (|x|2 ∧ 1)νn(dx) and
ρ(dx) = (|x|2 ∧ 1)ν(dx) as above. Let E be as before. From (i) we
get (30). Since ∫

|x|≤ε
〈z, x〉2νn(dx) ≤ 〈z, An,εz〉
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conditions (i) and (ii) imply that
(
ρn(Rd)

)
is uniformly bounded. There-

fore (31) holds as well. Using equation (29) and conditions (ii) and (iii)
we obtain

lim
n→∞

log µ̂n(z) = 1
2
〈z, Az〉+ i〈β, z〉+

∫

Rd
g(z, x)ν(dx)

The right–hand side equals to log µ̂(x). Therefore µn
d→ µ. �

Proof of theorem 2.9(a) Given the infinitely divisible distribution µ,
choose any sequence tn ↓ 0. Define µn by

µ̂n(z) = exp
[
t−1
n (µ̂tn(z)− 1)

]
= exp

[
t−1
n

∫

Rd\{0}
(e1〈z,x〉 − 1)µtn(dx)

]

The distribution of µn is compound Poisson. Note that

µ̂n(z) = exp
[
t−1
n (etn log bµ(z) − 1)

]
= exp

[
t−1
n (tn log µ̂(z) +O(t2n))

]

for each z as n → ∞. Hence µ̂n(z) → elog bµ(z) = µ̂(z). Since µn has
the representation (23), theorem 2.10 can be applied to conclude that
µ̂(z) has the Lévy–Kintchine representation with triplet (A, ν, β)c. This
representation can be written in unique way in form (20). �

The following results are immediate consequences of the proof of part
(a)

Corollary 2.11. Every infinitely divisible distribution is the limit in
law of a sequence of compound Poisson distributions.

Corollary 2.12. Let tn ↓ 0. If ν is the Lévy measure of an infinitely
divisible distribution µ, then for any f ∈ C]

t−1
n

∫

Rd\{0}
f(x)µtn(dx)→

∫

Rd
f(x)ν(dx)

Proof. Take νn(·) = t−1
n µtn(· ∩ Rd \ {0}), and apply theorem 2.10(i). �

Corollary 2.13. If µ has generating triplet (A, ν, γ), then µt has gen-
erating triplet (tA, tν, tγ)

2.3. Additive Processes. Indefinitely divisible distributions have close
connection not only with Lévy processes but also with additive pro-
cesses.

Theorem 2.14. If {Xt : t ≥ 0} is an additive process in law on Rd,
then for every t, the law of Xt is infinitely divisible.
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The proof of the previous theorem is rather easy once we have at our
disposal the following result that is related to null arrays. This is one
of the fundamental theorems on sums of independent variables.

Theorem 2.15. (Kintchine–Kolmogorov) Let Snk null array on Rd
with row sums Sn, If for some bn ∈ Rd, n = 1, . . ., the distribution of
Sn − bn converges to a distribution µ, then µ is infinitely divisible.

The following lemmas will be useful for the proof of theorem 2.15.
The first one introduces some some kind of centering for random vari-
ables. The second gives some estimate for the characteristic function
of a random variable that is in some sense centered.

Define the map τj : Rd 7→ Rd whose components are given by

τj(x) = τ(x1, . . . , xd) = xj1[−1,1](xj) + 1(1,∞)(xj)−1(∞,−1)(xj)

Lemma 2.16. For any random variable X on Rd with law µ there
exists a ∈ Rd such that

E [τ(X − a)] = 0 (36)

Proof. Note that the function f(a) = E[τj(X − a)] depends only on aj
and as such, it is continuous and decreasing. It tends to 1 and −1 as aj
tends to −∞ and ∞ respectively. Therefore it vanishes at some point
aj. Repeating the argument component by component we obtain the
point a. �
Lemma 2.17. Let X be a random variable on Rd with law µ and such
that E[τ(X)] = 0. Then

|µ̂(z)− 1| ≤
(

2 +
√
d |z|+ 1

2
|z|2
)
E
[
|τ(X)|2

]
for z ∈ Rd (37)

Proof. Notice that µ̂(z)− 1 = E
[
ei〈z,X〉 − 1− i〈z, τ(X)〉

]
. For x in the

box C(1) we get

|ei〈z,x〉 − 1− i〈z, τ(x)〉| ≤ 1
2
|z|2|τ(x)|2 (38)

For x outside the unit box we have that |xk| > 1 for some k. thus

|ei〈z,x〉 − 1− i〈z, τ(x)〉| ≤ 2 +
√
d |z| ≤ (2 +

√
d |z|)|τ(x)|2

Pulling this two cases together gives (37). �

Proof of theorem 2.15. For each n ∈ N and k = 1, . . . , rn choose
ank ∈ Rd such that E [τ(Snk − ank)] = 0. Let us denote by µnk their
respective distributions. Also, let

γn =
rn∑

k=1

ank − bn.
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We will show that

exp

[
i〈γn, z〉+

rn∑

k=1

(µ̂nk(z)− 1)

]
→ µ̂(z), n→∞ (39)

This will prove the theorem since the expression on the right–hand
side of the limit above is the characteristic function of a delta and a
compound Poisson distribution.
The estimate

∣∣∣P̂Snk(z)− 1
∣∣∣ =

∣∣∣∣
∫

Rd

(
ei〈z,x〉 − 1

)
PSnk(dx)

∣∣∣∣ ≤ ε|z|+ 2PSnk [|Snk| > ε]

together with the fact that Snk is a null array, imply that for any
compact set K ⊂ Rd

sup
z∈K

max
1≤k≤n

∣∣∣P̂nk(z)− 1
∣∣∣→ 0, n→∞ (40)

Our goal now is to show that the Snk − ank form a null array as well.
To this end, we first show that

max
1≤k≤n

|ank| → 0, n→∞ (41)

Fix any 0 < ε < 1 and let ε̄ be the vector whose components are all
ε. Let ā ∈ Rd is such that aj ≤ −ε, and b̄ ∈ Rd such that bj ≥ ε.
Splitting the space Ω as

[
S

(j)
nk ≤ − ε

2

]⋃[∣∣∣S(j)
nk

∣∣∣ < ε
2

]⋃[
S

(j)
nk >

ε
2

]

we obtain for all n large enough

E [τj(Snk − ā)] ≥ E [τj(Snk + ε̄)]

≥ E
[
τj(Snk + ε̄);

∣∣∣S(j)
nk

∣∣∣ < ε
2

]
+ E

[
τj(Snk + ε̄);S

(j)
nk < − ε

2

]

≥ ε
2
P
[∣∣∣S(j)

nk

∣∣∣ < ε
2

]
− P

[
S

(j)
nk < − ε

2

]

≥ ε
2
P
[∣∣∣S(j)

nk

∣∣∣ < ε
2

]
− P

[∣∣∣S(j)
nk

∣∣∣ > ε
2

]

≥ ε
2
(1− ε

8
)− ε

8
> ε

4
− ε

8
> 0
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Similarly

E
[
τj(Snk − b̄)

]
≤ E [τj(Snk − ε̄)]
≤ E

[
τj(Snk − ε̄);

∣∣∣S(j)
nk

∣∣∣ < ε
2

]
+ E

[
τj(Snk − ε̄);S(j)

nk >
ε
2

]

≤ − ε
2
P
[∣∣∣S(j)

nk

∣∣∣ < ε
2

]
+ P

[
S

(j)
nk >

ε
2

]

≤ − ε
2
P
[∣∣∣S(j)

nk

∣∣∣ < ε
2

]
+ P

[∣∣∣S(j)
nk

∣∣∣ > ε
2

]

≤ − ε
2
(1− ε

8
) + ε

8
< − ε

4
+ ε

8
< 0

This shows (41), from which it follows

max
1≤k≤rn

P [|Snk − ank| > ε]→ 0, n→∞.

Thus, for any compact K ⊂ Rd

sup
z∈K

max
1≤k≤rn

|µ̂nk(z)− 1| → 0, n→∞ (42)

Hence for n sufficiently large the right–hand side of (42) is less than 1/2.
Thus for a fixed compact set K, the continuous logarithm of µ̂nk(z),
log µ̂nk(z), is defined as the principal branch of the analytic logarithm,
ln, of µ̂nk(z). Then for z ∈ K

log µ̂nk(z) = ln(µ̂nk(z)) = ln(1 + θnk(z)) = θnk(z)(1 + ρnk(z)) (43)

where

θnk(z) = µ̂nk(z)− 1, ρnk(z) =
∞∑

m=1

(−1)m

m+1
θmnk(z)

It follows from (42) and the estimate

|ρnk(z)| ≤ |θnk(z)| / (1− |θnk(z)|)
that

sup
z∈K

max
1≤k≤rn

|ρnk(z)| → 0, n→∞ (44)

Let

vn =
rn∑

k=1

E
[
|τ(Snk − ank)|2

]
.

By lemma 2.17 we get

rn∑

k=1

|θnk(z)| ≤
(

2 +
√
d z + 1

2
|z|2
)
vn for z ∈ K (45)
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Combining (43), (44) and (45) we obtain
rn∑

k=1

log µ̂nk(z) =

rn∑

k=1

(µ̂nk(z)− 1) + o(vn) (46)

uniformly on z ∈ K as n→ 0. Next we show that

vn = O(1), as n→∞ (47)

which would imply that o(vn) = o(1). Set K = {z : |z| ≤ 1} and
consider the cube C(h) contained in K with h small enough so that

|̂(µ)(z)− 1| < 1/2. By hypothesis and theorem 1.16(vi) we get

ei〈γn,z〉
rn∏

k=1

µ̂nk(z)→ µ̂(z) (48)

uniformly on compact sets. Thus, uniformly on C(h) we have

i〈γn, z〉+

rn∑

k=1

log µ̂nk(z)→ log µ̂(z), n→∞

Using, ( 46), we integrate the expression above over C(h). Because of
( 38) we can apply Fubini’s theorem, which leads to

rn∑

k=1

∫

Rd

(
1−

d∏

j=1

sinhxj
hxj

)
µnk(dx) + o(vn) + o(1) = c1

as n→∞, where

c1 = − 1
(2d)d

∫

C(h)

log µ̂(z) dz

It follows immediately that

|c1| ≥ Λ

rn∑

k=1

∫

Rd
|τ(x)|2µnk(dx) + o(vn) + o(1)

= Λvn + o(vn) + o(1)

where

0 < Λ = inf
x∈Rd

(
1−

d∏

j=1

sinhxj
hxj

)
1

|x|2∧1
<∞.

This proves (47). Pulling (46), (47) and (48) together we obtained that

µ(z) = exp

[
i〈γn, z〉+

rn∑

k=1

(µ̂nk(z)− 1) + o(1)

]
+ o(1)

as n→∞ on the set K. This is precisely equation (39) and the proof
is complete . �
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Proof of theorem 2.14. Fix t > 0 and introduce the points tn,k =
kt/n for each n ∈ N and k = 1, . . . , n. Define Snk = Xtn,k − Xtn,k−1

.
Lemma 1.9 implies that the Snk form a null array. The row sum Sn
equals Xt for each n. Applying theorem 2.15 with µ = PXt and bn = 0
concludes the proof. �

The following result gives the existence of additive processes in law.

Theorem 2.18. (Existence of additive processes)

(i) Let {Xt : t ≥ 0} and additive process in law on Rd. For 0 ≤
s ≤ t < ∞ define the system of distributions µs,t as the law of
Xt −Xs. Then each µs,t is infinitely divisible and

µs,t ∗ µt,u = µs,u for 0 ≤ s ≤ t <∞ (49)

µs,s = δ0 for 0 ≤ s (50)

µs,t → δ0 as s→ t (51)

(ii) Conversely, if {µs,t : 0 ≤ s ≤ t <∞} is a system of probability
measures on Rd satisfying (49)–(51) then, there exists an ad-
ditive process in law {Xt : t ≥ 0} such that for 0 ≤ s ≤ t <∞,
Xt −Xs has law µs,t.

(iii) If {Xt} and {X ′t} are additive processes in law on Rd such that

Xt
d
= X ′t for each t ≥ 0, then X

d
= X ′.

Proof. (i) For s ≥ 0 fixed, {Xt+s − Xs : t ≥ 0} is an additive process
in law. Hence, from theorem 2.14, µs,t is infinitely divisible. Prop-
erty (49) comes from independence of increments and Xu − Xs =
(Xu − Xt) + (Xt − Xs). Properties (50) and (51)) follow from the
stochastic continuity of X.

(ii) The same proof as for theorem 2.8 works if we replace condi-
tions (17)–(19) by conditions (49)–(51), and µt−s by µs,t.

(iii) Let {Xt} and {X ′t} be additive process in law such that Xt
d
= X ′t

for all t ≥ 0. Let µ0,t and µ′0,t be the laws of Xt and X ′t respectively.
Then µ0,t = µ′0,t. Since µ0,t is infinitely divisible we have that µ̂s,t(z) 6= 0
for any z. Therefore, from µ0,t = µ0,s∗µs,t and µ′0,t = µ′0,s∗µ′s,t it follows
that µs,t = µ′s,t. The rest of the proof is just as in theorem 2.8(iii). �

The following result is in the same spirit as theorem 2.18 but is given
in terms of the Lévy–Kintchine characterization of infinitely divisible
distributions.

Theorem 2.19. (i) Suppose {Xt : t ≥ 0} is an additive process
in law on Rd. For each t ≥ 0, let (At, νt, γt) be the generating
triplet of the infinitely divisible distribution µt = PXt. Then the
following conditions are satisfied.
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(a) A0 = 0, ν0 = 0, γ0 = 0
(b) If 0 ≤ s ≤ t ≤ ∞, then 〈z, Asz〉 ≤ 〈z, Atz〉, and νs(B) ≤

νt(B) for each B ∈ B(Rd).
(c) As s → t in [0,∞) we have 〈z, Asz〉 → 〈z, Atz〉, νs(B) →

νt(B) for any B ∈ B(Rd) such that dist (0, B) > 0, and
γs → γt.

(ii) Let {µt, t ≥ 0} be a system of infinitely divisible probability
measures on Rd with generating triplets (At, νt, γt) satisfying
conditions (a)–(c). Then there exists, uniquely up to identity
in law, an additive process in law {Xt : t ≥ 0} on Rd such that
PXt = µt.

Proof. (i) The process {Xt} determines a system of measures {µs,t :
0 ≤ s ≤ t ≤ ∞} as in theorem 2.18. Property (a) is obvious and (b)
follows from the fact that µt = µ0,t and µ0,t = µ0,s∗µs,t. As for property
(c), take a sequence sn that converges to t, and let t0 = t∨supn sn. The

stochastic continuity of Xt implies that µsn
d→ µt and by theorem 2.10

(ii) and (iii) we obtain that

γsn → γt as n→ 0

and

lim
ε↓0

lim sup
n→∞

∣∣∣∣∣∣∣
〈z, Asnz〉+

∫

|x|<ε

〈z, x〉2νsn(dx)− 〈z, Atz〉

∣∣∣∣∣∣∣
= 0

Property (b) and dominated convergence gives

0 ≤
∫

|x|<ε

〈z, x〉2νsn(dx) ≤
∫

|x|<ε

〈z, x〉2νt0(dx)→ 0 as ε ↓ 0

from where it follows that

lim
n→∞
〈z, Asnz〉 = 〈z, Atz〉

For any s ≤ t0, νsn ≤ νt0 , hence by the Radon–Nikodym theorem we
have that νs(dx) = gs(x)νt0(dx) with 0 ≤ gs(x) ≤ 1. Moreover, if
s < s′ ≤ t0, then gs(x) ≤ gs′(x) νt0–a.e. If sn ↑ t then by monotone
convergence and theorem 2.10 (i) we have that gsn(x) ↑ gt(x) as n→∞
νt0–a.s. Hence, for any ε > 0, νsn(B) → νt(B) for any Borel set
B ⊂ {x : |x| > ε}.

(ii) We define, for each 0 ≤ s ≤ t <∞, the infinitely divisible distri-
bution µs,t as the one with generating triplet (At−As, νt− νt, γt− γs).
Thus, µt = µ0,t. We need to show that these system of distributions sat-
isfy conditions (49)–(51) of theorem 2.15. Among them, (49) and (50)
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are clear. As for (51), it follows from (b) and (c) using similar argu-
ments as in the proof of the first part of the present theorem. �

The following remarks will be useful for the Lévy–Itô decomposition
theorem.

Remark 2.1. Given an additive process in law, {Xt : t ≥ 0}, with
generating triplet (At, νt, γt) we define ν̃([0, t] × B) = νt(B) for t ≥ 0
and B a box in Rd. A usual extension argument in measure theory
warranties the existence of a unique measure ν̃ on B

(
[0,∞)× Rd

)
such

that

ν̃([0, t]×B) = νt(B) (52)

for t ≥ 0 and B ∈ B(Rd). This measure ν̃ has the following properties

ν̃([0,∞)× {0}) = 0 (53)

ν̃({t} × Rd) = 0 (54)∫

[0,t]×Rd

(1 ∧ |x|2)ν̃(d(t, x)) =

∫

Rd

(|x|2 ∧ 1)νt(dx) <∞ (55)

for t ≥ 0. Conversely, if a measure ν̃ on [0,∞) × Rd satisfies (53)–
(55), then the measures defined by (52) satisfy conditions (a)–(c) of
theorem 2.19(i).

In the Lévy–Itô characterization theorem we will consider measures
ν̃ on (0,∞) × (Rd \ {0}). If the corresponding process {Xt : t ≥ 0} is
a Lévy process in law, then ν̃ is the product of the Lebesgue measure
on [0,∞) and the Lévy measure of X1.

To conclude this section, we prove that an additive process in law
{Xt : t ≥ 0} has a cadlag version, i.e., there is a right–continuous with
left–limits additive process {Yt : t ≥ 0} such that

P [Xt 6= Yt] = 0 for each t ≥ 0.

To this end, we will diverge from the approach followed in [7] and give
instead a probabilistic proof of this fact, much more in the spirit of [6].
Theorem 1.10 and the following lemma will be needed for our purpose.

Lemma 2.20. (Convergence in Rd ) Let (an) be a sequence in Rd. Then
an converges if and only if ei〈u,an〉 converges for almost every u ∈ Rd.
Proof. Only sufficiency needs to be proved. Consider a standard normal
vector η in Rd. If we assume ei〈u,an〉 converges almost everywhere, then
by dominated convergence we get that E [exp (i〈t, η(an − am)〉)]→ 1 as

m,n→∞. Theorems 1.15(d) and 1.16(vii) show that η(an − am)
P→ 0
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as n,m→∞, where P is the standard Gaussian measure in Rd. Thus
an is a Cauchy sequence and therefore convergent. �
Theorem 2.21. Let the process X in Rd be an additive process in law.
Then X has a rcll modification with out fixed jumps.

Proof. Theorem 2.10 says that ϕt(z) = P̂Xt(z) is infinitely divisible and
thus it never vanishes. We may define for each u ∈ Rd and t ≥ 0

Mu
t =

ei〈u,Xt〉

ϕt(u)

Clearly this is a continuous in probability martingale in t for each u.
Theorem 1.10 implies that there is Ωu ⊂ Ω with P[Ωu] = 1 where ei〈u,Xt〉

is rcll. Restating the definition of Ωu in terms of up-crossings, we note
that the set A = {(u, ω) : u ∈ Rd, ω ∈ Ωu} = {(u, ω) : u ∈ Qd, ω ∈ Ωu}
and hence, it is product measurable in

(
B(Rd)⊗F

)
. Writing Aω =

{u : (u, ω) ∈ A}, we have by Fubini’s lemma that

(λd ⊗ P)[Ac] = E
[
λd(Acω)

]
= 0.

If follows that Ω′ = {ω : λ(Ac
ω) = 0} has probability 1 and if ω ∈ Ω′,

then u ∈ Aω almost everywhere. Lemma 2.20 shows that Xt is rcll and
corollary to theorem 1.10 implies that there are no fixed jumps. �

3. The Lévy–Itô decomposition of sample paths of
additive processes

The Lévi–Itô decomposition expresses paths of additive processes as
a sum of two independent parts: a continuous part and a part given
by a compensated sum of jumps. The two proofs will be presented.
The first one follows [7] and is an analytic proof based on the Lévy–
Kintchine representation formula. The second one follows [6] and is
a probabilistic proof, the Lévy–Kintchine formula results as a conse-
quence.

3.1. Poisson point processes. Now we introduce the concept of Pois-
son point process which will provide the necessary tools to formulate
and prove the Lévy–Itô decomposition.

Let (Ψ,B) be a measurable space and consider the set M of all
measures defined on that space. We can equip M with a σ–algebra,
ΣM, generated by the functions XA : M 7→ [0,∞] defined for each
A ∈ B by µ 7→ µ(A). Very often it is more convenient to consider
a smaller family of measures on (Ψ,B). An instance of this situation
might occur when there is a collection C closed under finite intersections
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with B = σ(C) and such that Ψ can be expressed as a countable union of
sets in C. Then it is of interest to consider the familyM of all measures
which are finite on each A ∈ C. To obtain a useful measurable space,
then we define ΣM to be the σ–algebra in M generated by the maps
XA with A ∈ C. The best example of this situation arises when we
deal with locally compact Polish space Ψ together with its the Borel
σ–algebra. Then we restrict our attention to the family M of Radon
measures, i.e, measures which are finite on any compact set. Then we
set C to be the collection of all measurable relatively compact subsets
of Ψ. It is easy to show that in this case, the subset Z(M) of all
Z+–valued measures in M is ΣM–measurable.

Definition 3.1. Let (Ψ,B) be a σ–space, and (Ω,F ,P) a probability
space. A random measure X is a measurable function X : (Ω,F) 7→
(M,ΣM). A random measure X is a point process if X takes values
on Z(M).
If X is a point process on (Ψ,B), then the map B 7→ E[X(B)] is the
intensity measure of X

Lemma 3.1. (Uniqueness of random measures) Let X and Y be ran-
dom measures on some locally compact Polish space Φ defined in the
probability spaces (Ω1,F1,P1) and (Ω2,F2,P2) respectively. Then the
following are equivalent:

(a) X
d
= Y

(b) For any f ∈ C+
00(Φ),

∫

Ω1

[
e−

R
Φ f(φ,ω1)X(dφ,ω1)

]
P1(dω1) =

∫

Ω2

[
e−

R
Φ f(φ,ω2)X(dφ,ω2)

]
P2(dω2)

(c) For any n ∈ N and measurable relatively compact sets B1, . . . , Bn,

(X(B1), . . . , X(Bn))
d
= (Y (B1), . . . , Y (Bn))

Proof. The equivalence of (a) and (c) follows from Lemma 1.3 noting
that a random measure can be thought as a stochastic process with
index B(Φ).
Clearly (c) implies (b).
Assuming (b), then since C+

00(Φ) is closed under positive linear combi-
nations,
(∫

Φ

f1(φ)X(dx, ), . . . ,

∫

Φ

fn(φ)X(dφ, )

)

d
=

(∫

Φ

f1(φ)Y (dx, ), . . . ,

∫

Φ

fn(φ)Y (dφ, )

)
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Then we get P1 ◦ X−1 = P2 ◦ Y −1 on F = σ
(
pf : f ∈ C+

00

)
where

pf : µ 7→
∫
f(x)µ(dx), and it remains to show that F contains

G ≡ σ (pB : Bmeasurable relatively compact)

Then fix any compact set B ⊂ Φ, and choose functions fn ∈ C+
00(Φ)

with fn ↓ 1B. Then
∫
fn(x)µ(dx) ↓ µ(B) for every µ ∈ M(Φ) and

so the mapping pB is F–measurable. Apply Dynkin–Doob monotone
lemma to all Borel subsets of B to see that pB is F–measurable for any
measurable relatively compact subset of Φ. Hence G ⊂ F . �

It is clear from the definition that if X is a point process on (Ψ,B)
then

(1) The map ω 7→ X(B,ω) is a Z+–valued random variable
(2) For fixed ω ∈ Ω, the map B 7→ X(B,ω) defined on B is a

Z+–valued measure.

If in addition if X(B) is Poisson distributed for each B ∈ B, then we
say that X is a Poisson point process.

A Poisson process {Nt : t ≥ 0} with parameter c, introduced in sec-
tion 2, can be thought of as a Poisson point process on ([0,∞),B ([0,∞)))
with intensity measure cλ, where λ is Lebesgue’s measure on [0,∞).
In this case N([0, t), ω) = Nt(ω).

The following pair of results establish the existence of Poisson point–
processes with given intensity measures and some of their distributional
properties.

Proposition 3.2. Let (Ψ,B) a σ–space and ρ ∈ ΣM. Then there exists
a probability space (Ω,F ,P) and a Poisson point process X with inten-
sity measure ρ such that for each finite measurable partition B1, . . . , Bk

of Ψ, the random variables X(B1), . . . , X(Bk) are independent and
Poisson distributed with means ρ(B1), . . . , ρ(Bk) respectively.

Proof. Assume first that ρ is finite. If ρ = 0 then we take N = 0. If
ρ(Ψ) > 0 then, let (Ω,F ,P) be a probability space where a sequence
{Zn : n ∈ N} of independent identically distributed random variables
on Ψ with distribution ρ/ρ(Ψ) and a Poisson random variable N with
mean ρ(Ψ) and independent of (Zn) can be conceived. We define the
point processes

S0(B,ω) = 0

Sn(B,ω) =
n∑

j=1

1Bj(Zj(ω))

We use the variable N to randomize the index n and define

X(B,ω) = SN(ω)(B,ω)
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Let B1, . . . , Bk be a finite measurable partition of Ψ, n1, . . . , nk ∈ Z+.
Let n1 + . . .+ nk = n. Then

P [X(B1) = n1, . . . , X(Bk) = nk]

= P [X(B1) = n1, . . . , X(Bk)|X(Ψ) = n]P[X(Ψ) = n]

= P

[
n∑

j=1

1Bj(Zj) = nj, . . . ,
n∑

j=1

1Bk(Zj) = nk

]
P[N = n]

Since B′js are disjoint and Z ′js are independent we gave that

P
[
X(B1) = n1, . . . , X(Bk) = nk

]

= n!
(n1!)···(nk!)

(
ρ(B1)
ρ(Ψ)

)n1

· · ·
(
ρ(Bk)
ρ(Ψ)

)nk
e−ρ(Ψ) ρn(Ψ)

n!

=
k∏

j=1

e−ρ(Bj) ρ
nj (Bj)

nj !

Summing over n1, . . . , nk except for nj we get

P[X(Bj) = nj] = e−ρ(Bj) ρ
nj (Bj)

nj !

This finishes the proof for the case ρ <∞.
Assume next that ρ(Ψ) = ∞. Since (Ψ,B) is a σ–space, there are

disjoint sets Ψ1,Ψ2, . . . ,∈ B such that Ψ =
⋃∞
k=1 Ψk and ρ(Ψk) < ∞

for all k. Define the finite measures ρk(B) = ρ(Ψk

⋂
B). Using the

first part of the proof, we can construct a probability space (Ω,F ,P)
and a sequence of independent Poisson point process (Xk : k ∈ N) with
intensity measures ρk. We define the point process

X(B,ω) =
∞∑

k=1

Xk(B,ω)

N is a Poisson point process with intensity measure ρ. Since

E[X(B)] =
∞∑

k=1

E[Xk(B)] =
∞∑

k=1

ρk(B) = ρ(B).

Since the sum of independent Poisson random variables is again Pois-
son, then ω 7→ X(B,ω) is Poisson distributed if ρ(B) <∞. If ρ(B) =
∞ then

∞∑

k=1

P[Xk(B) ≥ 1] =
∞∑

k=1

(1− e−ρ(B)) ≥
∞∑

k=1

ρ(Bk)∧a
2

=∞
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since for some a ∈ [1, 2], 1 − e−r ≥ r
2
∧ (1 − e−a). Thus, by Borel–

Cantelli’s lemma

P
[
lim sup
k→∞

[Xk(B) > 1]

]
= 1

This shows that X(B,ω) =∞ a.s for every ω if ρ(B) =∞. �
Proposition 3.3. Let be (Ψ,B, ρ) be a measure space with ρ(Ψ) <∞
and let X be a Poisson point process in (Ψ,B) with intensity measure
ρ. Let be ϕ : Ψ 7→ Rd be a measurable function and defined

Y (ω) =

∫

Ψ

ϕ(ψ)X(dψ, ω)

Then the following are true:

(i) Y is a random variable on Rd with compound Poisson distri-
bution satisfying

E
[
ei〈z,Y 〉

]
= exp

[∫

Rd

(
ei〈x,x〉 − 1

)
(ρϕ−1)(dx)

]
(56)

(ii) If ϕ ∈ L2(ρ) then Y ∈ L2(P) and

E[Y ] =

∫

Ψ

ϕ(ψ)ρ(dψ) (57)

E
[
|Y − E[Y ]|2

]
=

∫

Ψ

|ϕ(ψ)|2ρ(ψ) (58)

(iii) Suppose that B1, . . . , Bm are disjoint sets in B and let

Yk(ω) =

∫

Bk

ϕ(ψ)X(dψ, ω)

Then Y1, . . . , Ym are independent.

Proof. (i) From the assumption that ρ(Ψ) <∞, it follows thatX(Ψ, ω) <
∞ almost surely in ω. Hence, the measure X(dψ, ω) is supported on a
finite number of points and Y (ω) is almost surely finite. For each p ∈ Zd
and n ∈ N, consider the boxes Cn

p = {x = (x1, . . . , xd) : 2−n(pj − 1) < xj ≤ 2−npj}.
For each n ∈ N the family {Cn

p : p ∈ Zd} covers the space Rd. Choose

xnp ∈ Cn
p and define the sequence of functions ϕn : Ψ 7→ Rd by setting

ϕn(ψ) = xnp if ψ ∈ ϕ−1(Cn
p ). Then

sup
ψ∈Ψ
|ϕn(ψ)− ϕ(ψ)| ≤ 2−n

√
d

which implies that for almost surely all ω

|Yn(ω)− Y (ω)| ≤ 2−n
√
dX(Ψ, ω)→ 0 as n→∞
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It follows that Yn(ω) is measurable. Since

Yn(ω) =
∑

p∈Zd
xnpX(ϕ−1(Cn

p ), ω),

and X(ϕ−1(Cn
p ), ω) is Poisson distributed with parameter ρ(ϕ−1(Cn

p ))
then

E
[
ei〈x,Yn〉

]
=

∏

p∈Zd
E
[
ei〈z,x

n
pX(ϕ−1(Cnp ))〉

]

=
∏

p∈Zd
exp

[
(ei〈z,x

n
p 〉 − 1)ρ(ϕ−1(Cn

p ))
]

= exp

[∫

Ψ

(ei〈z,ϕn(ψ)〉 − 1)ρ(dψ)

]

Therefore, dominated convergence shows that Y is a compound Poisson
random variable in Rd.

(ii) The assumptions that ρ(Ψ) < ∞ and
∫

Ψ
|ϕ(ψ)|2ρ(dψ) allow us

to use dominated convergence to interchange the symbols of differenti-
ation and integration to get

1
i
∂
∂zj

∫

Ψ

(ei〈z,ϕ(ψ)〉 − 1)ρ(dψ) =

∫

Ψ

ϕj(ψ)ei〈z,ϕ(ψ)〉ρ(dψ)

(
1
i
∂
∂zj

)2
∫

Ψ

(ei〈z,ϕ(ψ)〉 − 1)ρ(dψ) =

∫

Ψ

ϕ2(ψ)ei〈z,ϕ(ψ)〉ρ(dψ)

Then (ii) follows from theorem 1.16 (ix).

(iii) Using the sequence ϕn(ψ) introduced before, let

Yn,k(ω) =

∫

Bk

ϕn(ψ)X(dψ, ω) =
∑

p∈Zd
xnpX(Bk ∩ Cn

p , ω)

for k = 1, . . . ,m. From proposition 3.2 we get that X(Bk ∩ Cn
p , ω)

with 1 ≤ k ≤ m and p ∈ Zd are independent. Therefore Yn,1, . . . , Yn,m
are independent and since Yn,k(ω) → Yk(ω) as n → ∞, it follows that
Y1, . . . , Ym are independent. �

We need to specialize some of the basic concepts we have introduced
so far. Let us fixed two locally compact Polish spaces S and K equipped
with their Borel σ–algebras S and K respectively. Let X be a point
process on S ×K. Then,

(i) X is a K–marked point process on S if

X({s} ×K, ·) ≤ 1 for all s ∈ S
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(ii) X has independent increments in S if the point processes on
(K,K) defined by X(B1×·), . . . , X(Bn×·) are independent for

any disjoint sets B1, . . . , Bn ∈ Ŝ
Theorem 3.4. (Erlang, Lévy) Let X be a K–marked point process on
S such that X({s}×K,ω) = 0 almost surely in ω for all S ∈ S. Then
X is Poisson on S × K iff it has independent increments, in which
case EX is locally finite, in the sense that any point x ∈ S ×K has a
neighborhood Gs with EX(Gs) <∞.

The proof will be based on properties of dissecting systems. By a
dissecting system of a Topological space S we mean an array {Dnj} of
Borel sets such that for any n ∈ N, Dn = {Dnj : j = 1, . . . ,mn} is a
partition of S, Dn+1 is a refinement of Dn, and the following property
holds: For any compact K ⊂ S with any open cover {Gi : i ∈ I}, there
exists an integer N such that for n ≥ N , Dnj

⋂
K is contained in some

Gi.
For locally compact Polish spaces such a dissecting system exists.

To construct one we start by considering a countable basis B1, . . . and
then, we generate Dn by considering finite partitions of B1, . . . , Bn of
diameter not larger that 2−n. It is not difficult to verify the dissecting
property by using the Lebesgue number of any given open cover of any
given compact set K.

Lemma 3.5. (Dissection properties) Let X be a simple point process

on S with X({s}, ω) = 0 a.s. in ω for all s ∈ S. Let B ∈ Ŝ and {Dnj}
a dissecting system and set Bnj = B

⋂
Dnj. Then,

(i) max
j
X(Bnj, ω) ∨ 1→ 1 a.s in ω as n→∞.

(ii) max
j
P [X(Bnj) > 0]→ 0 as n→∞

Proof. (i) If µ ∈ ΣS is simple, then for each s ∈ B̄ there is an open set
Gs 3 s with µ(Gs) ≤ 1. By the dissecting property we may choose n
large enough so that Bnj is contained in some Gs. Then max

j
µ(Bnj) ≤

1.
(ii) Let us fix ε > 0. For each s ∈ B̄ we have P[X({s}) > 0] = 0. Let

Gs
n be a decreasing sequence of relatively compact open sets containing

S such that
⋂
Gs
n = {s}. Then X({s}, ω) = lim

n
X(Gs

n, ω) leads to

0 = P [X({s}) > 0] = lim
n
P [X(Gs

n) > 0]

Thus, for some integer N large enough, P [X(Gs
N) > 0] < ε. By the dis-

secting property we may choose N even larger so that Bnj is contained
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in some Gs. This means that maxj P [X(Bnj) > 0] < ε for n ≥ N . This
finishes up the proof of the present lemma. �

Proof of theorem 3.4 Let us fix any relatively compact Borel set B ⊂
S × K, then η(A,ω) = X (B ∩ (A×K), ω) is a simple point process
on S with independent increments and η({s}, ω) = 0 a.s in ω for all
s. We introduce a dissecting system Dnj for S. Lemma 3.5 implies
that η(Dnj, ·) forms a null array with maxj (η(Dnj, ω) ∨ 1) → 1 a.s.
Theorem 1.18 implies that X(B, ·) = η(S, ·) =

∑
j η(Dnj, ·) is a Poisson

random variable, and in particular EX(B) <∞. The rest follows from
noticing that any locally compact Polish space is σ–compact. �

We conclude this section by introducing the following notation:

Da,b = D(a, b] = {x ∈ Rd : a < |x| ≤ b} for 0 ≤ a < b <∞
Da,∞ = D(a,∞) = {x ∈ Rd : a < |x| ≤ ∞} for 0 ≤ a <∞

Thus, D0,∞ = Rd \ {0}. Further

H = (0,∞)× (Rd \ {0}) = (0,∞)×D0,∞.

A point h ∈ H is denoted by h = (s, t). The Borel σ–algebra of H is
denoted by B(H).

3.2. Analytic formulation of the Itô–Lévy representation. The
Itô–Lévy representation is constituted by the following couple of the-
orems, the first deals with a general additive process, and the second
with an additive process satisfying

∫

|x|<1

|x|νt(dx) <∞ for every t ≥ 0. (59)

Theorem 3.6. Let {Xt : t ≥ 0} be an additive process on Rd de-
fined on a probability space (Ω,F ,P) with system of generating triplets
{(At, νt, γt)} and define the measure ν̃ on H by ν̃((0, t] × B) = νt(B)
for B ∈ B(Rd). With Ω0 as in Definition 1.12 of an additive process,
define for all B ∈ B(H)

J(B,ω) =

{
#{s : (s,Xs(ω)−Xs−(ω)) ∈ B} for ω ∈ Ω0

0 for ω /∈ Ω0
(60)

Then the following hold:

(i) {J(B) : B ∈ B(H)} is a Poisson point process on H with in-
tensity measure ν̃.
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(ii) There is Ω1 ∈ F with P[Ω1] = 1 such that for any ω ∈ Ω1,

X1
t (ω) = lim

ε↓0

∫

(0,t]×D(ε,1]

{x J(d(s, x), ω)− x ν̃(d(s, x))}

+

∫

(0,t]×D(1,∞)

x J(d(s, x), ω)

(61)

is defined for all t ≥ 0 and the convergence is uniformly in t on
any bounded interval. The process {X1

t } is an additive process
on Rd with {(0, νt, 0)} as the system of generating triplets.

(iii) Define

X
(2)
t (ω) = Xt(ω)−X(1)

t (ω) for ω ∈ Ω1. (62)

There is Ω2 ∈ F with P[Ω2] = 1 such that for any ω ∈ Ω2,

X
(2)
t (ω) is continuous in t. The process {X (2)

t } is an additive
process on Rd with {(At, 0, γt)} as the system of generating
triplets.

(iv) The two process {X (1)
t } and {X(2)

t } are independent.

We will see that
∫

(0,t]×D(ε,1]
{x J(d(s, x), ω) − x ν̃(d(s, x))} has mean

0. Its limit as ε ↓ 0 is called the compensated sum of jumps. Without
the subtraction, the sum of jumps

∫
(0,t]×D(ε,1]

x J(d(s, x), ω) may not

converge as ε ↓ 0.

Theorem 3.7. Suppose that the additive process {Xt} of theorem 3.6
satisfies in addition (59). Let γ0(t) be the drift of Xt. Then, there is
Ω3 ∈ F with P[Ω3] = 1 such that for any ω ∈ Ω3,

X3
t (ω) =

∫

(0,t]×D(0,∞)

x J(d(s, x), ω) (63)

is defined for all t ≥ 0. The process {X (3)
t } is an additive process on

Rd with (0, ν, 0)0 as the system of generating triplets, i.e,

E
[
ei 〈z,X

(3)
t 〉
]

= exp

[∫

Rd

(
ei 〈z,x〉 − 1

)
νt(dx)

]
. (64)

Define

X4
t (ω) = Xt(ω)−X(3)

t (ω) for ω ∈ Ω3. (65)

Then, for any ω ∈ Ω2

⋂
Ω3, X

(4)
t (ω) is continuous in t, and {X (4)

t } is an
additive process on Rd with (At, 0, γ0(t))0 as the system of generating
triplets, i.e.,

E
[
ei 〈z,X

(4)
t 〉
]

= exp
[

1
2
〈z, x〉+ i 〈γ0(t), z〉

]
. (66)
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The two processes {X (3)
t } and {X(4)

t } are independent.

In theorem 3.6, we call {X (1)
t } and {X(2)

t } the jump part and the
continuous part of {Xt} respectively. In the same way, in theorem 3.7,

{X(3)
t } and {X(4)

t } are also called the jump part ant the continuous part
of {Xt} respectively. The difference, however, is that these decomposi-
tions depend on the choice of representation of the system of generating
triplets. In the former theorem, we use the canonical representation
system (A, ν, γ); whereas in the latter, the “c = 0”–representation sys-
tem (A, ν, γ0)0 is used.

The Proof of the Itô–Lévy decomposition will be presenting is taken
from [7], and it is divided in a series of lemmas. The idea is to con-
struct an additive process {Yt} on some probability space such that

{Yt} d
= {Xt}. Then use the fact that both {Yt} and {Xt} induce the

same probability measure on the cadlad space D = D([0,∞),Rd with
σ–algebra FD generated by the Borel cylinder sets and that all the
relevant terms are FD–measurable.

Assume that we are given an additive process {Xt : t ≥ 0} on Rd
defined in some probability space (Ω,F ,P). Let (At, νt, γ(t)) be the
system of generating triplets. By Remark 2.1 there is a unique σ–finite
Radon measure ν̃ on H such that ν̃((0, t]×B) = νt(B) for all t > 0 and
B ∈ B (D(0,∞)). By Proposition 3.2 there exists another probability
space (Ω0,F0,P0) and a Poisson point process {N(B) : B ∈ B(H)} on
H whose intensity measure is ν̃.

Lemma 3.8. There is Ω0
1 ∈ Fo with P[Ω0

1] = 1 such that for any
ω ∈ Ω0

1, the following hold

(i) for any ε > 0 and t > 0, the measure N (· ∩ (0, t]×Dε,∞, ω)
is supported on a finite number of points, each of which has
N(·, ω)–measure 1;

(ii) for any s > 0, N ({s} ×D0,∞, ω) ≤ 1.

Proof. Write Ht,ε = (0, t] ×Dε,∞. Then from E0[N(Ht,ε)] = ν̃(Ht,ε) <
∞, we have P0[N(Ht,ε) <∞] = 1. Choose tk ↑ ∞ and εk ↓ 0 and set

Ω′ =
∞⋂

k=1

[N(Htk,εk) <∞] .

Then P0[Ω′] = 1 and for any ω ∈ Ω′, t > 0 and ε > 0, we have that the
measure N (·⋂Ht,ε, ω) is supported in a finite number of points. Let
N∗ be the Poisson point process on H constructed as in the proof of
Proposition 3.2 with Ψ1 = Ht1,ε1 and for k > 1

Ψk = Htk,εk \Htk−1,εk−1
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For Ψk fixed, let Zn be the sequence of independent random variables
as in step 1 of the proof of Proposition 3.2. Let us denote by Zn,1 the
component in (0, tk] of Zn. If n 6= m, then

P0[Zn,1 = Zm,1] =

∫

(0,tk]

P0[Zn,1 = s]P0[Zm,1 ∈ ds] = 0

by Fubini’s theorem and by P0[Zn,1 = s] ≤ ν̃({s} ×Dεk,∞)/ν̃(Ψk) = 0
as in condition (54) given in Remark 2.1. Since

[∃s > 0 such that N ∗(Ψk ∩ ({s} ×D0,∞)) ≥ 2]

⊂ [∃n,∃m,∃s > 0, such that n 6= m and Zn, Zm ∈ {s} ×D0,∞]
⊂ [∃n,∃m, such that n 6= m and Zn,1 = Zm,1]

and the last event has probability 0, it follows that N ∗(Ψk ∩ ({s} ×
D0,∞)) ≤ 1 for all s > 0 a.s. Using the same argument, we can show

that for Hk =
⋃k
l=1 Ψl that N ∗(Hk ∩ ({s} × D0,∞)) ≤ 1 for all s > 0

a.s. Letting k →∞, we see that N ∗({s} ×D0,∞) ≤ 1 for all s > 0 a.s.
For fixed ε > 0, let us define Yt = N(Ht,ε) for t > 0 and Y0 = 0.

Then {Yt : t ≥ 0} is an additive process. The stochastic continuity
follows from (54) in Remark 2.1. Paths of {Yt} are non–decreasing
right–continuous step functions with jump sizes being positive integers
when we take the restriction to Ω′. Let Uk = inf{t : Yt ≥ k}, the cadlag
property of paths implies that Uk = inf{t ∈ Q : Yt ≥ k}. Note that
the assertion N({s} ×D0,∞) ≤ 1 for all s > 0 a.s. is equivalent to the
assertion

P0[U1 < U2 < · · · < Uk <∞] = P0[Uk <∞] for each k

These probabilities are identical with those for {Y ∗t } similarly con-

structed from N ∗. But by Lemma 3.1 we have N
d
= N∗, which implies

that Yt
d
= Y ∗t and Uk

d
= U∗k . �

Going back to the Poisson point process N on H with intensity
measure ν̃, we have the following result.

Lemma 3.9. For any sequence (εn) in (0, 1] with ε ↓ 0, there is Ω0
2 ∈

F0 with P[Ω0
2] = 1 such that for any ω ∈ Ω0

2,
∫

(0,t]×D(εn,1]

{xN(d(s, x), ω)− x ν̃(d(s, x))} (67)

converges to an element of D([0,∞),Rd) uniformly on any bounded
time interval as n→∞.
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Proof. Let ε0 = 1 and for n ≥ 1

Zn(t) =

∫

(0,t]×D(εn,εn−1]

{xN(d(s, x), ω)− x ν̃(d(s, x))}

Sn(t) =
n∑

j=1

Zj(t).

Notice that Sn(t) equals the integral in (67). By Proposition 3.3 we
have that E[Sn(t)] = 0 and

E[|Sm(t)− Sn(t)|2] =

∫

D(εm,εn]

|x|2νt(dx) for m > n.

By Lemma 3.8 it follows that Zn(t) is right continuous with left limits
a.s. Fix t and let r0, r1, . . ., an enumeration of ([0, t) ∩ Q) ∪ {t} with
r0 = 0 and r1 = t. Then

P

[
sup
s∈[0,t]

|Sm(s)− Sn(s)| > ε

]

= lim
q→∞

P
[

max
0≤j≤q

|Sm(rj)− Sn(rj)| > ε

]
(68)

For fixedd q, let 0 = s0 < s1 < . . . < sq = t be the ordering of
{r0, . . . , rq}. Then

Sm(t)− Sn(t) =

q∑

j=1

∫

(sj−1,sj ]×D(εm,εn]

{xN(d(s, x))− x ν̃d(s, x))}.

By Proposition 3.3 the right–hand side is a sum of independent random
variables. Kolmogorov’s inequality, lemma 1.22, we have that the right–
hand side of equation (68) is bounded by

1

ε2

∫

D(εm,εn]

|x|2νt(dx),

which tends to 0 as m,n → ∞. Finally, Lemma 1.21 we conclude
that {Sn(t)} converges to a limit {S(t)} uniformly on any bounded
time interval a.s. and that the limit is an element of D([0,∞),Rd).
� In the next lemma we improve the past result so that the uniform
convergence does not depend on the choice of the sequence ε ↓ 0.

Lemma 3.10. (i) Let

Sε(t, ω) =

∫

(0,t]×D(ε,1]

{xN(d(s, x), ω)− x ν̃(d(s, x))}. (69)
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Then there exists Ω0
3 ∈ F0 with P[Ω0

3] = 1 such that for any ω ∈
Ω0

3, Sε(t, ω) converges uniformly on any bounded time interval
as ε ↓ 0.

(ii) Define

Y
(1)
t (ω) = lim

ε↓0
Sε(t, ω) +

∫

(0,t]×D(1,∞)

xN(d(s, x), ω). (70)

for ω ∈ Ω0
3. Then

{
Y

(1)
t

}
is an additive process with generating

triplets (0, νt, 0).

Consider the space D([0,∞),Rd) with the norm of uniform conver-
gence in compacta

‖ξ‖ =
∞∑

n=1

2−n
(

1 ∧ sup
t≥0
|ξ(t ∧ n)|

)

Note that

lim sup
ε,ε′→0

‖Sε(·, ω)− Sε′(·, ω)‖ = lim
n→∞

sup
ε,ε′∈(0,1/n)

‖Sε(·, ω)− Sε′(·, ω)‖

Since for every ω ∈ Ω0
1, with Ω0

1 is as in Lemma 3.8, and a > 0 the
support of N(· ∩ (0, t] × Da,∞, ω) consists of finite number of points,
then Sε(·, ω) can be approximated in ‖‖–norm by Sε′(·, ω) with ε′ ∈ Q.
Thus,

sup
ε,ε′∈(0,1/n)

‖Sε(·, ω)− Sε′(·, ω)‖ = sup
ε,ε′∈Q∩(0,1/n)

‖Sε(·, ω)− Sε′(·, ω)‖

For any n there is a finite set Λn ⊂ Q ∩ (0, 1/n) such that

sup
ε,ε′∈Q∩(0,1/n)

‖Sε(·, ω)− Sε′(·, ω)‖ − sup
ε,ε′∈Λn

‖Sε(·, ω)− Sε′(·, ω)‖ < 1
n

Let Λ =
⋃
n Λn. One can rearrange Λ in a decreasing sequence εn ↓ 0.

It follows that

lim sup
ε,ε′→0

‖Sε(·, ω)− Sε′(·, ω)‖ = lim sup
j,k→∞

‖Sεj(·, ω)− Sεk(·, ω)‖ a.s.

Now we use lemma 3.9 and get the existence of Ω0
3 ∈ F0 with P[Ω0

3] = 1
such that for any ω ∈ Ω0

3

lim sup
ε,ε′→0

‖Sε(·, ω)− Sε′(·, ω)‖ = 0

This shows that Sε(·, ω) converges to a function in D([0,∞),Rd) uni-

formly on any bounded time interval as ε ↓ 0. Now consider Y
(1)
t
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previously defined above. Corollary 1.17 and Proposition 3.3 imply

that
{
Y

(1)
t

}
has independent increments and that

E
[
ei 〈z,Y

(1)
t 〉
]

= lim
ε↓0
E
(

exp

[
i〈z, Sε(t, ω)〉+

∫

(0,t]×D(1,∞)

xN(d(s, x), ω)

])

= lim
ε↓0

exp

[∫

D(ε,∞)

(ei〈z,x〉 − 1− i〈z, x〉1D(ε,1](x))νt(dx)

]

= exp

[∫

D(0,∞)

(ei〈z,x〉 − 1− i〈z, x〉1D(0,1](x))νt(dx)

]

This shows that
{
Y

(1)
t

}
is an additive process with generating triplets

(0, νt, 0). �
Let

{
Y

(2)
t : t ≥ 0

}
be an additive process on Rd having continuous

paths with generating triplets (At, 0, γt). This in fact will be a Gaussian
process with mean γt and covariance matrix At, so its existence is
easily guaranteed say by either Theorem 1.33 or Theorem 2.19. By

enlarging the space (Ω0,F0,P0) id necessary, we construct
{
Y

(2)
t

}
on

Ω0 so that
{
Y

(1)
t

}
and

{
Y

(2)
t

}
are independent and then define

Yt = Y
(1)
t + Y

(2)
t (71)

Then {Yt} is an additive process with generating triplets (At, νt, γt).

Lemma 3.11. There is Ω0
4 ∈ F0 with P0[Ω0

4] = 1 such that for any
ω ∈ Ω0

4 and b ∈ B(H),

N(B,ω) = #{s : (s, Ys − Ys−) ∈ B}. (72)

Proof. Since Y
(2)
t is continuous, Ys − Ys− = Y

(1)
s − Ys−(1). Let

Vε(t) =

∫

(0,t]×D(ε,∞)

{xN(d(s, x))−1D(ε,1](x)x ν̃(d(s, x))}. (73)

Let Ω0
4 ∈ F0 with P0[Ω0

4] = 1 be such that (i) and (ii) in Lemma 3.8

hold and Vε(t, ω) converges to Y
(1)
t (ω) uniformly on any finite time

interval as ε ↓ 0. For ω ∈ Ω0
4 we have

Y (1)
s (ω)− Ys−(1)(ω) = lim

ε↓0
(Vε(s, ω)− Vε(s−, ω)) .

If N({(s, x)}, ω) = 1, then N({s} × D0,∞, ω) = 1 and Vε(s, ω) −
Vε(s−, ω) = x, hence Y

(1)
s (ω) − Ys−(1)(ω) = x. On the other hand,

if N({(s, x)}, ω) = 0, then Y
(1)
s (ω) − Ys−(1)(ω) = 0. This shows (72).

�
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Consider D = D([0,∞),Rd) as a subspace of (Rd)[0,∞) with the
product σ–algebra, which we will denote by FD. It is not difficult to
check that the Borel σ–algebra B(D) and FD coincide with each other.
For ξ ∈ D, we write x(t, ξ) = xt(ξ) = ξ(t). Now, we need to note
that even though the set of jumping times of ξ is countable, not always
can we enumerate those points in increasing order. We will introduce
however, an enumeration that will come at handy for the rest of the
proof of the Itô–Lévy decomposition. For each n = 1, . . ., the number
of jumps of ξ such that ξ(t)−ξ(t−) ∈ D

(
1
n
, 1
n−1

]
(replaced by D(1,∞)

if n = 1) is finite in any bounded time interval (because otherwise ξ
either does not have right limit or does not have left limit at some time
t). We order these jumping times in increasing order 0 < tn,1(ξ) <
tn,2(ξ) < · · · . If #

{
t : ξ(t)− ξ(t−) ∈ D

(
1
n
, 1
n−1

]}
= k < ∞, then we

set tn,k+1(ξ) = tn,k+2(ξ) = · · · =∞.

Lemma 3.12. For any n and j, tn,j(ξ) is FD–measurable.

Proof. Let Qt = ((0, t)∩Q)∪{t}. The assertion t1,1(ξ) ≤ t is equivalent
to the assertion that there exists k ∈ N such that for any m ∈ N, there
are r, q ∈ Qt such that r < s < r + 1

m
and |ξ(s) − ξ(r)| > 1 + 1

k
.

Hence t1,1 is FD–measurable. The assertion t1,2(ξ) ≤ t is equivalent to
the assertion that there exists k ∈ N such that for any m ∈ N, there
are r, s ∈ Qt satisfying t1,1(ξ) < r < s < r + 1

m
and |ξ(s) − ξ(r)| >

1 + 1
k
. Hence t1,2 is FD–measurable. Similarly we can show the FD–

measurability of other tn,j. �

Proof of Theorem 3.6: Let {Xt} be an additive process on Rd de-
fined on some probability space (Ω,F P), with (At, νt, γt) as a system
of generating triplets. Using this system of generating triplets, we can
construct another additive process {Yt} on Rd defined in some other
probability space (Ω0,F0,P0), which has the Itô–Lévy decomposition
given in theorem 3.6. furthermore, we might assume that on Ω0 lem-
mas 3.8–3.11 hold true.
By Theorem 2.19 processes X and Y have the same law, and by the-
orem 2.21 we might assume that the paths of {Xt} and of {Yt} are
cadlag. Define mappings ψ : Ω 7→ D and ψ0 : Ω0 7→ D by

xt(ψ(ω)) = Xt(ω) (74)

xt(ψ
0(ω0)) = Yt(ω

0) (75)

The equality in law implies that

P[ψ−1(G)] = P0[(ψ0)−1(G)] (76)
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fon any G ∈ FD. Let us define PD[G] by the value of (76). Then, under
PD, {xt} is an additive process identical in law to both {Xt} and {Yt}.

For ξ ∈ D and B ∈ B(H) let

θ(B, ξ) = #{s > 0 : (s, xs(ξ)− xs−(ξ)) ∈ B}
which plays the same role as N does for Y . Let us define the sets

G(k, j, B) = {ξ : tk,j(ξ) <∞ and x(tk,j(ξ), ξ)− x(tk,j(ξ)−, ξ) ∈ B}.
Since the jumping times of ξ are exhausted by tk,j(ξ), we have that

θ(B, ξ) =
∞∑

k=1

∞∑

j=1

1G(k,j)(ξ)

By Proposition 1.5 x(t, ξ) is (B([0,∞)) × FD)–measurable in (t, ξ).
Then, it follows from Lemma 3.12 that x(tk,j(ξ), ξ) and x(tk,j(ξ)−, ξ)
are FD–measurable. Hence G(k, j) ∈ FD, which in turn, implies
theFD– measurability of θ(B, ξ) in ξ. With θ(B,ω) as in theorem 3.6
we have

θ(B,ω) = θ(B,ψ(ω)) for ω ∈ Ω

and by lemma 3.11

N(B,ω) = θ(B,ψ0(ω0)) for ω0 ∈ Ω0

By uniqueness of random measures, 3.1, it follows that J , N and θ are
identical in law. This proves part (i) of Theorem 3.6.

We use the sets G(k, j, t, ε) = G(k, j, (0, t]×D(ε,∞)) to define

uε(t, ξ) =

∫

(0,t]×D(ε,∞)

{x θ(d(s, x), ξ)− x1D(ε,1](x)ν̃(d(s, x))}

=
∞∑

k=1

∞∑

j=1

[xtk,j(ξ)(ξ)− xtk,j(ξ)−(ξ)]1G(k,j,t,ε)(ξ)−
∫

D(ε,1]

x νt(dx).

Only a finite number of summands are non–zero. Define

Uε(t, ω) = uε(t, ψ(ω)) for ω ∈ Ω.

Then,

Uε(t, ω) =

∫

(0,t]×D(ε,∞)

{x J(d(s, x), ω)− x1D(ε,1](x)ν̃(d(s, x))}

Also it is clear that

Vε(t, ω
0) = uε(t, ψ

0(ω0)) for ω0 ∈ Ω0
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Let

D0 =

{
ξ : lim sup

ε,ε′↓0
‖uε(·, ξ)− uε′(·, ξ)‖ = 0

}

Since the lim sup above coincides with the limit as n → ∞ of the
supremum over ε, ε′ ∈ Q ∩ (0, 1/n), we have that D0 ∈ FD. Let us
define the set

Ω1 = {ω : Uε(·, ω) converges uniformly on

bounded time intervals as ε→ 0}
Then by Lemma 3.10

P[Ω1] = P[D0] = P[Ω0] = 1

Set X
(1)
t (ω) = 0 for ω /∈ Ω1 and let

xt(ξ) =

{
limε↓0 uε(t, ξ) for ξ ∈ D0

0 for ξ /∈ D0

Then

X
(1)
t (ω) = x

(1)
t (ψ(ω))

Y
(1)
t (ω0) = x

(1)
t (ψ(ω0)).

It follows that
{
X

(1)
t

}
and

{
x

(1)
t

}
are additive process identical in law

with
{
Y

(1)
t

}
. This shows part (ii) of Theorem 3.6. For the final step

of the proof, set

x
(2)
t (ξ) = xt(ξ)− x(1)

t (ξ) for ξ ∈ D

X
(2)
t (ξ) = x

(2)
t (ψ(ω)) for ω ∈ Ω1

then by (71), (74) and (75), we have that

Y
(2)
t (ω0) = x

(2)
t (ψ0(ω0)) for ω0 ∈ Ω0

If t is a point of discontinuity of ξ then for any small ε

uε(t, ξ)− uε(t−, ξ) = xt(ξ)− xt−(ξ)

taking ε ↓ 0 we get that

x
(1)
t (ξ)− x(1)

t− (ξ) = xt(ξ)− xt−(ξ)

from which x
(2)
t (ξ) = x

(2)
t− (ξ). If t is a point of continuity of ξ then

uε(t, ξ) = uε(t−, ξ) for all ε, and passing to the limit as ε ↓ 0 we get

x
(1)
t (ξ) = x

(1)
t− (ξ), which shows again that x

(2)
t (ξ) = x

(2)
t− (ξ). Therefore,

X
(2)
t (ω) is continuous in t for any ω ∈ Ω1. The equality in law, equa-

tion (76), implies that the processes
{

(X
(1)
t , X

(2)
t )
}

,
{

(x
(1)
t , x

(2)
t )
}

, and
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{
(Y

(1)
t , Y

(2)
t )
}

are all identical in law. Since Y (1) and Y (2) are indepen-

dent, then X (1) and X(2) are independent as well; the identity in law
of Y (2) and X(2) implies that X (2) is an additive process. Then parts
(iii) and it (iv) hold true and the proof of Theorem 3.6 is complete.

Proof of theorem 3.7 Assume then that
∫
|x|≤1
|x| νt(dx) < ∞. For

any Borel set C contained in Dε,∞, set

Y ′(C, ω) =

∫

(0,t]×C
|x|J(d(s, x), ω)

By Proposition 3.3 it follows that Y ′(C) has a compound Poisson dis-
tribution and that

E[e−uY
′(C)] = exp

[∫

C

(e−u|x| − 1)νt(dx)

]
for u > 0

Taking C = Dε,∞ and letting ε ↓ 0 we get

E
[
exp

(
−u
∫

(0,t]×D(0,∞)

|x|J(d(s, x))

)]

= exp

[∫

D(0,∞)

(e−u|x| − 1)νt(dx)

]
for u > 0

The right–hand side goes to 1 as u ↓ 0, thus
∫

(0,t]×D(0,∞)

|x|J(d(s, x), ω) <∞ a.s. in ω

Hence X
(3)
t is well defined by equation (63) and finite a.s. It also follows

that

X
(3)
t (ω) = X

(1)
t (ω) +

∫

D(0,1]

x νt(dx)

The process X (4) defined by equation (65) satisfies

X
(4)
t (ω) = X

(2)
2 (ω)−

∫

D(0,1]

x νt(dx)

And Theorem 3.7 is easily obtained from Theorem 3.6. �

3.3. Probabilistic formulation of the Itô–Lévy decomposition.
The following approach to the Itô–Lévy decomposition is purely prob-
abilistic and does not rely upon the Lévy–Kintchine characterization
of additive process.
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Theorem 3.13. Let X be a cadlag process in Rd with X0 = 0 defined
on some probability space (Ω,F ,P). X is an additive process iff there
is Ω0 ∈ F with P[Ω0] = 1 such that for any ω ∈ Ω0

Xt(ω) = mt +Gt+ lim
ε↓0

∫

(0,t]×D(ε,1]

x{(J(d(s, x), ω)− ν̃(d(s, x))}

+

∫

(0,t]×D[1,∞)

x J(d(s, x), ω)

(77)

for some continuous function m with m0 = 0, some continuous centered
Gaussian process G with independent increments and G0 = 0, and some
independent Poisson point process J on H with intensity measure ν̃
such that ∫

(0,t]×D(0,1]

|x|2ν̃(d(s, x)) <∞ for t ≤ 0. (78)

Proof. (Olav Kallenberg) The following proof starts by analyzing the
jump structure of X. We introduce the point measure J as in the state-
ment of Theorem 3.6. First we show that J((s, t]×B,ω) is measurable
with respect the σ–algebra σ(Xu : s < u ≤ t). Consider partitions
s = tn,0 < tn,1 < . . . < tn,n = t so that max1≤k≤n(tn,k − tn,k−1) → 0
as n → ∞. For any continuous function f on Rd that vanishes in a
neighborhood of 0 we have

n∑

k=1

f(Xtn,k −Xtn,k−1
)→

∫

(s,t]×D(0,∞)

f(x) J(d(u, x))

which implies that measurability of the integrals on the right. By
usual approximation methods we may conclude that J((s, t] × B) is
σ(Xu : s < u ≤ t)–measurable for any compact set B ⊂ Rd \{0}. Then
by a monotone class argument we extend the measurability to all J(A)
with A ∈ B(H).

Since X has independent increments, the same property holds for
J . Corollary 1.12 implies that J({s} ×D(0,∞)) = 0. Then by Theo-
rem 3.4 it follows that J is a Poisson point process.

The following theorem is fundamental for the present proof.

Lemma 3.14. (Orthogonality and independence) Let X and Y be con-
tinuous in probability cadlag processes in Rd with X0 = Y0 = 0 such
that (X,Y ) has independent increments. Also assume that Y is a step
process and ∆X ·∆Y = 0 a.s. Then X and Y are independent.
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Proof. Define J in terms of Y . We might assume that the jumps of Y
are bounded by composing Y with say arctangent. Since J is Poisson,
then Y has integrable variation on any finite time interval. We only
need to show that (Xt1 , . . . , Xtn) and (Yt1, . . . , Ytn) are independent for
any t1 < . . . < tn, and for this it suffices to show that Xt − Xs and
Yt − Ys are independent for any 0 ≤ s < t. Without loss of generality,
we might take s = 0 and t = 1.
Fix u, v ∈ Rd and introduce the following locally martingales

Mt =
ei〈u,Xt〉

E [ei〈u,Xt〉]
Nt =

ei〈u,Yt〉

E [ei〈u,Yt〉]
t ≥ 0

Since N has bounded jumps, then it has integrable variation on any
finite time interval. For n ∈ N and using the martingale property and
dominated convergence we get

E[M1N1 − 1] = E

[
n∑

k=1

(Mk/n −M(k−1)/n)(Nk/n −N(k−1)/n)

]

→ E

[∑

s≤1

∆Ms∆Ns

]
= 0

Thus, E[M1N1] = 1, and so

E
[
ei(〈u,X1〉+〈v,Y1〉)] = E

[
ei〈u,X1〉]E

[
ei〈v,Y1〉]

Thus the independence of X and Y follows. �

Notice that J((0, t]×D(ε,∞)) <∞ a.s for all t, ε > 0 because X is
cadlag. Since J is Poisson, it follows that E[J((0, t]×D(ε,∞))] <∞.

Let us define for each ε > 0

Xε
t (ω) =

∫

(0,t]×D(ε,∞)

x J(d(s, x), ω) =
∑

s≤t
∆Xs1[|∆Xs|>ε]

By Lemma 3.14 it is clear that Xε and X − Xε are independent. By
proposition 3.3 we get for any ε, t > 0 and u ∈ Rd \ {0}

0 <
∣∣E
[
ei〈u,Xt〉

]∣∣ ≤
∣∣E
[
ei〈u,X

ε
t 〉
]∣∣

=

∣∣∣∣E
[
exp

(∫

(0,t]×D(ε,∞)

i〈u, x〉)J(d(s, x))

)]∣∣∣∣

=

∣∣∣∣exp

(∫

(0,t]×D(ε,∞)

(ei〈u,x〉 − 1)ν̃(d(x, s))

)∣∣∣∣

= exp

(∫

(0,t]×D(ε,∞)

(cos(〈u, x〉)− 1)ν̃(d(s, x))

)
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Letting ε ↓ 0 leads to
∫

(0,t]×D(0,∞)

|〈u, x〉|2ν̃(d(s, x)) ≤

C

∫

(0,t]×D(0,∞)

(1− cos(〈u, x〉)ν̃(d(s, x)) <∞

for some C > 0. Equation (78) follows immediately since u is arbitrary.
For each ε ∈ (0, 1] consider the martingales

M ε
t (ω) =

∫

(0,t]×D(ε,∞)

x(J(d(s, x), ω)− ν̃(d(s, x)),

and let Vt denote the last term of (77). Repeating the proofs of Lem-
mas (3.9) and (3.10) with J and M ε instead of N and Sε respectively
we have that Mt = M0

t is an a.s well defined cadlag martingale and
that M ε

t converges to Mt uniformly on bounded time intervals. Thus
M + V has the same jumps a.s. as X, and so Y = X − M − V is
a.s. a continuous additive process. By Theorem 1.33 we have that Y
is a Gaussian process with continuous mean and covariance functions.
Subtracting the means mt yields a continuous, centered at 0 Gaussian
process G. Lemma 3.14 implies that G and M ε + V are independent,
and we extend this to M by passing to the limit as ε ↓ 0. �

4. Transition Functions and Markov Property

An important property of additive processes in law is the Markov
property. Here we introduce Markov processes by using transition func-
tions, and then characterize Lévy processes and additive processes as
Markov processes with spatially homogeneous transition functions.

Definition 4.1. A family of mappings Ps,t(x,B) of x ∈ Rd and B ∈
B(Rd) with 0 ≤ s ≤ t < ∞ is called a system of transition functions
on Rd if

1) for any fixed x, it is a probability measure as a mapping of B
2) for any fixed B, it is a measurable function as a mapping of x
• Ps,s(x,B) = δx(B) for s ≥ 0

3) it satisfies
∫

Rd
Pt,u(y,B)Ps,t(x, dy) = Ps,u(x,B) (79)

If in addition,

5) Ps+h,t+h(x,B) does not depend on h,
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then it is called a temporally homogeneous transition system and we
use Pt(x,B) to indicate

Pt(x,B) = Ps,s+t(x,B) for s ≥ 0

Property (4) is called the Chapman–Kolmogorov identity. In the case
of temporally homogeneous transition system it is written as

∫

Rd
Pt(y,B)Ps(x, dy) = Ps+t(x,B) for s, t ≥ 0

Properties (1) and (2) imply that the mapping x 7→
∫
f(y)Ps,t(x, dy)

is measurable for any bounded measurable function f , for any such f
can be expressed as the limit of finite linear combinations of indicator
functions of Borel sets.

Lemma 4.1. For a transition system Ps,t and a bounded measurable
function f , we have

∫

Rd

(∫

Rd
f(y)Pt,u(x, dy)

)
Ps,t(x0, dx) =

∫

Rd
f(y)Ps,u(x0, dy)

where 0 ≤ s ≤ t ≤ u <∞.

Proof. Statement is true for f(y) = 1B(y), then it holds for simple
functions. We now extend to any positive bounded measurable function
by monotone convergence and by linearity and homogeneity to any
bounded measurable function. �

If a transition systems Ps,t on Rd with 0 ≤ s ≤ t < ∞ are given,
then for any a ∈ Rd we can construct a stochastic processes Y on a
certain probability space (Ω0,F0,P0,a), so that P[Y0 = a] = 1, and such
that P0,a[Yt ∈ B] = P0,t(a,B). Let Ω0 = (Rd)[0,∞) with the product
σ–algebra. For any 0 ≤ t0 < ... < tn and B0, . . . , Bn we set

P0,a
t0,...,tn(B0 × · · · ×Bn) =∫

B0

∫

B1

. . .

∫

Bn

Ptn−1,tn(xn−1, dxn) . . . Pt0,t1(x0, dx1)P0,t0(a, dx0) (80)

Lemma (4.1) implies that the family of multidimensional measures
{P0,a

t0,...,tn} satisfies Kolmogorov’s consistency condition, thus, there is
a unique probability measure P0,a on F0 that extends this family. We
consider now the process Y defined by the projections Yt(ω) = ω(t).
Notice that for any A ∈ F 0, the map a 7→ P0,a[A] is measurable. Sim-
ilarly, given s ≥ 0 and a ∈ Rd, we consider the restriction Pt,u(x,B)
with s ≤ t ≤ u, Ωs = (Rd)[s,∞) and Yt(ω) = ω(t). We define Ps,at0,...,tn for
s ≤ t0 . . . ≤ tn and then obtain Ps,a on F s generated by Yt, t ≥ s.
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Definition 4.2. A stochastic process {Xt : t ≥ 0} defined on a proba-
bility space (Ω,F ,P) is called a Markov process with transition system
Ps,t and starting from point a at time 0 , if it is identical in law to the
process {Yt : t ≥ 0} on (Ω0,F0,P0,a) defined above. If in addition,
the transition system is temporally homogeneous, then X is said to be
temporally homogeneous Markov process. In the same way, a stochas-
tic process {Xt : t ≥ s} defined in some probability space (Ω,F ,P) is
called a Markov process with transition system Pt,u starting from a at
time s, if it is identical in law to {Yt : t ≥ s} on (Ωs,F s,Ps,a) as defined
above.

Definition 4.3. A transition system Ps,t on Rd is said to be spatially
homogeneous (or translation invariant) if

Ps,t(x,B) = Ps,t(0, B − x)

for any 0 ≤ s ≤ t x ∈ Rd, where B − x = {y − x : y ∈ B}.

Theorem 4.2. (i) Let X be an additive process in law on Rd. De-
fine Ps,t by

Ps,t(x,B) = P[Xt −Xs ∈ B − x] for 0 ≤ s ≤ t,

then Ps,t is a spatially homogeneous transition system, and X
is a Markov process with transition system Ps,t and starting at
point 0 at time 0.

(ii) Conversely, if X is a stochastically continuous Markov process
on Rd with spatially homogeneous transition system Ps,t and
starting at point 0, then X is an additive process in law.

Proof. (i) Properties (1) and (3) for transition systems are clear. Let
µs,t be as in Theorem (2.18) and let B ∈ B(Rd) be fixed. Then, it is
clear that the mapping

x 7→ Ps,t(x,B) = µs,t(B − x) =

∫
1B(x+ y)µs,t(dy)

is measurable. It also follows that for any bounded measurable function
f

∫
f(y)Ps,t(x, dy) =

∫
f(x+ y)µs,t(dy) (81)
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Therefore for any 0 ≤ s ≤ t ≤ u

∫

Rd

Pt,u(y,B)Ps,t(x, dy) =

∫

Rd
Pt,u(x+ y,B)µs,t(dy)

=

∫

Rd

µt,u(B − x− y)µs,t(dy)

=

∫

Rd×Rd

1B−x(z + y)µs,t(dy)µt,u(dz)

= (µs,t ∗ µt,u)(B − x) = µs,u(B − x) = Ps,u(x,B)

which is Chapman–Kolmogorov’s condition. Hence, Ps,t is a spatially
homogeneous transition system. Using Fubini’s theorem (n+1)–times
combined with equation (81) we have that

P[Xt0 ∈ Bo, . . . , Xtn ∈ Bn]

=

∫

(Rd)n+1

1B0(x0)1B1(x0 + x1) · · ·1Bn(x0 + · · ·+ xn) ·

·µtn−1,tn(dxn) · · ·µt0,t1(dx1)µ0,t0(dx0)

=

∫

B0

∫

B1

. . .

∫

Bn

Ptn−1,tn(xn−1, dxn) . . . Pt0,t1(x0, dx1)P0,t0(0, dx0)

Thus, X has the same law as the process Y on (Ω0,F0,P0,a) constructed
above with a = 0.
(ii) Suppose that Ps,t is a spatially homogeneous transition system and
that X is a Markov process associated to it and starting at point 0 at
time 0. Let us define the system of measures {µs,t : 0 ≤ s ≤ t < ∞}
by

µs,t(B) = Ps,t(0, B)

Then

Ps,t(x,B) = Ps,t(0, B − x) = µs,t(B − x)

=

∫
1B(x+ y)µs,t(dy),
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thus, equation (81) holds for any bounded measurable function. There-
fore, for 0 ≤ t0 < . . . < tn we get

P0,0[Xt0 ∈ B0, . . . , Xtn ∈ Bn]

=

∫

B0

∫

B1

. . .

∫

Bn

Ptn−1,tn(xn−1, dxn) . . . Pt0,t1(x0, dx1)P0,t0(0, dx0)

=

∫

(Rd)n+1

1B0(x0)1B1(x0 + x1) · · ·1Bn(x0 + · · ·+ xn) ·

·µtn−1,tn(dxn) · · ·µt0,t1(dx1)µ0,t0(dx0)

Hence, for any bounded measurable function f in (Rd)n we have that

E0,0[f(Xt0, . . . , Xtn)] =

∫

(Rd)n+1

f(x0, . . . , x0 + · · ·+ xn)·

·µtn−1,tn(dxn) · · ·µt0,t1(dx1)µ0,t0(dx0)

Taking f(x0, . . . , xn) = exp
(
i
∑n

j=1〈zj, xj − xj−1〉
)

we prove that X

has independent increments and that Xt − Xs has distribution µs,t.
Hence X is an additive process in law. �

If the transition system is temporally homogeneous in addition, then
we have a characterization of Lévy processes as temporally homoge-
neous Markov processes with spatially homogeneous transition system.

Theorem 4.3.

(1) Let µ be an infinitely divisible distribution on Rd, and X be a
Lévy process in law corresponding to µ. Define Pt by

Pt(x,B) = µt(B − x).

Then Pt is a temporally and spatially homogeneous transition
system, and X is a Markov process with transition system Pt
and starting at point 0 at time 0.

(2) Conversely, if X is any stochastically continuous, temporally
homogeneous Markov process on Rd with spatially homogeneous
transition system Pt and starting at point 0 is a Lévy process in
law corresponding to the infinitely divisible distribution µ(·) =
P1(0, ·).

Proof. Same as in Theorem (4.2) but with Ps,t = Pt−s = µt−s.
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Theorem 4.4. (Markov Property) Consider the path representation
of a Markov process Y with transition system Ps,t. Let f(y0, . . . , y1)
be a bounded measurable function. Then, for any 0 ≤ t0 < . . . < tn
it follows that the mapping a 7→ E[f(Yt0, . . . , Ytn)] is measurable, and
also that

E0,a[f(Yt0, . . . , Ytn)]

=

∫

Rd

(∫

Rd

· · ·
(∫

Rd

f(y0, . . . , y0 + · · ·+ yn)Ptn−1,tn(yn−1, dyn)
)

· · ·Pt0,t1(y0, dy1)
)
P0,t0(a, dy0) (82)

Moreover, for any 0 ≤ s0 < . . . < sm ≤ s and for any bounded measur-
able function g(yo, . . . , ym) we have

E0,a[g(Ys0, . . . , Ysm)f(Ys+t0, . . . , Ys+tn)] (83)

= E0,a
[
g(Ys0, . . . , Ysm)Es,Ys [f(Ys+t0, . . . , Ys+tn)]

]
(84)

Property (83) is referred as the Markov property.

Proof. Equation (82) has already been proved for functions of the form

1B0(y0) · · ·1Bn(yn). The extension to a more general bounded mea-
surable function g is straightforward.
For equation (83), note first that Es,Ys [f(Ys+t0, . . . , Ys+tn)] = h(Ys)
where

h(x) = Es,x[f(Ys+t0, . . . , Ys+tn)]

Let

g(y0, . . . , yn) = 1C0(y0) · · ·1Cm(yn)

f(y0, . . . , yn) = 1B0(y0) · · ·1Bn(yn)

Then the left hand side of (83) equals

P[Ys0 ∈ C0, . . . , Ysm ∈ Cm, Ys ∈ Rd, . . . , Ys+t0 ∈ B0, . . . , Ys+tn ∈ Bn]

We then rewrite the former probability by the transition function as
in (80), and integrate (n+1) times and use (82) twice. Then we get (83)
for this special forms of g and f . Extension to measurable bounded
functions g and f is then straightforward. �

Lévy processes have a stronger property than the Markov property.

Proposition 4.5. Let X be a Lévy process on Rd. Then for any s ≥ 0,
the process Y defined by Yt = Xs+t −Xs is a Lévy process identical in
law with X. Also {Yt : t ≥ 0} and {Xs+t − Xs : 0 ≤ t ≤ s} are
independent.
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Proof. Since for fixed s ≥ 0, Y0 = 0 and Yt2−Yt1 = Xt2−Xt1, it follows
from the definition of Lévy process that Y is also a Lévy process and
X and Y are equal in law. The rest is immediate. �
Remark 4.1. Sometimes it is useful to consider a random starting
point. Given a transition system Ps,t, let Y and (Ω0,F0,P0,a) as before.
For any probability measure ρ on Rd, define

P0,ρ[A] =

∫

Rd
P0,a[A]ρ(da).

A stochastic process X defined on a probability space (Ω,F ,P) is called
a Markov process with transition system Ps,t and initial distribution ρ,
if it is identical in law with the process Y on the probability space
(Ω0,Fo,P0,ρ).
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