BASIC TOPICS IN HARMONIC ANALYSIS I: FOURIER
TRANSFORM AND PLANCHEREL THEOREM

OLIVER DIAZ ESPINOSA

ABSTRACT. These lecture notes discuss the £4(R™) and Lo(R™) theory of the
Fourier transform. We make a brief treatment of tempered distributions and use it
to classify the operators in £4(R™) and in £2(R™) that commute with translations.

1. INTRODUCTION

The objective of theses notes is to have a self-contained and short reference to the
fundamental results in harmonic analysis and the techniques used to prove them. All
this results presented here are classical and appear in many textbooks [Rud87, Ste70,
SWT71]. We made the effort to present as many details in the proofs as possible.
We hope that these notes are helpful to graduate students who are learning the
foundations of analysis.

2. £1(R™) THEORY OF THE FOURIER TRANSFORM

We begin by defining the Fourier transform in £;(R™).

Definition 2.1. If f € £;(R"), the Fourier transform of f is the function f defined
by letting

ft) = [ flaje =t as

The following properties of the Fourier transform are easy to obtain.

Proposition 2.1. Suppose f € L1(R") and h € R", a € R. Then,

(a) If g(x) = f(x)e™™™ then §(t) = f(t - h).

(b) If g(x) = f(z = h) then, §(t) = f(t)e>™"".

(c) If g € L1(R") and o = [ x g then ¢(t) = f(£)g(t).
(d) If g(x) = f(=x), then §(t) = f(1). )

(e) If g(x) = f(z/a) and a > 0, then §(t) = " f(at).
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Proof. We only prove (c). The rest are straight forward.

b0 = [ [ o)
_ /—%yt /fas— —2mi(z—y)t da:)d

_ [R/ ~2riyt / flo ’27”“d:c>d
= [Rf(t)ﬁ(t)

O

For any positive number a and any vector h we define the dilation by a, J,, and
the translation by h, 7, as the operators mapping any function g(z) into g(ax) and
g(x — h) respectively. Proposition 2.1 formulated in terms of these operators says

(&) (2™ f(2))"(1) = (1) (D).
(b7) (rag)"(t) = e™>™ " f(2).
(€) (6af)"(t) = a™" f(a™"t).

The following lemma will be needed:

Lemma 2.2. If 1 < p < oo, then the mapping T from R to L,(R™) given by h — 1, f
is uniformly continuous.

Proof. We first prove this lemma for continuous functions of compact support. Sup-
pose that ¢ is such a function and that supp(g) C B(0,a) then, g is uniformly
continuous. Given £ > 0, by uniform continuity of there is a 0 < § < a such that
|s — t| < ¢ implies

lg(t) — g(t)] < (m(B(0,3a)))""/7e

Thus

/ lg(z —t) — g(z — s)|P do < £P
so that |79 — 79|, = ||7t—sg — g|, < €. The conclusion follows from the density of
Co(R™) in L,(R™). O

Another useful result of this nature, which we will use until the next section, has
to do with convolution of functions.

Theorem 2.3. If 1/p+1/qg =1, f € L, and g € L,, then f x g is uniformly
continuous. If 1 < p < oo then | l‘im fxg(z)=0.
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Proof. Without lost of generality, we might assume that 1 < p < oo, then by Holder’s
inequality and translation invariance of Lebesgue measure we have

(Fg)z+h)— (F*g)@)| < /|(f(x+h—y)—f(:v—y)llg(yﬂdy
< Nt = flllgll

Lemma 2.2 implies uniform continuity. To prove that f x g vanishes at infinity, we
use sequences fr and gp of compact supported functions approximating f and g.
If supp fr Usupp gr C B, (0), then fi * gi is continuous and of compact support,
supp (fr * gr) C Bag, (0). Using Holder’s inequality we get that

1 % g = fi* gelloe < I1F = Frllollglle + I fellpllg = grllq

The conclusion of the Theorem follows immediately. 0
It is easy now to establish and prove the following result:

Theorem 2.4. (Riemann -Lebesgue) (a) The mapping f — [ is a bounded linear
transformation from L1(R") to Lo(R™). In fact [|fllec < [Iflli. (b) If [ € L1(R")
then f is uniformly continuous and f(t) — 0 as |t| — oo.

Proof. We only prove (b). Note that

) - f(s)] < / F(@)|le 209 — 1] da
[R'n,

Dominated convergence does the rest. To prove that f vanishes at infinity, note that

since €™ = —1 then
/f —omi(w+ 2— /f 2wzt g,
Hence
27(0) = [ ($(a) = 1@ = 5tm))e2ri
so that
2f(t) < |If = sl
with = 515, Now, lemma 2.2 implies that f(t) — 0 as [t| — oo. O

Differentiation and Fourier transformation are related in the following way:

Theorem 2.5. Suppose f € L1(R") and xpf(x) € L1(R™), where x) is the r-th
coordinate function. Then f is differentiable with respect to ty, and

8f . A
gy, (1) = (=2miaf(2)" (1)
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Proof. Letting h = (0,...,hg,...,0) be a nonzero vector along the k-th axis. Since
le=2mitkhi — 1| < tihy, we have that

f(t+ f;)k— i) _ /e_m.t # f(@) de — (~2riz, f(2))(1)

as hy — 0 by dominated convergence. ([l

It is also true that we can take Fourier transforms of partial derivatives of functions.
To make precise this statement, we introduce the following

Definition 2.2. We say that f € L,(R") is differentiable in the L,(R") norm with
respect to wy, if there exists g € £,(R") such that

x+h)— f(z

as hy — 0

Applying proposition 2.1 and part (a) of theorem 2.4 leads to

flx+h)— f(z H
h 1

2rit-h
S0 - ) < |
and taking hy — 0 proves the following
Theorem 2.6. If f € L1(R") and g is the partial derivative of f with respect to xy
in the L1(R™) norm then

g(t) = 2miti f (1)
everywhere.

For n = 1 we can use integration by parts to get a simpler result.

Proposition 2.7. If f and ' belong to L*(R) and f is the indefinite integral of f',
then (f))"(t) = 2mwitf(t)

Proof. Since f(x f f'(t) dt, it follows that

lim f(z)=0= lim f(z).

The first assertion is straight forward. To check the second equality observe that
lim, . f(x) = [ f'(t) dt by dominated convergence. If b= [ f'(t)dt # 0, then there
exists A > 0 such that |f(x)] > |b|/2 for all z > A. Hence f{|f|>|b|/2}|f( r)|dx >
f[A’oo) |f(z)| dx = oo, which contradicts the assumption f € £;. Therefore b = 0.
The conclusion the proposition follows immediately from integration by parts. [J

The last two theorems can be extended to higher derivatives. Without going into the
details, we note the following formulas:

(i) PD)f(t) = (P(=2miz) f(x))"(1) (2.1)
(i) (P(D)))\t) = P(2rit)f(t)
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where, for an n-tuple & = (o, - - - , a,) of nonnegative integers we let x® = {52 - - - 107,
D = goteetton 9t 9rg? - - - 0z, P is a polynomial in the n variables z1, za, . . ., 7,

and P(D) is the associated differential operator.

The main problem in the £1(R™) theory of Fourier transform is to obtain a function
f back from its Fourier transform f . Our next task is to answer this question. Here
we introduce certain summability methods for integrals.

Definition 2.3. For each ¢ > 0 and f a locally integrable function, we define the
Abel mean A.f to be the integral

Af = /f(x)e‘”l dx (2.2)
|RTL
In the same way, we define the Gauss-Weierstrass mean W_ f as

W.f = / F@)e=P da. (2.3)

Whenever the limit hH(l] A.f or liII(l) W.f exists, we say that [, f(z)dz is Abel or

Weierstrass summable.

From dominated convergence shows that if f is integrable, then hH(l) A f = ern f(x)dx.

The following examples shows that a function f might be Abel or Weierstrass sum-
mable without being integrable.
Example 1 Let f be the function

flz) =
x
We claim that A f = lir% A.f = 7/2 For any ¢ > 0 there exist P > 0 such that

p o)
sin x T ) )
dr — — —: —d —
\/ O e T < % /e v <l
0

p

sinx

1(0,00) ()

Since f is integrable on the interval [0, P] then there exists v > 0 such that whenever

0 < e < 7 then
p
i )
‘/(6_EJC - l)smxdﬂ <=
3
0

T

Combining these three inequaliti we prove our statement.
Equations (2.2) and (2.3) can be put in a more general framework

Ms,cpf = Msf: /SO(E:U)]E(:U) dx
|RTL

where ¢ € Cy and ¢(0) = 1. Then [, f(z) is summable to [ if lim M f = 1.
We shall call M, ,f the ¢ means of this integral.
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The following computational results will be needed in our pursue of “inverting” the
Fourier transform.

Lemma 2.8. If o(z) = e ™, then $(t) = ¢(t)
Proof. We give a simple ODE proof of this fact. First note that

©(0) = /6”2 der =1
R
It is easy to see that ¢ satisfies the following initial value problem

el(z) + 2rzp(z) =0 ¢(0) =1

If we apply theorem 2.5 and proposition 2.7, then by taking Fourier transform on
the last equation we get that ¢ satisfies same initial value problem as . Therefore
~ 2

o(t) =e ™. O

Next, we will need to establish the following identity:

1 Ooe_u 2
-8 _ —B%/4u g 2.4
‘ \/7?/\/66 N (24)
0

To do so, we will use the following identities

e_ﬁ:—/%ﬁ::;dx, with >0

™
0

and
o

1 2
o —(14z)u
1+$2 n /e du
0

The second of this identity is obvious, while the first is an easy application of the
theory of residues to the function ¢ /(1 + z2). Then

2 oo 2 o o
e P = _/cosﬁx dr = —/cosﬁx</e“e“x2 du) dx
) 1+ 22 T
0 0 0
2 o o0
- —/e‘“(/e_WQ Cosﬁxdx) du
T
0 0
1 oo oo '
— —/e“(/e“xQelﬁx dx) du
T
0 —00

1 Ooe_u 2
-3 /4ud
ﬁ/ N "
0

Now we are in conditions to state and prove the following
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Theorem 2.9. For all o« > 0 we have that

/ e 2mivtg=molyl® gy, — /2l o (2.5)
IR’II
and
—27iy-t ,—2mwaly| dy = o 2.6
e e Cn ’
/ Yy ( + ]t| )n+1 ( )
[Rn

where ¢, = T[(n+1)/2]/(x("T1/2).

Proof. By a change of variables, it suffices to consider the case a = 1. Equality (2.5)
follows easily from lemma 2.8. Since

n
—2miy-t —m|y|? _ —2miyt; —my? )
/e e dy = e e dy;

R™ j=1

e —mt _ 6771'|t\2

j=1

Equation (2.6) is harder to obtain. Using equation (2.4) we get
/627riy-t627r|y| dy — /(L/£€W2|y|2/“ du)672m'y-t dy
VT ) Ju
Rn Rn 0
eﬁ(/e—ﬂ2|y2/u€—2m’y-t dg) du
R™

ey

] 0o
_ /euu(nl)/26ut|2 du
0

— 1 i —Sg (n—1)/2
= r(ntl)/2 (1 + |t| (n+1)/2 / ds
0

T[(n +1)/2] 1
g(nt1)/2 (1_|_ |t| )n+1
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For a > 0, let us denote the Fourier transform of the functions ¢, (z) = e4™#* and
pa() = =22l by W (t, a) and P(t, a) respectively. That is,
1 2
Wt o) — — 1 liP/4a
( ,O[) (471-0[)”’/26
o

Cn

" (a2 + [t2) ()
W (t, ) is called the Gauss—Weierstrass kernel. P(t, «) is called the Poisson kernel.
We will show among other things that the Abel and Gaussian means of the integral

/ F()e* it q (2.7)

P(t, «)

converges almost everywhere to f(z). The idea will be to expressed those means in
terms of convolutions with the Poisson and Gauss kernels and then use the theory
of approximations to the identity. for the first step towards this, we will use the
following result.

Theorem 2.10. If f anf g belong to L,(R™) then

[ Fgeyae - /f

Proof. Applying Fubini’s theorem, we get

[iwsma = [ ([ e a)gte i
_ / ( / g(t)e~2miwt dt) f(z)dx

= ]f (;)Q(:r) da
B O

For any given function f we let f.(x) = e " f(¢ 'x). In this notation, proposition 2.1

says that (0:¢)"(t) = @ (t).
Example 2 Consider the function

6—47r2|az|2

p(r) =
its Fourier transform is given by
B(t) = (dm) 2
Thus L
(6-0) (@)"(t) = (dme?) "2 /A = W (1, %)
Example 3 Consider the function

plr) =e

—27|x|
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its Fourier transsform is given by
1
L [

p(t) =
Thus g
(55p)($)) <t> =Cn (82 + |t| ) (n+1)/

These examples together with theorem 2.10 lead to the following
Theorem 2.11. If f and ¢ belong to L1(R™) then

/f P p(ex dx—/f Sz —t)d

Rm

= P(t,¢)

for all e > 0. In particular,

/f 27rztx —27r£|a:| dr = /f [L’ — '[;,8) dx

|R'IL

/f(a:)egmt'me_MZa'xz dx = /f(x)W(x —t,e)dx
Rn

[RTL

and

We have almost everything set up to use the theory of approximations to the identity
to show that integral (2.7) is summable to f for a large class of methods that includes
both the Able and Gauss summability. The task will be to prove that the means
Jgn F(1)E2™0T (st) dt converge to f in £,(R™) provided that both ¢ and ¢ are inte-
grable and f[R" t)dt = 1. The following lemma shows that the Gauss and Poisson
kernels satisfy that condition.

/ W(z,a)dr =

|RTL

/P(m,a)dx: 1

R

Lemma 2.12. For all o > 0

and

Proof. For a > 0, a simple change of variable gives that

W(z,a)dr = W(z,1/47) dx = / e dy =1

Rn Rn

/n P(:U,a)da::/n P(z,1) dz

. The following geometrical facts will be at handy in our calculations:

n

Similarly, we have that
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(i) The surface element do,_; of the sphere S"~! on the space R" is given by:

dO'n_l = SiIln_2 91 d91 dO'n_Q

sin"*Q 91 Sinni3 (92 -+ -sin (9”,2 d«91 d(92 cee d@n,l

where 0 <O, <mforl1<k<n-—-2and0<80,_; <27
(ii) The volume v, of the unit ball in R™ and the surface o,,_; of its boundary are:

On—-1
v, = dr =
n

lz[<1
27Tn/2
n—-1 = doy,— =
On—1 / o 1(U) F[n/Z]
Snfl

With this in mind, if we use polar coordinates and then the change of variable r =
tan # and we will have

1 7 Tnfl
[t = | [ e et

R 0 Snfl

(e 9]

7,,n—l
- U"—l/ (1 + r2)(ntD/2 dr

0
/2

= an_l/sin"_19d9
0

1 (n+1)/2
- 2" T T+ 1)/2

2
This finishes the proof. O

Now we state and proof a theorem concerning approximations to the identity

Theorem 2.13. (Approximation to the Identity) Suppose ¢ € Ly with a =
Jen ©(@) dz, and for e > 0 let ¢.(x) = e "p(eta). If f e L, 1 <p< oo, or
f e C(RY) C Ly, then ||f xpc —afll, = 0 as e — 0. In particular, u(z,c) =
Jon F)P(x — t,e)dt and s(z,e) = [o. f()W(x — t,e)dt converge to f in L, as

e — 0.

Proof. By a simple change of variables we have

/905(3) dx = /6_"90(5_190) de = /gp(x) de =a

R Rn Rn
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Hence,

(f %)) —af(x) = / Fla— ) — f(@)p(t) dt

[Rn

_ / e — t) — fla)lo(t) di

Rm

For 1 <p <oolet S ={he LyR") : |h|, =1}, where 1/p+ 1/¢ = 1. Using
Minkowski’s duality equation, Fubini’s theorem and Hoélder inequality we get

1549~ afl, = sup(| / / (= =t) = f@)plt)it) o))

< s / (e / F(x —et) = F() (D)) )
sup ([ 100 / Flx 1) = F@)l|ho)]dr ) )

/ o) 1hllyIreef — Fl, dt

IN

IN

- / o(O)llraf — fllpdt
J

Let wyp(h) = w(h) = ||mf — fllp- Then |w(h)| < 2|/f]|, for all h; consequently, by
Lemma 2.2, w(h) — 0 as h — 0. Therefore, by dominated convergence lim. o f*p. =
fin L.

For f € Co(R™) the proof is much easier. O
Corollary 2.14. Suppose A(e) is a family of invertible matrices such that lim A(g) =

e—0

0. Let us define pa()(v) = (det A(e)) n¢(A*1(6)I). Then || f * ¢ae) — a fll, — 0.

An important application of Theorems 2.11 and 2.13 is the solution to the Fourier
inverse problem

Theorem 2.15. Assume that ¢ and its Fourier transform ¢ are integmble, and that
ern x)dx = 1. Then, for any integrable function f, the integral f[R" t)e* = tp(et) dt
converges to f(x) in L1(R™) norm as e — 0. In particular, the Abel and Gauss means
of this integral converges to f € L1(R™).

Since s(z,e) = [p, f(t)e?™ e~ dt converges to f(x) in L£1(R") as e — 0

there is a sequence g — 0 such that s(z,e;) — f(x) for a.e. x. If f happens to be
integrable as well, then by dominated convergence we get the following result:
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Corollary 2.16. If both f adf are integrable then

fla) = [ Foyem=ai

for almost every x.

Remember that f is continuous, and if f is integrable then the integral Jon f(t)e2mite

will be continuous as well (in fact, it is (f)"(—z)). Hence, by changing f on a set
of measure zero we can obtain identity in Corollary 2.16. In other words, f can be
make into a continuous function by changing its values on a set of measure zero.

If f(t) = 0 then f(x) = 0 a.e. Applying this to f; — f, we obtain the following
result on uniqueness of the Fourier transform.

Corollary 2.17. If f; and fy belong to L1(R™) and fl(t) = fg(t) for all t € R™ then
fi(z) = fo(x) a.e.

The Fourier inversion problem has a pointwise solution as well. The next result is
a pointwise version of the theorem of approximations to the identity. for any given
measurable function ¢, we defined the least decreasing radial majorant of ¢ as the

function Zb(l‘) = ||]]-BC(0;||x||)S0||oo~

Theorem 2.18. Suppose ¢ € Li(R") with a = [, ¢(z)dz. If ¢ € Li(R") and
feLl,(R")1<p<oo, then

(i) lin%(f * pe)(z) = af(x) whenever x is a Lebesque point of f.
(ii) sup|(f * ) ()| < ||¥]h My(x), where My is the Hardy’s mazimal function of
e>0

f

In particular, the Poisson integral and Gauss—Weierstrass integrals
u(t,e) = f(z)P(t —x,e)dx, s(t,e)= fe)W(t —z,¢e)dx
Rn Rn

converge to f(x) as e — 0 at every Lebesque point x of f, and

sup |u(t,e)| < Mg(t), supl|s(t,e)| < My(t)
e>0 e>0

Proof. Let x be a Lebesgue point of f. This means that for any § > 0 there exists
n > 0 such that mer(x) |f(y) — f(z)|dy < § whenever 0 < r < n. In polar
coordinates

G(r) = / s"tg(s)ds < v,6r", 1 <m, (2.8)
0
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where g(s) = [ |f(x —su) — f(z)|dop—1(u). On the other hand, for all ¢ > 0 we

Sn 1
have

[f # pel) —a f(@) < | [f (@ = 1) = f(2)]ee(t) dt]

[t|]<n

z—1)— f(x)|p(t)d
+ /M[f( ) — F(@)pa(t) dt]
:Il‘i‘.[g.

To do estimates on I; we make the following observations. First, note that v is a
radial function, i.e. ¥(x1) = ¥(xy) if |x1| = |x2|. Let us define ¢y(r) = ¥ (x) where
r = |z|. Clearly 1y is a non increasing function. Using polar coordinates we get that

de > d
Rnw@) t= //2<|J:<rw(x) !

_ / Vo(s)s™ o1 (du) ds > Vn2"2: Lo (r).

r/2 JSn—1

Hence r"g(r) — 0 as r — oo, and as r — 0. Also, for some constant B,, depending
on dimension n, r"Yy(r) < ||¢||1 B, for all r. Using these observations on equation 2.8
we get

o< / @ —y) = F@)lle0)] dt < / 5" Lg(s)eo(eLs) ds

lyl<n 0

= G(s)e™"ho(e /WG )e ™" dibo(7's)

< vps"6e Mot s)}o - /G’(as)a” dipo(s)
0
n/e

< v,8)|¢|. B, —Vn(S/sndwo(s) guna(uwuan—/o s”dwo(s)>

S (I / ) = 6(vaBut 1) 0]

0

To estimate I, note that Lo, € L4 for any 1 < ¢ < oo. If 1/p+1/p’ =1, then
by Holder’s inequality

Iy < | fllp L eom el + [ (@) [LBeom ¥ells



14 0. DIAZ-ESPINOSA

Since ||1e(o;y¥ell1 = f\w|>n e (x)de = flx|>n/s () dz, the second term tends to 0 as
e — 0. To estimate the first term, notice that p’ =1 + p/p; hence,

Itaeomitell = ( /| |>n[1/;€(x)]p/dx>z% ([ @)

|z[>n
v 1
S (||]]-BC(O;77)77Z}5||0% ¢€($) d:L') P
z[>n
- H]lBC(Om)q?Z)& 8 H]lBC(Om)@Z)s f

On the other hand ||1pe(o.)¥elloo = e ™0(e7'n) = n™(n/e) ho(n/e) — 0 as e — 0 as
pointed out before, and (i) follows.

As for part (ii), note that |(f *@.)(z)| < (|f|*|¢e])(x) < (|f| *¥e)(z). Thus we only
need to consider f > 0 and show that

sup [ (f * ve) ()| < (9]l My ()

Also, since
((T—af) *¥e)(0) = (f *¢e)(x)
M- ;(0) = My(x)
(f *4)(0) = ((6=f) *)(0)

it suffices to prove that

(f % 9)(0) < |0\ Ms(0) forall feL,

Let
Ar) = . flru) op—1(du)
Alr) = /OT)\(S)Sn_ldS:/f($)de‘
|lz|<r

(f*)(0) = [ f(=y)(y)dy = [ f)v(—y)dy = [ f(y)¥(y)dy. Thus, using polar

coordinates, the radial property of ¥ and integration by parts we obtain

o= tim (oA + / A(r) d(—a(r)))
N —

For the first term converges to 0 as the following estimate shows it:

[Yo(N)A(N) = tho(e)A(e)| < v My (0) (4o (N)N™ + ¢ho(e)e")
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For the second term we have the following estimate
N

/ Ar) d(—o(r) < vaM(0)

€

" d(—=1o(r))

= [[9lli M (0)

This concludes our proof. 0

Any point of continuity of f is of course a Lebesgue point of f. Thus if f is
continuous at 0, then by theorems (2.11) and (2.18) we have that

lim / fla)e 2ol dy = li_I)I(l) f(z)P(z,e)dx = f(0)
Fn

e—0
[RTL

If we further assume that f > 0 it follows from monotone convergence that f €
L1(R™). In this way we obtain the following simple and neat result:

Corollary 2.19. Suppose f € L1(R") and f > 0. If f is continuous at O then
feLiy(R") and

/() = / e an

almost everywhere (i.e. at every Lebesque point of f). In particular,

)= [ f@t)at

IRn

Applying this result to the Poisson and Gauss—Weierstrass kernels we get:

Corollary 2.20.

/W(x O e L
b
[Rn

/P(ZL’, a)€27rit-ac dr = e—27ra|t|
Rm
for all a > 0.

We immediately obtain the semigroup properties of the Poisson and Gauss—Weierstrass
kernels:

Corollary 2.21. If ay and ay are positive real numbers then

(a) W(zr,a1+az) = /W(x—t,al)W(t,ag)dt

(b) P(xr,oq +a2) = /P(z —t, 1) P(t, ) dt

an
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3. L3(R™) THEORY AND THE PLANCHEREL THEOREM

We know that the space £1(R™) N Lo(R™) is dense in Lo(R™). Here we will extend
the Fourier transform from the former space to the latter. One of the nice properties
of this extension is that it turns out to be a unitary linear transformation.

Theorem 3.1. If f € £,(R") N Ly(R™) then |||l = || f]|2
Proof. Let g(z) = f(—x). Then by theorem 2.3 h = f x g is continuous. Being the

convolution of functions in £;(R™) h is also integrable. Since g = f then h = fg§ =
| f1?. By corollary 2.19 it follows that h is integrable and h(0) = [, h(t) dt. Thus

Jliora = [ o= no) - [Rnf(y)g(o—y)dy
- /f dy—/!f )2 dy
0J

This theorem asserts that the Fourier transform is a unitary operator defined on
the dense subspace Ly N Ly of L£o(R™) into L5(R™). Thus by Caratheédory extension,
there exists a unique bounded extension, F on the whole space Lo(R™). We will also
use the notation f =Ff. If f €Ly, then L, N Ly S hy = flpou converges in Ly to
f; thus, hi € L5 and

f(t) = Ff(t) = Jim fy(t) = lim fla)e > dy

k=00 Jig<k

in L. It is also clear that F is a unitary operator from Lo(R™) into Lo(R™). In fact
this operator is onto:
Theorem 3.2. (Plancherel)

(i) The Fourier transform is a unitary operator on Lo(R™).
(ii) The inverse Fourier transform, F~', can be obtained by letting (F1g)(x) =
(Fg)(—x) for all g € Loy(R™).

Proof. Since F is a unitary operator, F(L2(R")) is a closed subspace of L£2(R"). Let
1
g€ <.7-" (L’Q(IR”))) A simple density argument extends theorem 2.10 to functions in

Lo(R™). Thus [p, f(t)g(x)de = [, f(x)g(x)dz = 0 for all f € Ly(R™). Therefore

lgll2 = lgll2 = 0.
For the second part of the proof, note that since F is a unitary operator, then it

preserves the inner product: (ulv) = [, utdz. Let g be any function in Ly N Ly and
f € Ls. Since f € Lo, then f]lB(o;k) € L1 N L, for each k. Hence

= / f(t)e%m't dt = f(fle(o;k))(—Ji) € Ly

[t|<k
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converges to the function f(z) = F(f)(—z) in £,. Consequently,

(91f) = tim (glf) = lim | g(a)(

k—o0
[Rn

= lim F(t) ( /n g(x)e 2™t dw) dt

k—o0 MS k

f(t)e 2mite dt) dx

<k

= Jin [ aw70m=G61H) =6l
This clearly implies that f(z) = (F1f)(z) = f(z) = (Ff)(—z) for all f € ,Cg([R”é

4. TEMPERED DISTRIBUTIONS AND A CHARACTERIZATION OF OPERATORS THAT
COMMUTE WITH TRANSLATIONS

The basic idea in the theory of distributions is to consider them as linear func-
tionals on a space of reqular functions —often called testing functions. This space is
assumed to be well behave with respect to operations we have studied so far, namely:
differentiation, Fourier transform, convolution, translation, dilation, etc. This will
be reflected, in return, on the properties of distributions. We are after a space of
testing functions & on which these operations are defined and preserve the space.
Motivated by theorems 2.5, 2.6 and formulas 2.1, the space & must consist of infin-
itely differentiable functions such that when they or their derivatives are multiplied
by polynomials, they must still be integrable.

Definition 4.1. The space S of testing functions is defined to be the class of all
functions ¢ € C*° on R™ such that

sup |2%(D7¢)(x)| < oc

zeR™
for all n—tuples a = (v, ..., ) and 8 = (04, ..., 3,) of nonnegative integers.
Clearly that space is not void: the family of functions p,(z) = e~=* belongs to

S. S also contains the space D of all C* functions with compact support. The later
space is not void. To see this, we first consider the case n = 1. Let f(t) = e '/t if
t >0 and f(t) =0 when ¢t <0. It is an easy exercise to see that f € C* and that f
and all its derivatives are bounded. Let o(t) = f(14t)f(1—1t); then o(t) = e~ 2/ (=)
if || < 1 and zero otherwise. Thus ¢ € D(R). We can easily obtain n—dimensional
variants from ¢:

(a) For z € R"™ define ¢ (z) = ¢(x1) - - - ¢(x,); then 1p € D(R™)

(b) For z € R" define 1(z) = e 2~1*") _if |z| < 1 and zero otherwise. Then
¥ € D(R")

(c) If n € C* and v is the function in (b) then ¢ (ex)n(x) defines a function in
D(R™).
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The spaces Cy (continuous functions that vanish at infinity with the sup norm) and
L,(R™), with 1 < p < oo contain §. Using the density of C. on both spaces and the
Stone—Weierstrass theorem we can show that D is in fact dense in both spaces and
therefore so would S. Another interesting observation is given by the following

Lemma 4.1. (a) If p € S, then ¢ is L, differentiable for any 1 < p < oco. (b) The
L? norm of a function ¢ € S is bounded by a linear combination of L., norms of the
form x*p(x); the coefficients and exponents of these terms depend only on p and the
dimension n.

Proof. (a) It is enough to consider 0,,1 for ¢» € S. There is a constant A > 0 such
that |0, ()| < A/]z|*" ™. Consider

[e.9]

S =~ 1
9= Sup |a$ 1/}|]lk§z<k+1 < Tﬂ k<|w|<k+1 el
0 k<|z|<k+1} ' {k<al } % k2n+1 {k<]z| } P

The mean value theorem implies

(x + he}i) — () ‘ = |0, (Ean)| < g(a)

where &, 5, is in the line between « and x+he;. The conclusion follows from dominated
convergence.
(b) Let A = ||¢||oc and B = sup |z|*"|¢(z)| then

zeR”

</|¢(£)‘pdx)l/p = </|90(:U)\pd96)1/p+< / ‘¢(x)|pdx>1/p

|z|<1 |z|>1

< A(Ujl‘l)l/ﬁB( / |x!‘2npdx)1/p

lz|>1

- ()" n(pEE)

Corollary 4.2. If p € § then ¢ € S.

Proof. Theorem 2.5 implies that ¢ € C* whenever ¢ € §. Combining this with
Theorems 2.6 and 4.1(a) we conclude that ¢ € S. O

Remember that (¢ * )" = gbz[z. Since S is closed under multiplication, then the
inverse Fourier transform theorem shows that

Theorem 4.3. If p and ¥ are in S then so is @ * 1.

We introduce now a metric on § that makes this space a topological vector space.
There is a natural countable family of norms {p,s} in S, indexed by ordered pairs
(e, B) of n-tuples of nonnegative integers, given by:

pap(p) = sup |2°D%p(x)|

rER™
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These norms induce the distances dos(@, V) = pas(@ — ). Let {dx} be an enummer-
ation of these metrics. Thus, we define a metric d in § as

N gkl ¥)
d(p,¥) = ; 2T dn (0, 1)

It is clear that ¢,, — ¢ with respect to d, if and only if ¢,, — ¢ with respect to
each dy (as m — oo). From this observation, it follows that the space operations
(p,0) — ¢+ and (a, ) — ayp are continuous. Thus S with the topology induced
by d becomes a topological vector space. The following properties of S are not difficult
to check.

Theorem 4.4. (S,d) has the following properties:
(1) The mapping ¢(z) — *DPp(x) is continuous
(2) If p € S then }lliir(l)Th(p =
(3) Suppose ¢ € S and h = (0,...,h;,...,0) lies on the i-th coordinate axis of
R™, then the difference quotient [ — T,]/h; tend to Op/dx; as h — 0
(4) S is a complete metric space
(5) The Fourier transform is a homeomorphism of S onto itself.
(6) D is dense subset of S
(7) S is separable.

The collection S8’ of all continuous linear functionals on S is called the space of
tempered distributions. Thus to show that a linear functional L on § is a tempered
distribution it suffices to show continuity at the origin, i.e, klim L(py) = 0 whenever

pr — 0in S. Here we present some examples:
Example 4 Let f € £,(R"), 1 <p < 00, and let L = L defined as

uw:LA@:/}@w@Mx

for ¢ € S. Lemma 4.1 implies that ||¢g||, — 0 if ¢, — 0in S. By Holder’s inequality

L)l < [[fllpllellq

Thus, L is a tempered distribution
Example 5 If y is a finite Borel measure, then the linear functional L = L, defined
by

L(p) = Lu(p) = /s@(fv) dp(x)

Rn
is a tempered distribution.
Example 6 Let f be a measurable function such that f(z)(1 + |2]?)~* belongs to
L,(R"), 1 < p < oo for some integer k. Define L = Ly just as in example 4:

L(p) = [on f(x)@(x) dz. Since
L(p) = / (L + [z re(a)] [f(x)/(1+ [2]*)*] da

|R7L
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it follows that L is a tempered distribution. f is called a tempered L, function. When
p =00, f is said to be slowly increasing.

Example 7 A Borel measure p is called a tempered measure if

[ jeP)* @) < o0

[RTL
for some integer k. If we define L(¢) = Lu(p) = [on ¢(z)dpu(z), then we get a
tempered distribution.
Example 8 For a fixed point xy € R, and an n-tuple § of nonnegative integers, we
define the linear functional L(p) = D%¢(z). The continuity of the metric pos in S
implies that L is a tempered distribution. In particular, for xo = 0 and 5 = (0,...,0)
we get the Dirac’s delta distribution: L(p) = ¢(0). The latter can be obtained also,
by considering the Borel measure of mass 1 concentrated at the origin.
There is a simple characterization of tempered distributions.

Theorem 4.5. A linear functional L on S is a tempered distribution if and only if
there exists a constant C' > 0 and integers m and | such that

L@ <C DY pasly)

la|<L,|B]<m
forallp € S.

Proof. The existence of C, [, m clearly implies the continuity of L.
For the converse, note that the family of sets of the form

N S TCED

la|<i,|8|<m

where € > 0, and [ and m are nonnegative integers, forms a basis of neighborhoods
around 0 in S. To see that, let k£ = Im and consider the sets

Usse = (¢ pasle) < =/k)
Clearly, these are open sets in S. Also

ﬂ Uaﬁs C Ns,l,m-

la|<L,|B|<m
For the ball B(0,¢) in S, pick K > 0 such that ) 27" < ¢/2. Take [ and m big
n=K
enough such that the norms in the list {pi,..., px} are included among the norms

{pap} with |a| < 1,]8] < m. Then

Nejoim C© [ #: puly) < /2 C B(0,¢)

n=1
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It follows that there is a set N.,,, such that |L(p)| < 1 for all ¢ € N.;,,. For ¢ # 0,

let
lell = D" pasly)

la|<L,|B|<m
it is easy to see now that C' = 2/e will do the job:

2l 2l
L) = L () | <
20l .

O

Many important operations on functions, i.e: differentiation, translation, dilation,
reflections, Fourier transform, convolution, etc, can be extended in a natural way to
distributions. Here we motivate some of these extension.

Derivative:
If f e L£,(R") admits an £,(R") derivative ¢ = D*f, then by integration by parts
we have that

L(e) = [(D"F@))o(a)do = (-1 / F(#) D" () de = (~1)°1L (D7)
Rn
for all ¢ € §. Thus, for any distribution u, we define D“u as the linear functionalv
on § such that

v(p) = (D) lu(D*p)
Clearly D*u is a distribution.

Translation:
If feL,(R") then

L. (¢ /f;p— dx—/f o(x+h)dr = Li(T_pep)

Thus, for any distribution u, we define 7,u as the linear functional on § such that

Thu() = u(T-np)
It is clear that 7,u is a distribution since it is the composition of continuous functions
on S.
Fourier transform:
If f e L£1(R") then from theorem 2.10 we have

~ [f@et d:v—/f 2)da = Ly(¢)

thus, for any given distribution u we define u by

i) = u(p)
Multiplication by a test function:
If p €8 and u € § then we define pu as the linear functional

(pu)(¥) = ulpy)



22 0. DIAZ-ESPINOSA

for all ¥ € §. Clearly this is a distribution on §.

Convolution:

If feL£,(R") and ¢ and 1 belong to S. Let ¢(x) = p(—x). A simple application of
Fubini’s theorem shows that

Lrolv) = [(F < p)@hila)do = [ 1)+ )(w)dz = Ly(7 %)

R Rm

Thus, for any distribution u and test function ¢ we define u* as the linear functional
(u* @) () = u(@* )

The right side of the equation above is the composition of continuous functions in S.

Therefore u * ¢ is a distribution.

The following theorem gives a better characterization of the convolution distribution
just described:

Theorem 4.6. If u € S§" and ¢ € S then the convolution u * ¢ is the function
f(z) = u(rp@). Moreover, f € C® and it is slowly increasing.

Proof. First we show that (u * ¢)(¢)) = an F()y(t)dt:

(wr @) =u(+v) = ul [ ot at)

Rn

= o [Ee@uar)
[Rn
The Riemann sums of the last integral converge in the topology of S, thus

o [p@e ) = [umewod= [ raeea

Rn R™ R
Continuity follows from theorem 4.4. Let h = (0,...,h;,...,0), then

Toth® — Top ( 0p )
hj 8xj
in the § topology. Thus, by continuity of w,
flz+h) - f(z) _)u<_7x<8_90>)
hj 8Ij

By an iterative argument we have (D*f)(z) = (—1)*u(r,D*@). The fact that f
is slowly increasing follows from theorem 4.5: There exist C' > 0 and nonnegative
integers [ and m such that

@ =ulng) <C Y pas(rd)

|la|<L,|B|l<m

But
pap(T2@) = sup |(w + 2)* (D) (w)]

weR™
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which is clearly a polynomial in x. ([l

In what follows, we will apply the theory of distributions to the study of a class
of operators that occur in the theory of singular integrals: those that commute with
translations. Suppose B is an operator mapping a linear space V' of functions in R"
into another space of the like. We say that B commutes with translations if 7, B = bry,
for all h € R™.

Example 9:

Fix f € L,(R*) and let be B the operator on £;(R") to L£,(R") defined by con-
volution: g — f *g. We have that || Bg|, < ||fll,llg|l:- Clearly it commutes with
translations.

Example 10:

Consider the Banach space of all complex measures on R” with norm |[|||. The Fourier
transform of f as a distribution coincides with that of a measure:

i) = [ duo

Let £ be the map:

ER*"xR* — R"
(z,y) — x4y

Let p* A be the measure on R™ induced by &, i.e:

(1 N(E) = (1 x N (§71(B))
It follows straight forward that

[l AL < [l TIA]

From the Riesz-representation theorem, it follows that p* A is the unique measure v
such that

/ f() dv(z) = / F(o + ) (i ® Nz, )

[Rn X |RTL

for every f € C.(R™). Application of Fubuni’s theorem implies

(s NE) = [ 0B = iNO = [ w(E - 5)du(s)

|R"l |R7l
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and if d\ = fdx, where f € L'(R") then d(u* \)(y) = (f * u)(y) dy:

(n* A)(E) = Lp(z +y)d(p© A)(z,y)

It is clear that the map on El([R") given by f — f % u is continuous: ||f * ul; =
e = M| < || £l = |el][|A]]- Clearly it also commutes with translation.

We will show that all bounded operators in £,(R™) are of the similar convolution
type. The following lemma will imply the former statement:

Lemma 4.7. If f € L,(R") has derivatives in the LP norm of all orders < n + 1,
then f equals almost everywhere a continuous function g satisfying

9(0)] < Copp > ID*flly

|| <n+1

where C,,,, depends only on the dimension n and the exponent p.
Proof. Let x € R™, then
n n+1
Q)< (143 fol) <00 3T o
J=1 |a|<n+1

For p = 1 we will prove that f is integrable and use corollary 2.16:

@) < S P02 lf @)

o] <n+1

= C'(L+ )"0 |(2m) D )N @)
|| <n+1

< O[TV Y ID
|a|<n+1

Therefore

. Cﬂlo_
Il < —— > 1D flh
|| <n+1
thus f is equal to a continuous function g almost everywhere and

~ C”Un N
9O = llglloo = I fllee < MIflls = —5 > IID S

|a|<n+1
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For p > 1, choose 0 < ¢ < 1 in D such that p(z) = 1if |[x] < 1 and ¢(z) = 0 if
|z| > 2. Then pf satisfies the hypothesis of p = 1. Thus varphif equals a continuous
function A such that

RO <C > 1D fh

jal<n+1

Since D¥(¢f) = >, C*(D"f)(D"¢) and using Hélder’s inequality we have
put+r=a

ID°ehl < [ X ool Dl da

z|<2 HTV=a

< K pole /]D“f\da:

prtr=a || <2

< K(Z2)" S sl

n
ptr=a

2n0n_1 1/q
< K( ; ) |£r|1<a‘><|{p0y ©)} > IID"fll,
|l <|e]

Thus, there is a constant C,, , depending only on n and p such that

W0) < Cup D 1D [l (4.1)
|a|<n+1
Since ¢(x) = 1 on the unit ball we see that f is equal to a continuous function

h almost everywhere on the unit ball. Choosing ¢i(z) = ¢(x/k) shows that f is
almost everywhere a continuous function hy on the ball of radius k& around 0. Note
that hg(0) = A(0), hence equation (4.1) is preserved. This finishes the proof of the
lemma. U

The following theorem characterizes all continuous operators on £,(R") that com-
mute with translations:

Theorem 4.8. Suppose B : L,(R") — L,(R"), 1 < p,q < o0, is a linear bounded
operator that commutes with translations; then, there exists a unique tempered distri-
bution u such that B = u* @ for all p € S.

Proof. Let h = (0,...,hj,...,0) be a nonzero vector along the j-th axis. Since

L — —g—“” in S, it converges in LP as well. Therefore, B<M> — TwBe- By

i i hj h;

converges to —B (%ﬁ_) = —%—Ji‘{f in L9 by continuity of B. By an iteration argument,
J J

it follows that By has derivatives in L9 of all orders and D*(By) = B(D%p). Hence
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by the previous lemma, By equals a continuous function g, almost everywhere and

9,01 < Cug D ID%(BY)

|| <n+1
= Chg Z |1B(D%p)llq
o] <n+1
< 1BlICug Y D%l
|a|<n+1

This shows that the linear functional ¢ +— g¢,(0) is in fact a distribution u; on S.
Letting u = 4; we obtain the distribution we are looking for: (u * ¢)(x) = u(7,p) =

u((T—2p”)) = W(Tap) = w(t—p) = (B(12¥))(0) = (-B¢)(0) = (Be)(z).
Uniqueness follows immediately from the construction. 0

Let us denote by (LP, LY) the space of those tempered distributions u for which there
exists A > 0 such that ||u* ¢||, < Al|¢]|, for all ¢ € S. Last theorem shows that
there is a one-to—one relationship between this space, and that of continuous linear
operators from L£,(R") to £,(R") that commute with translations. For the case
p = 2 = q there is a much better characterization:

Theorem 4.9. The distribution u belongs to (L*, L?) if and only if there exists b €
L>®(R™) such that @ = b. In this case, ||b||s is the norm of the operator B : L*NS —
L? defined by putting Bo = u * ¢; moreover (u x p)" = 4.

Proof. By the Fourier inverse theorem, we have that ¢ x 1& is the Fourier transform
of p1. Then, by definition of Fourier transform and convolution in the distributional
sense we have that

(ux ) (1) = (u*p)(¥) = u(@* ) = u(($P)") = (1) ()
This shows that (u * )" = 4@ in general.
Consider the function po(z) = e~™* in S. Since u € (L2, L?), Plancherel’s theorem
implies that ®g = (u* )" = 4Py = Gy belongs to Lo(R™). Let b(z) = ™ ®y(2) =
Do(z)/po(z). Let p € S and ¢ € D, then

(ap) () = u(py) = w(Lopt/po) = (1) (LY /o)
o(w)(z)e™ () da

b(x)@(x)¢(x) d

/
/

Rn
= (0bp)(¥)
Taking ¢ such that the support of its Fourier transform contains the support of ¢ we

get that a(y) = b(v) for all ¢» € D. The density of D in S implies that 4 = b.
Since u € (L?, L?) there exists a constant A > 0 such that

16@ll2 = [I(ux ©)" |2 = [lux @lla < Alle]l
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for all ¢ € S. Since S is dense in Lo(R"), it is now easy to show that b € L*(R")
with [|b]|e < A.
The converse is easy: if « =b € L*(R") then

[ plla = ladlla = 1622 < [1bllscl2ll2 = [1bllo Il
This finishes the proof. 0

For p = 1 = ¢ there is a nice characterization as well.

Theorem 4.10. The distribution u belongs to (L1, Ly) if and only if it is a finite
Borel measure. In this case, the total variation of u equals the norm of the operator
B:L'NS — L' defined by Bo = ux* ¢ forp €S

Proof. Consider the space C,(R™) of continuous functions that vanish at infinity with
the sup norm. Its dual space, according to the Riesz—representation theorem, is the
normed space of finite Borel measures M = M (R") on R™: mapping the measure pu
to the linear functional that assigns ¢ the value [i, ¢(z) du(x). Note that £;(R") is
naturally embedded into M by the map f +— fdx.

On the other hand, we can topologize M with the weak*~topology and by Alaoglu’s
theorem, the unit ball B = {p : ||u|| < 1} in M is compact with respect this topology;
moreover, since Cp is separable, the unit ball is in fact metrizable (with the weak*—
topology), thus sequentially compact.

Consider the family of L! functions u. = u * W(-,€), € > 0, where W is the
Gauss—Weierstrass kernel. By hypothesis, there exists A > 0 such that [ju.|; <
AW (-,e)|][y = A. Thus, by the previous observations, there exists © € M and a
sequence {e;} converging to 0 such that u., — p as k — oo in the weak*~topology.
That is

i [ o) duy(2) = [ (o) duo)

k—oo
Rn Rn
for any ¢ € S. Let cpa = [enp(x —t) x W(t,e)dt. By dominated convergence
we have that (D%p.)(x fuan (DYp)(x — t)W (t,e) dt = (DYp). for any n—tuple « of

nonnegative numbers. By the theorem of approximations to the identity, (case p = 00)
we have that D%p.(z) converges uniformly in z to D*p(z) as ¢ — 0. Thus p. — ¢
in S as ¢ — 0. Hence, by continuity of u, u(¢.) — u(p). Since W(-,e) = W(-, &) we
have

) = ulW(2) ) = (s W 2)(e) = [ plafunto)do
Taking ¢ = ¢} and letting £ — 0 we obtain

u() = / () dpu(z)

R

This shows that u = € M(R™). The rest of the proof is easy. 0
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