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1 Introduction

Consider the following model for card shuffling: a group of N cards, each colored red or
black, is arranged in a ring, and the shuffler repeatedly chooses two adjacent cards and
switches them. This simple model, which we call the interchange model, is an example of a
Markov chain; an in-depth analysis of this chain has never been done, and one of our goals
in this paper is to accomplish this analysis. The interchange model is in fact essentially
equivalent to a special case of another Markov chain known as the exclusion process, which
has wide applications to mathematical models in physics and biology, and so results about
the interchange chain produce new results about the exclusion process as well.

One of the most remarkable and serendipitous properties of the interchange model is
that the transition matrix describing it is precisely the matrix corresponding to a Hamiltonian
operator in physics, the so-called Heisenberg X X X Hamiltonian, describing a quantum
mechanical system of spin-1/2 particles. In this system, there are N particles arranged in a
ring, and each particle possesses a spin of either up or down; neighboring particles interact
via so-called spin-spin interactions, through which the energy associated to them depends
on whether their spins point in the same direction or in opposite directions. A generalized,
three-dimensional version of this model has been experimentally shown to be an accurate
model for the phenomena of ferromagnetism and antiferromagnetism, and some materials
(e.g., YFeOj3) have even been shown to behave according to the somewhat simplistic one-
dimensional model described here. Following its discovery in 1926, the Heisenberg model
attracted much attention in the physics community, and, in 1931, Hans Bethe formulated the
famous Bethe ansatz to approach the one-dimensional Heisenberg model. Physicists have
since been able to use the Bethe ansatz to find all of the energy levels of the one-dimensional
Heisenberg system.

The correspondence between the interchange process and the Heisenberg model is
simply a correspondence between cards and spins; there are two types of both cards and
spins, and, in each case, the interaction is only between nearest neighbors in a ring. What
is astonishing, and not at all obvious, is that the spin-spin interaction from the Heisenberg
X XX model is mathematically equivalent to the card-shuffling “interaction” consisting of
switching nearest neighbors. Through this equivalence, the methods used by physicists to
find the energy levels of the Heisenberg model, and in particular the Bethe ansatz, can also
be used by mathematicians to find the eigenvalues of the transition matrix associated to
the interchange model; these eigenvalues, in turn, give information about how quickly the
interchange shuffle becomes random. The Bethe ansatz approach from physics can thus be
applied to mathematical random walk theory to yield results, difficult to verify by other
means, about the interchange walk and other Markov chains as well.

We now outline the contents of this paper. In Section 2, we give the necessary back-
ground from physics, by describing, deriving, and analyzing the Heisenberg model, paying
special attention to the one-dimensional X X X case. Section 3 is a diagonalization of the in-
terchange transition matrix, using the Bethe ansatz, in the cases in which there are either one
or two red cards. In Section 4, we examine consequences of this diagonalization, culminating
in the calculation in Section 5 of the rate at which the interchange process becomes random.



Section 6 is devoted to other, related random walks, including the exclusion process and the
general interchange process; it concludes with an observation through which estimates from
random walk theory can be used in thermodynamics.

We will assume familiarity with some amount of analysis and random walk theory,
although we review elementary results about random walks in Section 5.1; in Section 6.2,
we also use a bit of representation theory. We do not assume familiarity with quantum
mechanics, although our review of quantum mechanical theory in Section 2 is designed to
be unobtrusive for those who do have some background in quantum mechanics.

Much of this paper is, we believe, original, since the approach of applying physics
to the interchange model, although hinted at by several sources, has apparently not yet
been carried out in a way that uses results from random walk theory. Section 2 is mainly
expository; Section 3 reformulates results already known to Bethe in 1931, but is original in
its use of a mathematical level of rigor rather than a physical trust of intuition. Sections 4,
5, and 6 are more or less entirely original, except where noted otherwise.



2 Physical background

This section is almost purely physics, as we give the background necessary to understand
the remainder of the paper. We begin with an explanation in Section 2.1 of the importance
of the Heisenberg model to physics, and then proceed to define the Heisenberg model in
mathematical terms in Section 2.2. We then give a physical derivation in Section 2.3 of
the Heisenberg model, and discuss physical approaches to solving the Heisenberg model in
Section 2.4.

2.1 The Heisenberg model of magnetism

The Heisenberg model occupies a somewhat uncomfortable position in solid state and mathe-
matical physics. Easy to state and widely applicable, it is also extremely difficult to analyze.
The interaction model which became known as the Heisenberg model was discovered by
Werner Heisenberg and, nearly simultaneously, by P. A. M. Dirac, in 1926. Further work
over the following decade established the Heisenberg model, due to its versatility, to be “the
fundamental object of study of the theory of magnetism” [13, p. 40]. Since then, much work
in theoretical statistical mechanics, solid state physics, and mathematical physics alike has
been concentrated on understanding this model. Despite this effort, the Heisenberg model
remains largely intractable, its predicted energy levels and eigenfunctions poorly understood,
especially in a three-dimensional setting.

The first breakthrough towards solving the Heisenberg model was the diagonalization
by Hans Bethe [2] in 1931 of the one-dimensional Heisenberg X X X model; the ansatz, or
hypothesis, formulated in the process was later applied to many other physical models. Using
an extension of the Bethe ansatz, Rodney Baxter solved the more general one-dimensional
XY Z model in 1971. This solution, however, as well as approaches to the two-dimensional
and three-dimensional Heisenberg models, is exceedingly complicated. The one-dimensional
X X X model, and its solution, are still of interest, perhaps because they are somewhat well
understood; fortunately, we will only require analysis of this model.

The Heisenberg model can be used to describe magnetically ordered solids, in which
internal magnetic interactions cause individual magnetic ions to possess nonzero magnetic
moments below some critical temperature. Magnetically ordered solids separate broadly
into three groups: ferromagnets, antiferromagnets, and ferrimagnets. In ferromagnets, on
which we will concentrate, the local moments are energetically preferred to be all aligned
in a particular direction, the direction of spontaneous magnetization, so that the solid as
a whole has a nonzero spontaneous magnetic moment. In antiferromagnets, adjacent local
moments prefer to be antialigned; ferrimagnets have a nonzero spontaneous magnetization,
but not necessarily aligned local moments.

For those who are unfamiliar with quantum mechanics, we conclude this section by
introducing some quantum mechanical notation which will be used in subsequent sections.
Quantum mechanics postulates that all information about the state of a system is given by
that state’s wave function, which is an element 1, usually of norm 1, in a Hilbert space $
over C. Typically, $ = L*(K) for some K C R", with the usual complex inner product; in
that case, [1(r)|? gives the probability density of finding the system at point r. The behavior
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of the system is controlled by the Hamiltonian H, a Hermitian operator on the Hilbert space
in question, via another postulate of quantum mechanics, the time-independent Schrodinger
equation Hiyp = Ev. (For a one-particle system, H(z) is typically of the form —%Vz +V(r),
where m is the mass of the particle, V? is the Laplacian operator, and V(r) is the potential
experienced by the particle.) The wave function v is then an eigenvector of H, and the
corresponding eigenvalue F is the energy of the system. By the spectral theorem, any
hermitian operator is diagonalizable, with all real eigenvalues; in particular, any energy
eigenvalue is real. In the following sections, we will use several times the fact that any two
commuting hermitian operators can be diagonalized by a basis of simultaneous eigenvectors.
In accordance with most physics textbooks, we will use Dirac notation when describing spin
states; thus |v) represents the vector described by v.

2.2 Mathematical formulation of the one-dimensional Heisenberg
model H

In this section, we formulate the Heisenberg Hamiltonian H in mathematical language, and
make some preliminary remarks. The system under study is a one-dimensional system of N
interacting spin-1/2 fermions, with interactions described by the Heisenberg Hamiltonian;
we will follow the notation of Takhtadzhan and Faddeev [16]. In mathematical terms, H
acts on the 2V-dimensional tensor product of N spin spaces §) = ®§V:1 b;. Here b; is a two-

dimensional vector space over C; the standard basis e;“ = ((1)), e; = (?) of h; corresponds in
physics to the two possible spin states | 1), | |) of a spin-1/2 fermion. In defining operators
on $) in terms of operators on the b;, we will use the following convenient notation: if p is a

linear operator on h;, then denote by p; the operator on $) defined by

pi=1l® 1l L
i—1
Pt

Intuitively, p; acts precisely on the j-th component of the tensor product.
We define operators 0%, 0¥, 0% on any of the spaces b; by the usual Pauli spin matrices

. (01 , [0 —i . (1 0
T \10/) 77 Vi o) 72 \Vo =1 )

where the matrices are with respect to the standard basis e;”, e; . These spin matrices give

operators o} on $). In terms of the Pauli spin operators, the Heisenberg XY Z Hamiltonian
is given by
N

1

H = -5 Z(Jmafofﬂ + Jyolof  + J.oiok ). (2.1)
j=1

Here 0%, is understood to mean of', and J,, J,, J, are real constants. Note that H is real

symmetric and therefore hermitian.

P. A. M. Dirac [6] observed that, when J, = J, = J, = J (the so-called X XX model),

the above Hamiltonian operator has an alternative interpretation involving “switching spins.”



In accordance with the notation in [15], let the operator Pjj act on .6 by permuting h; and
bi; for instance, P 3 maps €] @ ey ®e; to e] ®e, Qey, and e] ®es ®eq to itself. We next
introduce the usual spin raising and lowering operators o* = (0% + ic¥)/2 on b;, which act
on the generators of h; by o7 (e?) =0, 0" (e7) = e, 07 (e") = e, 07 (e7) = 0. Then it is
easy to see that

ojoia t+1
2
so that the XX X Hamiltonian defined by (2.1) can be written as

1
P = +ofo; o500, = 2(1—1—0 07 T oiol +oi0i,),

-5 JZ JJ+1 (2.2)

This equation is the crucial step in linking the Heisenberg Hamiltonian to a Markov chain
involving interchanging neighboring cards in a circle.

Note that (2.2) implies that the X X X Hamiltonian conserves the numbers of et and
e~ in any basis element of §), since it merely permutes them. This conservation holds more
generally if we merely assume that J, = J,, the so-called XXZ model. Indeed, when
Jy = Jy, we may rewrite H as

N
1
—ZZJ 0 o5 toyol)+ Joi0t). (2.3)

Jj=1

[\')

It is then apparent that H conserves the number of e*, and the number of e~, appearing in
a basis element of §). More precisely, introduce the operator o, = Zjv ut the sum total
z spin of the system. (Any member of the standard basis of §) is an eigenvector of of ;, with
eigenvalue equal to the difference between the number of e™ and e~ in its representation.
For instance, if N = 3 and ¢ = | [1]) = ] ® €5 @ e3, then o7 (1) = (1 — 2)¢» = —), since
there are one et and two e in 1).)

Each of afaj_ﬂ, o; O';rl, and o%o?,, conserves total z spin (to reiterate, this is intu-
itively #(e*) —#(e™)) for the standard basis of §, and so H commutes with o7 on $. Thus
the matrix for H splits into sections corresponding to the various possible values of of .
(In physical language, of,; is a “good quantum number,” so that we can find simultaneous

eigenvectors of H and of,.) If we denote by $), the (];[) -dimensional subspace of §) consist-
ing of eigenvectors of o7, with eigenvalue N — 2r (that is, linear combinations of the (JTY )
configurations of r down spins and N — r up spins), then H = H D H; S H D -+ - D Hy, and
‘H acts on each of the $), separately; denote the restriction of ‘H to £, by H,., and observe
that the matrix representation of H, is of size (]:7 ) X (]:7 )

In the language of Markov chains, H, roughly corresponds, in the X X X case, to the
transition matrix of the interchange chain on r red and N — r black cards; see Section 4.1
for further details. Since the steps of the Markov chain preserve the number of red cards
(or, equivalently, the number of down spins), examining the action of H, on $), corresponds
to looking at the Markov chain on all configurations of r red and N — r black cards, or on

r-subsets of an N-set.



For future reference, we will use the following notation. The standard basis of §), is
the collection of (]X) vectors

{lr1ze - 2p) 1<z <x9 < -+ < < N},

where x1, s, ..., z, are integers, and |rixs - - - x,) is the tensor product of the vectors e~ in
positions x1, Zs, ..., x, and et everywhere else; for instance, when N = 5 and m = 2, then
3,5) =et ®et®e et @e.

In Section 3, we will diagonalize H,, when r = 1 and r = 2; here the Bethe ansatz
will prove to be crucial. First, however, we backtrack a bit and derive the Heisenberg model
from a physical standpoint.

2.3 Physical derivation of the general Heisenberg model

In this section, we formulate, and provide the motivation behind, the general Heisenberg
model of magnetism, in the language of physics. As we go along, we will give some amount
of background in quantum mechanics for those unfamiliar with the basic theory. Please note
that this section exists primarily to motivate the study of the Heisenberg model, and, as
such, is mostly unrelated to the remainder of the paper; it may be skipped without greatly
affecting understanding of the rest of the paper. The physics in this section is very loosely
based on Keffer [11].

We derive the Heisenberg model beginning with a two-electron system under an electro-
static Coulomb interaction potential. Electron j has a position in R? as well as a spin (up or
down, or some combination), so that its wave function is an element of H; = L*(R*)®b;, the
tensor product of spatial and spin wave function spaces. (Here b; = C? is a two-dimensional
vector space generated by e = [ 1) and e; = ||}, as in Section 2.2.) The total wave function
is then an element of H; @ Hy = Hgpatial @ Nspin, Where Hepatial = L*(R?) @ L*(R?) is the
spatial component of H; ® Hy, and Hgpin = b1 ® bo is the spin component of H; ® Hy. The
key observation here is that the Hamiltonian describing the Coulombic interaction, which
acts only on $Hgpatial, can be formally replaced by a “spin Hamiltonian” acting only on $Hgpin-
We will now briefly describe the reasoning behind this replacement.

The Coulomb interaction Hamiltonian is given by

h? e?

7_(Coul = - (V% + v%) +

% ’I'l — I'2| ’

where Hcow acts on Hy ® Hy, V? is the usual Laplacian operator on L*(R?) (or, more

precisely, on L*(R?) N C?*(R?), but we will assume that all wave functions are twice differ-
2

entiable), and represents the electrostatic Coulomb repulsion potential between the

|r1—ra]
two electrons. (The exact form of this Hamiltonian is relatively unimportant, and has been

included only for completeness.) Note that H depends only on the spatial coordinates ry, ry
of the electrons, and not on their spins, and therefore it essentially acts only on the spatial
component Hgpatial of Hi @ Ho.

We now invoke the Pauli exclusion principle, which postulates that the total wave
function describing the two electrons be antisymmetric, i.e., that it is replaced by its negative



when H; and H, are formally interchanged. Since the total wave function must be an
eigenvector of H, it is easy to see that it is expressible as the tensor product Yspatial @ Vspin
of an eigenvector of H in $gpatiar and a vector in $Hgpin. Then one of Ygpatiar and YPgpin is
symmetric, and the other is antisymmetric. Symmetric and antisymmetric spatial wave
functions are given by

P il = Y1(11) @ a(r2) + o (1) @ ¢ (ra) and it = 1¥1(r1) @ ¥a(ra) — Ya(ry) @ ¢y (ra),

where 11 and 1), are wave functions in L?(R?) determined by Hcou and the time-independent
Schrodinger equation.
Symmetric and antisymmetric spin wave functions, on the other hand, are given by

Yo = 1110, [T1) + 111D, or [11), and ¥ =[11) —[11).

(Here, e.g., | T1) — | 1) represents e ®e, —e] ®ey; this is standard physical notation.) The
symmetric and antisymmetric spin vectors may be distinguished by their eigenvalues with
respect to the spin operator o, - 02 = o{03 + o/0j + ofo3, where of is the operator on b;
defined as in Section 2.2; it is straightforward to check that the symmetric spin vectors are
eigenvectors of oy -9 with eigenvalue 1, while the antisymmetric spin vector is an eigenvector
of oy - 05 with eigenvalue —3.}
Under the Coulomb Hamiltonian Heou, the two spatial wave functions ¢ )
aotia have different energies E%™ and E*™, which may be calculated from the Hamiltonian.
Although the origin of this energy difference is the spatial Coulombic interaction, we may
recast it formally as a spin-spin interaction through our calculation of the eigenvalues of the
Yepin Vectors with respect to oy - 09. Indeed, the “spin Hamiltonian”

and

3 Fsym + Eanti N Fsym _ Eanti
4 4

7—(spin - 0102

has eigenvalue E*" for the triplet symmetric spin states (which correspond to spatial wave
function ¢355,,) and E¥™ for the singlet antisymmetric spin state (which corresponds to
spatial wave function 1/1:?;;31), and is thus formally equivalent to Hcou. Since energies
are relative, we may ignore the constant term in the above expression, obtaining Hepin =
—%01 - 09, where J, the so-called exchange integral, is given by J = (E%™ — Fant) /2 The
sign of J indicates whether aligned or antialigned spins are energetically preferred, so that
J > 0 for a ferromagnet, while J < 0 for an antiferromagnet. (This does not affect the
eigenvectors, but does affect which eigenvectors correspond to the “ground state” or “low-

lying excitations”; for instance, the ground state of the antiferromagnet will be the highest

'For those familiar with quantum mechanics, there is a simple explanation for the eigenvalues of the
triplet (symmetric) and singlet (antisymmetric) spin vectors with respect to o1 - 09. If the spin angular
momentum vectors of the two electrons are S; = (S7,S7,57) and Sy = (55,55, 5%) (in units of &), then
S¢ = 0% /2. Now the triplet (total spin quantum number S = 1) and singlet (S = 0) states are eigenvectors
of S2 = (S; + S2)? with eigenvalue S(S + 1); but all states are eigenvectors of S? and S3 with eigenvalue
3/4, and so S(S+1) =82 =S} +S3+2S;-Sy, =3/2+28S; - Sy. Replacing S; by 0,/2 gives the desired
eigenvalues for oy - o3.



excited state of the corresponding ferromagnet.) By writing the Hamiltonian in terms of
01 - 09, we have reformulated a Coulomb exchange interaction in the much simpler guise of
a spin-spin interaction.

In a magnetically ordered solid with no external magnetic field, we sum the above
spin Hamiltonian Hgyin = Loy - 09 over all pairs of electrons to obtain the Heisenberg (or

2
Heisenberg-Dirac, or Heisenberg-Dirac-Van Vleck) Hamiltonian:

1
H: _§ZJZ] 0'7;'0']'.
1/7]

For a solid with localized electrons, the exchange integral J;; falls off rapidly with increasing
distance between the two electrons, and is the same for all nearest neighbor pairs of electrons,
so that we may approximate the Heisenberg Hamiltonian by H = —% Y un Oi - 0j, Where
the sum is over all nearest neighbor pairs. Although we have derived this Hamiltonian using
electrons, it may be used more generally for particles with arbitrary spin, not just for spin-
1/2 fermions. It is in the spin-1/2 case, however, that a direct connection to random walks
and transition matrices may be made, as we will see in Section 4.1.

Often, due to the anisotropic nature of atoms and atom arrangements in the magnet-
ically ordered solid, it is not equally easy to achieve magnetization in all directions. In this
case, we use a generalized, anisotropic Heisenberg Hamiltonian:

H = —% Z(Jmafof + Jyojlol + J.oi07). (2.4)
n.n.
This is the general Heisenberg XY Z Hamiltonian. When there is one preferred direction,
we align this direction with the z axis; then J, = J,, and we obtain the Heisenberg X X7
model. As a side note, if we set J, = J, = 0 in the X X Z model, we obtain the Ising model,
a favorite among statistical physicists and combinatorialists alike for its understandability,
relative simplicity, and applicability.

We will, however, only use the isotropic version of the Hamiltonian, the X X X model,
in which J, = J, = J,. As indicated in Section 2.2, we will further restrict our attention
to the one-dimensional case with periodic boundary conditions. In this scenario, there are
N electrons arranged on a line with periodic boundary conditions (or, alternatively, in a
circular ring), so that each electron has two nearest neighbors. Bethe’s 1931 paper [2]
addresses precisely this case.

2.4 Physical solution of the Heisenberg model: magnons

From now on, we will only be working with the one-dimensional Heisenberg X X X model
on N spins, so that, in particular, J, = J, = J, = J. In addition, assume that J > 0, the
ferromagnetic model; then we may set J = 1 without loss of generality:

H=— Z(U;”Ufﬂ +ojol +oioi) (2.5)

Jj=1

N | —

N



To find the ground state (lowest energy eigenvalue) and low-lying excitations (energies above
but close to the ground state) of the ferromagnetic X X X model, solid state physics intro-
duces the notion of a spin wave, or magnon. Although the analysis can be done in two or
three dimensions, we will restrict our attention, as before, to a one-dimensional chain with
periodic boundary conditions. Some of this section is based on the analysis of magnons in
Keffer [11] and Mattis [13].

In the terminology of the previous section, it is an interesting and well-studied prob-
lem of physics to compute, or estimate, the energies and eigenvectors corresponding to the
ground state and “elementary” excitations of the Hamiltonian H defined by (2.5). The
ground state corresponds to the eigenvector and eigenvalue of Hy, while elementary excita-
tions correspond to the diagonalization of H; and are known as spin waves or, synonymously,
magnons. (Strictly speaking, magnons are quantized spin waves, but this is an issue of seman-
tics.) Following a hypothesis of Felix Bloch, physicists then proceed to estimate eigenvalues
and eigenvectors for Hs by essentially combining two spin waves to produce “two-magnon”
states; these, along with a small number of “bound” states, give approximate eigenvalues
and eigenvectors for H,. For values of r beyond 2, more spin waves can be combined to
give an approximate diagonalization of H,, but with decreasing accuracy. In Section 3, we
will approach the diagonalization of H, from a rigorous mathematical standpoint, using the
Bethe ansatz, but only for r =1 and r = 2.

We first discuss the ground state of H. The vector |—), representing a state with all
spins up, is clearly an eigenstate of H, since it alone generates $)g; an easy computation
reveals that the corresponding energy eigenvalue is —N/2. This energy level is in fact
(N + 1)—fold degenerate: if 0 < r < N, then Zl§x1<-~~<xT§N |x1 - x,) is also an eigenvector
of H with eigenvalue —N/2. It is not hard to show (see, e.g., Pathria [14, p. 703]) that all
eigenvalues of H are at least —N/2, so that this is in fact the ground state energy. (This
statement is clear when translated into the language of Markov chains—see Section 4.1—in
which it merely says that the largest eigenvalue of the transition matrix of the interchange
process is 1.) Accordingly, we will write Fy = —N/2 in this section and subsequent ones.

At or near absolute zero, our one-dimensional chain of spins will be in its ground
state, which may be forced to be |—) (all spins aligned) if we apply an infinitesimal external
magnetic field to break the ground state degeneracy. If we increase the temperature, the
chain may be excited out of the ground state and into one of its low-lying excitations. The
most elementary excitations involve states with one spin reversed, |z;). None of these pure
states are eigenvectors of H, but various linear combinations of the |z;) are. Indeed, the
formulation of H from (2.3) readily gives the following criterion: 1 = Zjvzl a(j)|xz;) is an
eigenvector of H with eigenvalue F if and only if

Ea(j) = (2= N/2)a(j) —a(j —1) —a(j +1)

for all j. (Here we impose the periodic boundary condition a(j+N) = a(j).) This is a simple
difference equation with solution a(j) = Ae®’, where p is determined by the boundary
condition, which gives p = 2kx/N, k = 0,...,N — 1. Thus we have the N normalized
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eigenvectors
— 1 - ipj
=N jzle [25), (2.6)
which give corresponding energy eigenvalues
E = Ey+2(1 — cosp). (2.7)

These eigenvectors are called spin waves, or magnons. (The former name arises from their
semiclassical interpretation as chains of precessing spin vectors—see, e.g., Ashcroft and Mer-
min [1]; the latter name is perhaps by analogy with phonons, which come from elastic
vibrations in crystals, and are quite similar in behavior to magnons.) The energy required
to excite the system from its ground state to a spin wave is given by 2(1 — cosp), which we
will abbreviate in this section by E(p). It is easy to check that these spin waves form an
orthonormal basis of H;.

To those with some background in quantum mechanics, the formula (2.6) for a spin
wave should look familiar, since it is nearly identical to the formula for the wave function
¥ of a free particle in one dimension with periodic boundary condition ¥ (z + N) = ¢ (x):
Y(z) = e®* /\/N, where pis as above. In this case, p is the momentum, or wave number (since
we have set i = 1, these are the same), of the particle; in other words, 1 is an eigenfunction
of the momentum operator p = —i(d/dx) with eigenvalue p. By analogy, we now define a
“discrete” momentum operator acting on ), so that we can apply the familiar result from
quantum mechanics that momentum commutes with a translation-invariant Hamiltonian.

Consider the site translation operator T on $ defined by

T|xixg---xp) = |xy+ Lxe +1,... 2, + 1),

where the right hand side denotes |1, 21+ 1,294+ 1,..., 2,1 + 1) if z, = N. Any eigenvector
1 of T will satisfy T = e™1) for some p; here p is real, since 7" is unitary, and unique up to
integer multiples of 27, and is known as the (total) momentum of ¢). Now H is translation
invariant, which means that 7" commutes with H, and so momentum is a good quantum
number. Thus we can find a basis of $ consisting of simultaneous eigenvectors of H and
T'; in particular, we can find a basis of §; of eigenvectors of H; and 7. Indeed, 1, is an
eigenvector of T' with eigenvalue e?, so that it has momentum p according to our definition of
momentum. Under this interpretation, (2.7) becomes a so-called dispersion relation between
energy E and momentum p.

Thus the “elementary” excitations of H are given by spin waves. Perhaps it is not sur-
prising that the eigenvectors of H; have this form; after all, with the translational symmetry
inherent in the model, the eigenvectors must show a similar symmetry. It is more surprising,
however, that further excitations of H—in particular, most of the eigenvectors of Ho—are
given approximately by superpositions of spin waves, as was first postulated by Felix Bloch
in 1930.

Consider a vector ¢ = _ a(xy,z2)|T122) in 2, and suppose that this is an eigen-
vector of Hy with eigenvalue E. For ease of notation, extend the definition of a(zy,xs)

11



symmetrically: if xo < x1, define a(z1,x9) = a(ry, 1), and take z1, £ modulo N. Applica-
tion of Hs to ¢ leads to a series of equations that the a(x;, z2) must satisfy:

(E — Eg—4)a(zy,x2) +a(xy,x0 — 1) +a(zy, 20 + 1) + a(xy + 1, 22) + a(xy — 1, x9)

- { a(zy, 1) + a(wa, ) — a(wy, xa) — a(wg, xy) g =127 £1 (2:8)

whenever 27 # x5. Here the meaningless a(x1, 1) and a(za, x2) cancel on both sides of
the equation, whenever they appear, unless 1 = x5. The analysis becomes simpler if we
postulate that (2.8) holds for all z; and z5 by imposing periodic boundary conditions (that
is, a(xq, x2) is unchanged when x; or x5 changes by a multiple of N), and letting (2.8) when
x1 = x5 define the “unphysical” quantities a(xq, 7).

In Section 3.3, we will solve (2.8) exactly, using the Bethe ansatz. Here, we solve it
approximately in order to gain insight about the solutions. If the right hand side of (2.8)
were zero for all (1, x9) rather than for most pairs, it would be solvable by the “plane wave”

Vp, pe given by ' '
a(xy, x3) = gilPreitpaan) | 61(P2961+p1962)’ (2.9)

where p; and p, are given by periodic boundary conditions, which postulate that Np; /27 € Z.
(Since we have required a(zy,x2) = a(xe,21), we cannot have unequal constant factors
multiplying the exponentials, as we will have in (3.8) in Section 3.3.) Intuitively, ¢, ,, is the
symmetrized combination (in this case, a product) of two spin waves ¥, (x1) and ,,(x2),
which have momenta p; and ps, respectively. This would yield an energy eigenvalue F, from
(2.8), satisfying

E —Ey=2(1—cospy) +2(1 —cospz) = E(p1) + E(p2), (2.10)

which may be interpreted (cf. (2.7)) as the combined energy of two superimposed spin waves
with momenta p; and py. (Recall that E(p) is the energy associated with a spin wave of
momentum p.)

As with ‘H;, we may take advantage of the translation invariance of Hy to define a
“total” momentum operator (so called to distinguish it from the pseudo-momenta p; and
p2). Since Ty, p, = e P1HP2)e) the vector 1, ,, has total momentum P = p; + p,.

Some of the 1, ,, are in fact eigenvectors of Hy. When py = 0 (or, similarly, when p; =
0), the vector 1, o given by (2.9) is an exact eigenvector of Hy; if o, = > ;0 represents

the total spin lowering operator, then v, o = VN OotUps» Where 1, is an eigenvector of Hy,
as defined above. (Note that 1, o is an eigenvector of Hy because o, commutes with H.) In
general, applying o, to an eigenvector of H, yields an eigenvector of H,1; see Section 6.2.

When pq, p2 # 0, the vectors v, ,, are not eigenvectors of H, but we may try to combine
vectors with the same total momentum (P = p; + p, constant) to obtain eigenvectors of H
with well-defined total momentum. Change coordinates by writing p = (p1 — p2)/2, © =
11— X9, X = (21+22)/2, so that a(xy, z2) = eTX(e?® +e7?7). (These new coordinates have
a physical interpretation: X is the center-of-mass coordinate, x is the relative coordinate,
and p is a sort of relative momentum.) Now form a linear combination i) over states with
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constant P and varying p, where p attains all possible values:

Y(ay, ) = e e f(p) = PV F (),

p

where f(p) = f(—p) and this equation defines F'(z) (so that F(z) = F(—xz)). Substituting
into the characteristic equation (2.8), multiplying by e~"% and summing over x gives

(B~ B Blp) = B f(0) = Sleos) (cos g —cospf ) 106). (21)
»
This series of equations may be further analyzed (see Mattis [13]) to find f(p) and a more
exact value for E. For our purposes, it suffices to note that (2.11) implies that, up to order
1/N, E =~ Ey+ E(p1) + E(p2), in accordance with (2.10).

When p; and py are real, we have each momentum independently ranging more or less
uniformly in [0, 27) (recall that originally Np;/2m € Z). We then have a “continuum” of
so-called two-magnon states with energy eigenvalues given approximately by (2.10). Since
we may write E(p;)+ E(p2) = 4(1—cos(P/2) cosp), the energies of two-magnon states range,
for fixed P, between the extremes Fy + 4(1 — cos(P/2)) and Eg + 4(1 + cos(P/2)).

There are also states in which p; and py are not real. (Note that total momentum
P = p; + py is real, even if p; and ps are not.) These are known as “bound states,” and for
given P, their energies lie outside (in fact, below) the corresponding range of two-magnon
energies.

We will not go into further detail here, since we will precisely calculate the eigenvectors
and eigenvalues of Hy in Section 3, using the Bethe ansatz. In Section 4.4, we will rederive,
in a mathematically rigorous fashion, our analysis from this section regarding two-magnon
and bound states.
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3 Diagonalization via the Bethe ansatz

Having discussed physical aspects of the Heisenberg model, we now proceed to effect a
mathematical diagonalization of the one-dimensional X X X model by using the Bethe ansatz.
Section 3.1 introduces the formulation of the Bethe ansatz relevant to the X X X model, and
Sections 3.2 and 3.3 carry out the diagonalizations of H,. in the case of one (r = 1) and two
(r = 2) opposite spins, respectively.

3.1 The mathematical Bethe ansatz

The exact solution of the Heisenberg isotropic ferromagnetic model hinges on the powerful
ansatz, or hypothesis, first postulated by Bethe [2] in 1931. Originally used to hypothesize
the form of the eigenvectors of the X XX model, the Bethe ansatz has been generalized
successfully to give the form of eigenvectors in many other models, including delta-function
interaction potentials, analyzed by C. N. Yang and C. P. Yang, and ice-type models, analyzed
by Lieb and Baxter. C. N. Yang [17] gives three equivalent intuitive physical descriptions
of the Bethe ansatz, in its greatest generality: the wave function of a system is a finite
sum of pure exponentials in each of a number of regions into which the coordinate space of
the system is divided; the system in question displays reflection but no diffraction; and the
system obeys a “large number of conservation laws.”? Of these descriptions, the first comes
closest to the version of the Bethe ansatz which we will use, which roughly states that the
wave function in the region {x; < --- < xy} is a superposition of exponentials.

We now describe the “classical” Bethe ansatz, as applied to the X X X model. Note that
the formulation below of the Bethe ansatz does not purport to be a formula for eigenvectors;
it is merely a tool which makes the task of finding eigenvectors easier by suggesting that they
take a certain form. Using the Bethe ansatz, we may easily find a number of eigenvectors,
which we must then count to verify that they constitute all eigenvectors.

Bethe ansatz 3.1 The eigenvectors
= Z a(xy, ..., x)|xy - xp)
1<zi<--<x,<N

of H, have coefficients of the form

) = Y Avesp [@'zpﬂﬂle |
j=1

WES’I'

where p1,...,p, are r unequal numbers, S, is the symmetric group on r elements, and the
A, are complex numbers depending on .

It is straightforward to show that ¢) from the Bethe ansatz has a well-defined total momentum
(as defined in Section 2.4) of p; + -+ - + pp,.

2Yang illustrates the importance of the Bethe ansatz by using it in [17] to deduce the central Yang-Baxter
equation in statistical mechanics.
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From the Bethe ansatz, it is possible to deduce heuristically a set of conditions which
determine the energy eigenvalues of H,,; see Izyumov and Skryabin [9] for this nonrigorous
argument, as well as a more general result for the X XZ model. Here we will simply quote
the result from [9]: the eigenvalues of H,. are given by

i 1
E:Eb+§:X??ﬂZ’ (3.1)
j=1

where the \; satisfy the series of equations

(ﬁiﬂ%N: 11 Aj— g+ (32)

Aj—1i/2 L<eiN 02 Aj— A —1
for each j =1,..., N; A; here is related to p; from the Bethe ansatz via the relation
1, A+i/2
= 2cot 1(2\;) = = log ZL—L=. 3.3
p] €O ( ]) Z Og )\] o Z/2 ( )

Although we will use equations (3.1), (3.2), and (3.3) in Sections 3.2 and 3.3 to find precise
eigenvectors of H,, we will independently verify that the vectors thus obtained are in fact
eigenvectors, thus showing that the equations are correct in these cases. These equations,
like the Bethe ansatz itself, are simply a convenience which allow us to find eigenvectors of
‘H, more easily than otherwise.

3.2 Diagonalization of H;

As a first application of the Bethe ansatz, we will diagonalize the Heisenberg X X X Hamilto-
nian in the case of one opposite spin, i.e., when r = 1. This relatively simple example is easy
to approach rigorously; we follow the approach of Izyumov and Skryabin [9]. In Section 3.3,
we treat the case r = 2, which is more unwieldy and whose mathematical formalism has
been inadequately addressed in the literature. The remaining cases 3 < r < N/2 are too
complicated to be precisely treated in this paper. Indeed, the exact diagonalization of K, is
equivalent to the solution of an r-body problem, which is essentially impossible when r > 3:
“the analysis of 3- or more-magnon states requires the solution of a full many-body problem”
[13, p. 138].

We consider the Bethe ansatz in the case r = 1, and then verify that it is correct in

AN
this case. Equation (3.2), which we stated without proof, simply becomes (;f%) =1;if

p is defined as in (3.3), then Y = 1, and so p = 2k /N for some k = 0,...,N — 1. The
Bethe ansatz then postulates that the eigenvectors ¢ of H; are given by

N
= AZ e\ ).
=1

It is easy to check that when p = 2kw /N, the vector 1) is indeed an eigenfunction of H;, with
eigenvector F = Fy+ 2(1 — cosp); we did this, more or less, in Section 2.4. (Recall that Ey
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is defined by Ey = —N/2.) The N eigenvectors thus obtained form an orthogonal basis of
9, (orthonormal if A = v/N) with respect to the usual complex scalar product. This proves
the following result, already stated in Section 2.4.

Proposition 3.2 The N eigenvalues of Hy are given by
E = Ey+2(1 — cos(2kmw/N)),
where k =0,...,N — 1.

3.3 Diagonalization of H,

In the mathematical physics literature, the use of the Bethe ansatz to diagonalize the Heisen-
berg X X X Hamiltonian is typically presented without much rigor; see, for instance, Bethe’s
original paper [2] or Izyumov and Skryabin’s detailed exposition of the Bethe ansatz in [9].
The problem of showing that the eigenvectors produced by the Bethe ansatz give a complete
diagonalization of the Heisenberg Hamiltonian is often treated lightly or not at all. In this
section, we will rigorously treat the diagonalization of H, in the case of two opposite spins,
i.e., when r = 2.
In the case r = 2, the series of equations (3.2) becomes

(M>N_ M=o ti (/\2—2'/2)1\[' (3.0

M—i/2) A=Ay —i Ao +1/2
This equation and the relation between p; and A; from (3.3) imply, in particular, that
eNPpz — 1 50 that €172 = w?, where w = e”™*/V for some k =0,..., N — 1. If we then set

r =¢e?2/w = w/e?, and throw out the nonsensical root # = 0, then (3.4) becomes an N-th
degree polynomial equation in z:

(wH+w Ha — 22V — 20Nz 4+ (W WV = 0.
In terms of x, the expression (3.1) for energy becomes
E=E+4— (w+wH(z+az).

The following result verifies the Bethe ansatz predictions of (3.1) and (3.2) by showing
that the above formulas give essentially all of the eigenvalues of Hs.

Proposition 3.3 The (];/) eigenvalues of Ha are given by

Bk, z) = Ey+4—2 (cos ]jv—”) (a: + i) , (3.5)

where x # 0, +1 is a root of the polynomial equation
k
qr(z) = (cos Nﬂ) eV — 2N — (= 1)Fr + (—1)F (cos W) = (3.6)

and k runs from 0 to N—1, along with the extra eigenvalues & = Fy for all N, and E = Ey+2
when N is even. (With respect to multiplicity, only one of each pair of E(k,x) and E(k,1/x)
is counted as an eigenvalue.)
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Here (3.6) defines the polynomial gx(x). In order to prove the proposition, we first establish
a lemma essentially due to Bethe [2].

Lemma 3.4 Given k=0,...,N —1 and x satisfying qr(x) = 0, there ezists an eigenvector
Ui of Hy with eigenvalue E(k,x) defined by (3.5).

PROOF. Our strategy is to use the Bethe ansatz as motivation to find a potential eigenvector
of Ha, and then to derive gx(z) = 0 as a necessary and sufficient condition for our vector to be
an eigenvector with the desired eigenvalue. The Bethe ansatz hypothesizes that eigenvectors

of Hsy will have the form
p= Y a(w, z)|nia), (3.7)
1<zi<z2<N

where
a($1, ZL’Q) = A1267,(p1x1+p2:c2) + A2167,(p2x1+p1x2) (38)

and p; # ps. For ease of notation, introduce new variables P, and P, where P; = i, so
that (3.8) becomes
CL(ZEI,J]Q):A12Pf1P;2+A21P§1Pf2. (39)

We now rewrite (2.8), the conditions on the coefficients a(z1, x2) for 1 to be an eigen-
function of Hy with eigenvalue E:

FEa(xy,z9) = (4—N/2)a(zy, x2) —a(zy — 1, 29) —a(zy + 1,29) —a(xy, 22 — 1) — a(zy, 22 + 1)
(3.10)
if ) % 1+ 1, and

Fa(xy,21+1) = (2—-N/2)a(zr, 21+ 1) —a(zy — 1,21 + 1) — a(zr, 21 + 2). (3.11)

The function a(xy,x5) is only defined when z; and x5 are integers with 1 < x; < 25 < N.
Equation (3.9) makes sense for all 21 and x, however, so extend the domain of a(z1, 22) to all
integers x; < xq; we will later impose the necessary boundary condition, that a(xs,z14+N) =
a(xy,x2). (Since (3.9) is not necessarily symmetric in 27 and x5, we cannot extend the domain
of a(xy,x2) by symmetry to all z; and x5, as we did in Section 2.4.)

It is straightforward to check that (3.9) satisfies (3.10) for arbitrary A, and Ag;, when

E =FEy+2(1 —cospr) +2(1 — cospa). (3.12)

Thus (3.10) is satisfied for all z; and z5 (not necessarily with x5 # 21+ 1) when (3.12) holds.
A comparison of (3.11) with the case 5 = 21 + 1 in (3.10) yields the additional condition

2a(xy,x1 + 1) = a(xy, x1) + a(xy + 1,21 + 1), (3.13)

which is then equivalent to (3.11). On substituting (3.9), we find that (3.13), in turn, is

equivalent to the relation
Alg_ 2Pl_l_P1]D2

Ay 2P, —1— PPy

(3.14)
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Finally, the boundary condition a(z1,x2) = a(za, 21 + N) holds, from the definition (3.9),
exactly when

A
2 _ pN = pN (3.15)
An
We may eliminate the auxiliary variables Ajy and Ay from (3.14) and (3.15) to get
2P, — 1 — PP
pN =p;N=_21 2 3.16
! 2 2P, — 1 — PP, (3.16)

We conclude that if P, P, and E satisfy (3.12) and (3.16), then the vector with
coefficients defined by (3.9) is an eigenvector of Hy with eigenvalue E. Now given k and
x # +1 satisfying (3.6), we may define

P =w/x, P,=uwz, (3.17)

where w = €™V (The requirement that = # £1 ensures that P, # P, so that a(zy,z,)
is not identically zero. As a side note, (3.17) implies that the total momentum p; + ps, as
defined in Section 2.4, is equal to 2km /N, a fact we will use in the proof of Proposition 3.3.)
With this definition, (3.16) becomes precisely the given condition (3.6), while (3.12) becomes
(3.5). Thus our values for k and z produce an eigenvector ¢, defined by (3.7) and (3.9)
with eigenvalue E(k,x), as desired. O

PROOF OF PROPOSITION 3.3. We first count the number of eigenvalues and eigenvectors we
obtain through the construction of Lemma 3.4. The polynomial equation (3.6), qx(z) = 0,
has N roots unless N is even and k& = N/2, in which case it has N — 2 nonzero roots.
Note that if x is a root of g, then 1/x does also, and that vy, , = Yr,1/2 in this case. (The
transformation z — 1/x merely interchanges P; and P,.) We may check that ¢ has no
double roots when k # 0 by simultaneously setting ¢x = dqi/dz = 0; we obtain a quadratic

in x,
k km\? k
(N —1) (COSWW) xQ—N(sinWﬂ-) x+ <1—NCOSWW) =0,

whose two roots can be verified not to satisfy gx(z) = 0 when k # 0. Also note that x = 1
is a root of ¢ exactly when k = 0 (double root) or k is odd, while z = —1 is a root exactly
when N + k is odd.

Suppose that N is even. From the above observations, a simple counting argument
yields that a given value of £k = 0,..., N — 1 will produce N/2 — 1 eigenvectors if k& = 0,
k = N/2, or k is odd, and N/2 eigenvectors if k is even and k # 0, N/2, for a total of
(% — 1) (% + 2) + (%) (% — 2) = (N) — 2 eigenvectors. Two additional eigenvectors are

2
given by 1y, defined by a(xy,2z2) = 1, with eigenvalue Ey = —N/2, and teyen, defined by

(=)™ fag=21+1
a(xy, ) =< 1 ifr;=1,29=N
0 otherwise,

with eigenvalue Fjy + 2. Note that we have chosen 1y, the constant eigenvector, so that we
may regard it as an eigenvector of the form vy, /2, where k =0 and = = 1.
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Similarly, if NV is odd, we find that a given value of k will produce (N —1)/2 eigenvectors
when k # 0, and (N —3)/2 eigenvectors when k = 0, for a total of (g) — 1 eigenvectors. One
additional eigenvector is given, as above, by vy, defined by a(z1,x2) = 1, with eigenvalue
Ey.

Thus, for either parity of N, we obtain (]; ) eigenvectors. To complete the diagonal-
ization of H,, it suffices to show that these eigenvectors are linearly independent. In fact,
all pairs of eigenvectors are orthogonal under the usual complex scalar product (-,-), as we
now show. Recall the site translation operator 7' from Section 2.4, which is defined on s
by T|z1x2) = |z1 + 1,29 + 1). Any eigenvector ¢y, of Hs produced by the Bethe ansatz
and Lemma 3.4 is, by virtue of its form (3.8), an eigenvector of T" as well, with eigenvalue
et = 2mk/N (In the language of Section 2.4, 1, has total momentum 27k/N.) Now
consider two eigenvectors ¢4, and 1y ; produced by Lemma 3.4. If k # k', then 1y, and
Yy ; are eigenvectors of T' with different eigenvalues; since 7' is hermitian, the two vectors are
orthogonal. If k = &', on the other hand, then we claim that v, and 1y ; are eigenvectors
of ‘H with different eigenvalues, so that they are again orthogonal. Indeed, their eigenvalues
with respect to H are the same, by (3.5), only if x + 1/x = Z + 1/Z, which happens only
if £ =2 or £ = 1/x, a case we have already ruled out by noting that ¢; has no double
roots, and allowing only one of each pair of ¢, and ¥y 1/,. Thus all pairs ¢, and ¢y ; are
orthogonal.

The “extra” eigenvectors 1y and e are orthogonal to all of these eigenvectors. If
we write ¢ in the form )y /2 where k = 0, x = 1, then the above argument shows that v
is orthogonal to all of the vy ,. In addition, if N is even, then

S > 1 1
(Vrzs Yeven) = ;(—1)%@”1 1) = ;(_1)% (a(wwl) +a(;’1 + 1,21 + )) o

where we have used (3.13) and the periodic boundary condition for a(zy, x9).

Thus all eigenvectors are pairwise orthogonal, and hence the entire collection of eigen-
vectors is linearly independent, which completes the diagonalization and the proof of Propo-
sition 3.3. O
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4 Applications of the diagonalization

This section is devoted to consequences of the diagonalization of H; and Hs effected in Sec-
tion 3. In Section 4.1, we show that the Heisenberg Hamiltonian is directly related to the
transition matrix of the interchange process, so that our diagonalization from Section 3 may
be applied to the interchange process. Section 4.2 gives some preliminary results necessary
for Sections 4.3 and 4.4; Section 4.3 calculates the so-called spectral gap of the interchange
chain, which essentially determines how quickly the chain becomes random, and Section 4.4
rederives results given by Izyumov and Skryabin [9] on the asymptotic distribution of eigen-
values of the interchange model when the number of cards is large.

4.1 The interchange model K,

Consider the (]:f )—dimensional complex vector space generated by the (]:f ) configurations of
r red and N — r black cards in a circle. Through the identification of a red card in position
J with the down spin vector e and a black card in position j with e;L, this vector space is
canonically isomorphic to the space ), defined in Section 2.2.

Now consider the following random walk on $),., which we call the interchange process
on Zy. At each step, choose a pair of neighboring cards (sites) uniformly at random, and
switch the cards (spins occupying those sites). This defines a reversible, irreducible Markov
chain with uniform stationary distribution p = 1/ (]: ) (For the precise definitions of these
terms, see Section 5.1.) Let K, be the associated (]X) X (]X) transition matrix.

We may define K, formally as follows. Identify a basis element of §),. by the r-element
subset of Zy corresponding to the positions of the red cards (down spins, e;); in other words,
identify |z - --x,) with {z1,..., 2.} C Zy. If A; and A, are two r-subsets of Zy, then the
transition probability from A; to As is

rO 1f|A1ﬂA2|§T—2
0 if |[A;N Ayl =r—1and A — Ay = {x1},
A2 - Al = {.TQ}, with Ty — I1 7é +1
K, (A1, As) =< 1/N if [A7NAg|=r—1and A; — Ay = {21},

A2 — Al = {132}, with To — I = +1
1-— d(Al)/N if Al = A27 where
d(Al) = |{(ZL‘1,ZE2) X € Al,ZEQ g Al,l'g — T = :l:]_}|
(4.1)
As a side note, we may define, in a similar manner, a more general interchange process
on any finite graph G, as follows. Place r red cards and N — r black cards on the N vertices
of GG; a step in the chain consists of choosing an edge of GG uniformly at random and switching
the cards on the endpoints of that edge. Our particular interchange process corresponds to
letting GG be a cycle on N vertices, which is naturally associated with the Cayley graph of
Zy with generators {£1}. Subsequent references to “interchange” without further qualifiers
will be understood to mean interchange on Zy.
In order to determine the rate of convergence to the limiting stationary distribution
of the interchange Markov chain, we wish to find the eigenvalues of K,. The crucial fact in

\
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diagonalizing K, is that K, is very simply related to H,; we may then use the results from
Sections 3.2 and 3.3 to compute the spectrum of K.

Proposition 4.1 If I is the identity operator, then K, = 1/2 —H,/N.

ProOF. This follows directly from (2.2) and the equation K, = (Zjvzl P;j+1)/N, where
P; ;11 is defined, as in Section 2.2, to be the operator switching the sites labelled j and j+ 1.
O

Corollary 4.2 The eigenvalues E of H, and 3 of K, are in one-to-one correspondence via
the relation f =1/2 — E/N.

Because of Corollary 4.2, we will examine the eigenvalues of H, in subsequent sections, in
order to obtain information about our Markov chain K.

Corollary 4.3 The eigenvalues 5 of Ki are given by f = 1 — %(1 — coS (%T”)), where
k=0,...,N—1.

Corollary 4.4 The eigenvalues 3 of Ko are given by

B(k,z) =1—%<2— <_) ( ))

where k = 0,...,N —1 and z # 0, %1 satisfies qx(x) = 0, along with the extra eigenvalues
B=1 forall N, and 5 =1—2/N when N is even.

The interchange model K, on r red cards and N — r black cards has a simple inter-
pretation when r» = 1 (or r = N — 1). In this case, there is only one distinguished card; at
each stage, it moves left with probability 1/N, moves right with probability 1/N, and stays
put with probability 1 — 2/N. This chain is therefore linearly related to the simple random
walk on Zy; the interchange transition matrix K, is precisely (1 —2/N)I plus 2/N times
the simple random walk transition matrix. The eigenvalues of the simple random walk on
Zy are well known to be cos(2kn/N), k=0,...,N — 1, and so we recover Corollary 4.3.

For other values of r, the interchange process K, cannot be so easily analyzed, and we
believe that much of our analysis of K5 is original. Unlike the state space of K;, which is
essentially the group Zy, the state space X, of K, for higher values of r is not a group, and
so we cannot use the rich theory of random walks on groups (see, e.g., Diaconis [3, §3]); X,
is, however, a homogeneous space, as we now explain. Since X, represents the collection of
configurations of r red cards and N —r black cards on {1, ..., N}, there is a natural transitive
action of the symmetric group Sy on X, which simply permutes the arrangement of cards
according to some permutation 7; in other words, the action of Sy on itself descends to an
action of Sy on X,. If z( is some configuration in X, then the isotropy subgroup of x, or
the subgroup of permutations which fix zg, is isomorphic to S, X Sy_, (permutations which
permute the r red cards among themselves, and the N — r black cards among themselves),
and X, is thus isomorphic to Sy /(S, X Sy_,). The transitive action of Sy on X,., and the
resulting identification of X, with a quotient of Sy, makes X, a homogeneous space, as
defined by Diaconis [3, §3F].
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4.2 Nature of the roots of ¢

For the remainder of Section 4, we will focus on the problem of analyzing the spectrum of
H,, although we will also give corresponding results for H; for purposes of comparison. In
order to understand the eigenvalues of Hs, we first make a few remarks about the roots of the
polynomials ¢;. If x # 0,41 is a root of g, then by Proposition 3.3, there is an eigenvalue
of Hy which is linearly related to « + 1/x by (3.5). Since Hs is hermitian, it has all real
eigenvalues, and so x + 1/x must be real. But this can happen only if z is real or |z| = 1. It
will be convenient to abbreviate the complex unit circle {|z| = 1} by S'; then every root of
qr is in RU S*.

The distinction between the two types of roots of gy—those lying in R, and those
lying in S'—corresponds to our distinction in Section 2.4 between two-magnon and bound
states, respectively. Indeed, if x € S, then P, and P, as defined in (3.17), both lie on the
complex unit circle, so that the “momenta” p; and p, are real; in our physical description
from Section 2.4, the resulting eigenvector is precisely a two-magnon state. By contrast, if
x is real, then P, and P, do not lie on the unit circle, so that p; and p, are not real; the
resulting eigenvector is a bound state.

How many real roots does g, have? If x # +1, then gi(xz) = 0 if and only if

N+ (—1)ke kr

N 1 (1) = o8 . (4.2)

Analysis of the behavior of the left hand side of this equation yields the following result.
Note that if N is even and k& = N/2, then g, has no real roots not equal to 0 or +1.

Proposition 4.5 If k # N/2, then q. has exactly two real roots not equal to +1 if the
following condition holds:

(-1,1) if N,k even
k _N-2 N-2 ;
COS—ﬂ- c ( N]!2’ N ) ZfN even, k odd
N (=% 1) if N odd, k even
(—1,%22)  if N,k odd.

Otherwise, g, has no real roots not equal to £1.

From Proposition 4.5, we see that practically all of the roots of g lie on S*. If x = %
is a root of g, then we may divide the numerator and denominator of (4.2) by eV9/2 to
obtain

N_
- cos( QE;)G) if k is even
cos — COS](VQ ) (4.3)
N sm((;—l)@) . .
€D if k is odd.
Sin 5

cos( ﬁfl)e) and sin((%fl)ﬁ)

b)) “en(%0) gives us the following
e

to argument.
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Proposition 4.6 There is exactly one root of q, in S* with argument in each of the follow-
ing intervals:

k even, N even: (%,%),(%,%),,(W,W}

k even, N odd: (%,3%), (35,3, ..,((N;V4)Tr, (N;VQ)”), and also (%,ﬂ') zfcos’j\’,T < — NNQ;
k odd, N even: (%,%),(4—”,%),...,(%,%), and also (0,%”) zfcos > N 2 and
(W,W) zfcosw7r —%;

k odd, N odd: (%,%),(%,%),...,(W,W% and also (0, 2—”) zfcos > %

Furthermore, all roots of g in S* — {41} are given by the roots in these intervals, along with
their inverses (complex conjugates).

4.3 Spectral gap of K; and K,

We now calculate the second largest eigenvalue (; of K, for r = 1 and » = 2. In the
literature, the absolute value of the eigenvalue [, of a Markov chain which is second largest
in absolute value, after 1, is known as the spectral gap, and its value controls the rate of
convergence of the chain; see Section 5.1 for more particulars. After computing i, we will
show that the smallest eigenvalue of K (respectively K5) is at least 1 — 4/N (respectively
1—_8/N); in particular, it is nonnegative for N > 8, and so the spectral gap [, is 3; in these
cases.

By Corollary 4.2, the two largest eigenvalues of K, correspond to the ground state
and lowest excitation of the chain of fermions described by H,. The result for r = 1 follows
immediately from Proposition 3.2, while the result for r = 2, as usual, requires more work.

Proposition 4.7 The ground state and lowest excitation energy eigenvalues of Hy are given
by Ey = —N/2, with multiplicity 1, and

N 2
B = E0+4<sinﬁ> ,
with multiplicity 2.

Proposition 4.8 The ground state and lowest excitation energy eigenvalues of Ho are given
by Ey and E1, as defined in Proposition 4.7, again with multiplicities 1 and 2, respectively.

PROOF. Let w = /N, Note that E; is the eigenvalue corresponding to setting & = 1 and
r =w (or z = 1/w) in Proposition 3.3; it is easy to check that ¢;(w) = 0. It suffices to show
that the eigenvalues E given by (3.5) in the statement of Proposition 3.3 all satisfy F > Ej,
with equality if and only if k =1 and r = w or x = 1/w, or k = N —1 and x = —w or
r=—1/w.

Sosay 0 < k < N—1, and x # 0, £1 satisfies qx(z) = 0. It suffices to show that £ > F;
for k < N/2, since qx(x) = 0 implies that ¢gy_r(—2z) = 0, and E(k,z) = E(N — k,—x).
Assume, therefore, that k < N/2, so that cos(kw/N) > 0. Recall that either z € S* or
r € R.
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First consider the cases k = 0 and k = 1. If k = 0, then go(z) = (x — 1)(z¥ " = 1), so
that x is an (N — 1)-st root of unity, and

N 1 2 2 2
E+?—4:—2 (x—l—;) > —élcosNi1 > —2 <1+COSN7T) :—4<COS%> ,
whence £ > FE;. If k = 1, then by Proposition 4.5, ¢; has no real roots besides +1, since
cos £ > =2 (in fact, cos(mz) > 1—2z for all # < 1/2). Thus z € S*. Assume that Im z > 0;
otherwise replace x by 1/x. Then (4.3) becomes

T sin((§ — 1) argz)
N T sin((§) arg z)

(4.4)

Since the right hand side of (4.4) is an increasing function of arg z for argz € (0, 7/N), and
since x = ¢'™/N satisfies (4.4), we conclude that argz € (7/N, 7). But this gives

N 2
E + 5 4=— (cos %) cos(argz) > —4 <cos %) :

so that £ > FE;, with equality if and only if z = w or x = 1/w.
Now suppose that 2 < k < N/2. If z € S!, then

N k 1 k 2 2
E+3—4:—2 (COSWW) (:L‘—f-;) > —2(:05%r > —2005%2—4(005%) + 2,

and so £ > F; + 2. If x € R, then we may assume that x > 0, since otherwise £ > Ej + 4;
then the following series of inequalities holds:

r(z— 1)@V —1) > 0;

1 N +1 1 1+ cos 2t
T T +x COS 57 Cos N

N km 1 2 T2
E—|—§—4——2 (COSW) (x%—;) > =2 (1+cosﬁ> ——4(COSN> )

whence £ > F; again. O

Corollary 4.9 The two largest eigenvalues of each of K1 and Ky are By =1 and

4 2
51:1—N<Sln%> .
We conjecture that 3; given in Corollary 4.9 is the second largest eigenvalue of K, for

all r; see Section 6.2 for partial results. We next place an upper bound on the eigenvalues
of H; and Hs, or, equivalently, a lower bound on the eigenvalues of K; and Kj.
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Proposition 4.10 All eigenvalues E of Hy satisfy E < Ey + 4, while all eigenvalues E of
Hy satisfy £ < Ey + 8.

ProoOF. For Hy, the proposition follows from Proposition 3.2. For H,, we claim the slightly
stronger statement that E(k,z) < Ey + 8 when z € S', and E(k,x) < Ey+ 2 when = € R.
If x € S, this follows from Proposition 3.3. If z is real, then the inequality E(k,z) < E+ 2
is equivalent to (cos®%) (z + 1/z) > 1. By (4.2), this, in turn, is equivalent to

<
0= D e

which is easy to verify for all z. O

Corollary 4.11 All eigenvalues 3 of K1 satisfy 5 > 1—4/N, while all eigenvalues B of Ko
satisfy > 1—8/N. In particular, when N > 8, 3y is the spectral gap B« of K1 and Ks.

4.4 Asymptotic spectrum distribution of K; and K,

In this section, we look at the asymptotic behavior of the spectra of K; and Ky as N — oo,
which corresponds in physics to the “classical limit.” This will give additional information
about the rates of convergence of these Markov chains, which will be dealt with more precisely
in Section 5.3. The spectrum distributions derived below, including (4.5) and (4.6), are also
derived, using the Bethe ansatz, by Izyumov and Skryabin [9]; their reasoning is heuristic
and mathematically unsound, however, whereas we will give a rigorous derivation based on
previous results in this paper.

For K, the limiting distribution of eigenvalues is given by Corollary 4.3 as E =
1 — 2(1 — cosp), where p ranges uniformly in [0, 27).

From the results in Section 4.2, we may deduce the asymptotic distribution of eigen-
values of K5 as N — oco. We first look at the limiting distribution of the bound states. There
will be a bound state corresponding to k if the condition in Proposition 4.5 holds. Now if
0 <k < N —1, then the inequality cos (%) < % holds approximately when k > 2/ N /7,
and similarly cos (%’) > —% approximately when k < N — 2/ N /7. Thus Proposition 4.5
implies that there are on the order of N bound states (there are negligibly few values of k
which do not give bound states). If we write P = 2kn/N (here P = p; + p, is the total
momentum, where p; and py are as in the proof of Lemma 3.4), then P is roughly uniformly
distributed in [0, 27), and the value of # > 1 for which gx(x) = 01is, by (4.2), z =~ 1/ cos(P/2).
This leads to an eigenvalue distribution of

521—%(2—(@‘03%) (:E—l—i))%l—%(l—cosP), (4.5)

where, to reiterate, P is uniform in [0, 27).
We next look at the distribution of the approximately N?/2 two-magnon states. These
are indexed by k and x, where gi(z) = 0 and z € S'; by Proposition 4.6, argz ranges
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uniformly in [0,7) as N — oo. The relation (3.17) between P; = ¢ and k and z, from the
proof of Lemma 3.4, implies that p; = kn/N + argz and py = kn/N — argx; in terms of p;
and po, (3.12) gives us an eigenvalue distribution of

G=1-— %((1 —cospy) + (1 — cosps)), (4.6)

where we may assume that p; and p, range independently and uniformly in [0, 27). Note
that solving for £ = N/2 — N in this equation gives the energy distribution (2.10) from
our discussion of magnons, which we previously only justified by heuristic means.

To summarize, we have found that there are approximately N?/2 “two-magnon” eigen-
values of K5, and that their distribution roughly obeys (4.6); the approximately N “bound”
eigenvalues roughly obey the distribution given by (4.5).
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5 Rates to stationarity

This paper culminates in the calculation, performed in this section, of rates to stationarity
for the interchange walks K; and K,. After describing the necessary notation and results
from random walk theory in Section 5.1, we place bounds (both upper and lower) on the
distance of K; and K, from stationarity after a number of steps in Sections 5.2 and 5.3,
respectively. In each case, we find that it takes order N3 steps for the chain to become
random.

5.1 Background

Before we apply our Bethe ansatz diagonalization to the interchange random walk, we review
some terminology and elementary results from the theory of random walks. A Markov chain
on a finite state space X, with |X| = n, is characterized by a square n X n transition matrix
K, so that K (x,y) is the probability of ending at y after one step of the process, given initial
state . A measure p : X — [0, 1] is a reversing measure for K if p(x) K (z,y) = u(y)K(y, z)
for all x,y € X; if K has a reversing measure, then K is reversible; the unique reversing
measure 4 with »° o u(X) = 1, which is known as the stationary distribution of K, is
invariant under application of K. Finally, K is irreducible if for any x,y € X, there is an m
such that K™(x,y) > 0. We will assume that the chain K is reversible and irreducible, so
that the matrix K is real symmetric; then K is completely diagonalizable, with eigenvalues
1=03>5>2p>...>0Bnv-1 > —1

The reversing measure j defines an inner product space L?*(u) of complex-valued func-
tions on X, where the inner product is given by (f|g) = 3, f()g(z)u(x), and the L2
norm on L?(p) is defined by | fll2 = (f|f)'/2. Probability distributions on X can then be
considered as elements in L?(p). Note that if p(xz) = 1/n is uniform, then the L?*(u) inner
product (-]-) is related to the usual hermitian inner product (-,-) by n{flg) = (f, g9).

We wish to measure the distance of a probability distribution on X from stationarity.
In particular, let K*(y) = K™(x,y) be the (z,y) entry in the matrix K™, or the probability
that the chain will be in state y after m steps, given that it begins in state x. The more
“random” the distribution K" is, the closer it will be to stationarity. To quantify the
distance between a distribution and stationarity, we use the total variation distance

L max [KP(f) - ulf) (5.1)

K" — = KMA)—u(A)| ==
I = ey = g C2(4) = (A)] = 5 masx
where P(A) denotes ), P(x), P(f) denotes ) f(x)P(x), and || f|lc = maxex |f(x)|.
The following proposition, essentially taken from Diaconis and Saloff-Coste [4], summarizes
some elementary results from random walk theory, used to obtain upper bounds on distances
from stationarity.

Proposition 5.1 Let {gpj}?:_& be an orthonormal basis of eigenvectors of K in L*(u), or-

dered to satisfy Ky; = Bjp;, where 1 = By > By > -+ > B,_1 > —1 are the eigenvalues of
K; also, let || - ||o denote the L*(u) norm, and let 3, = max{f3i,|B,_1|} be the spectral gap
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of K. Then we have

_ 1/2

K3 — pllry < 3 ‘ -1 =3 (Z |05 ()67 ) ; (5.2)

K 2 1

m n m
K5 — pllrv < %ﬁ* : (5.3)

1 m 2 1n_1 2m

LS IR~ plB < 2 (5.4

zeX j=1

The proof of Proposition 5.1 is standard; see, e.g., Diaconis and Saloff-Coste [4]. The in-
equality given by (5.3) is usually somewhat crude, since it only uses one eigenvalue rather
than all of them. Inequality (5.4) states that the average (root-mean-square) distance from
stationarity, averaged over all initial states, is bounded above by (Z;:ll 32m)12 /2; when K
is vertex transitive, as is the case for the interchange process K7, all distances from station-
arity are the same, and we obtain ||[K™ — u|tv < (Z;:ll B2m)1/2 /2 for all initial states z,
which is usually better than (5.3) by a factor of \/n.

To find a lower bound on distance from stationarity, we have the following useful result.

Proposition 5.2 If p = 1/n is uniform and K¢ = By, then

@) g

1K = pllry =
2[lsplloe

where |[¢lloo = max |p(x)]

Proor. If 3 =1, the result is trivial. Otherwise, ¢ is orthogonal to the constant eigenvector
of K, so that u(p) = 0. Introduce 6, defined by 6,(z) = 1/u(z), 6.(y) = 0 if y # x. Then

K (p) = (p| K™6z) = (K™ 0lds) = 8™ {p|dz) = 8" p(x).

We now use the definition (5.1) of total variation distance, with f = ¢/||¢||oo:

m | ~e@)]
| K —MHTVZ§|Kx (f)—ﬂ(f)|—mﬂ .o

5.2 Rate to stationarity of K

As mentioned in Section 4.1, K is essentially the simple random walk on Zy, but with
positive holding probability. To bound rates of convergence of K, we wish to bound the
sum of powers of the eigenvalues of Ky, by the results of the previous section.

28



Lemma 5.3 Let {f, : 0 < k < N — 1} be the set of eigenvalues of K1, as given in Corol-
lary 4.3, and let m > N3. Then

N-1

42 3 5
E /B;ZL < 3e Am?m /N3 +ym/N :
k=1

where v = 471 /3.

PROOF. Taylor series expansion reveals that 1 — cosz > z%/2 — x*/24 for any z € [0, 71|, so
that e
1 — ol —cosx) < @ /2a7/24) (5.5)

for any a > 0 and z € [0,7]. It follows that if & < N/2, then B, < o4k NP Hykt INT
e~ IN*+7/N?. the first inequality follows from (5.5), and the second is straightforward to
check. Thus we have

N-1 LN/2] 00
5]’;71 <9 Z ﬁ]’;n < QZ 6—4!€7r2m/N3—M/m/N5 < 36—47r2m/N3+'ym/N5’
k=1 k=1 k=1

where the final inequality assumes that m > N3. O

We are now in a position to place extremely sharp upper and lower bounds on the
distance from stationarity of (K;)7", the probability distribution after m steps, given initial
state x. Proposition 5.4 shows that it takes order N3 steps for the chain K; to become
random. This is more or less expected, since K; runs N/2 times as slowly as the simple
random walk on Zy, which takes order N? steps to become random; more specifically, if @
represents the simple random walk, then [|Q" — yu|| ~ e~™™/2N* [3, §3(C].

Proposition 5.4 Let x be any initial state of K,. If m > N3, then
(K1) = pllry < §etmm/Nam/N?, (5.6)
where v = 471 /3; conversely, for any m,
(KD = plley > e/ (5.7)

PROOF. By equation (5.4), Lemma 5.3, and the fact that K is vertex transitive on its state
space Zy, we deduce the upper bound (5.6). The lower bound (5.7) is a straightforward
application of Proposition 5.2, with 8 =3, =1 — % (sin %)2 and corresponding eigenvector
¢ defined by ¢(j) = €*™/N; we have @[l = 1 and |p(z)| = 1 for all z. Now the inequality
1 — a(sinz)? > e*** which holds for all @ > 0 and z € R and is easily shown by calculus,

implies, when o = 4/N and & = 7/N, that 8; > e~*""/N°; the proposition follows. O
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5.3 Rate to stationarity of K,

In accordance with the results from Section 5.1, we wish to bound > (k,z)™, where m is
an integer and the sum is over all eigenvalues (G(k,z) # 1 of K5. Since the second largest
eigenvalue of K, by Corollary 4.9, is approximately 1 — 472 /N3 a2 =47 /N*+47*/3N° "thig sum
is roughly bounded below by e=4m*m/N*+4x" /3N - \We will show that the sum is also bounded
above, up to constants, by this exponential. The condition m > N? in the proposition can
be replaced by a much weaker condition on m, although (5.8) does not hold for, say, m =1
and N large; in any case, our interest lies in the behavior of )~ B(k,z)™ when m is large,
and so m > N3 is an acceptable condition.

Lemma 5.5 If m > N3, then
> Blh,a)" < st m (5.8)
B(k,z)#1
where v = 471 /3.
This result is, up to constants, more or less intuitively clear; the proof is rather involved and
not at all illuminating, but is included for completeness. We will need the following simple
lemma.
Lemma 5.6 If yu and v are real numbers with 2w /N < p+v < m, then
4

(+v)r @
2N 3N+

1 —cospcosv >

PROOF. It is straightforward to check that the function y? — 7y/N — y*/3 takes on its
minimum value over the interval [7/N, /2] when y = 7/N, so that y* — y*/3 > my/N —
74 /3N* on this interval. But Taylor expansion yields (sinz)? > y? — y*/3, and so

2 2 4
p+v .tV (p+v)r w
COS L COS U > (cos 5 ) (sm 5 ) 5N NG

PrROOF OF LEMMA 5.5. For brevity, we omit some steps in the proof. It will be convenient
to split the sum into two sums, one over eigenvalues from the “two-magnon” states, and the
other over eigenvalues from the “bound” states. We first bound the sum over “two-magnon”
eigenvalues, i.e., those eigenvalues 8(k, z) from Proposition 3.3 with z € S*. Since the roots
of qn_ give rise to the same energy eigenvalues as the roots of g, the sum of 3(k,z)™ over
all k and z € S* (roots of g;(z)) is at most twice the same sum over k < N/2.

Let k < N/2. Consider the roots of g; in S! with positive imaginary part; these may
be labelled zj,...,2rs (¢ = N/2 depends on k) in increasing order of argument, so that
0 <argayo < --- < argage < m. Write 0y ; = argxy, ;, and write £ ; = k+ N6y ; /7. We now
bound & ;. When k = 0, we may directly calculate that &, ; = N6y ; /7 = w > j+2. For
other values of k, Proposition 4.6 implies bounds on & ; as follows: & ; > j+2; & > j+3;
and & ; > j + k for k > 3.
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In all cases, 2 < ¢, ; < N, and so we may apply Lemma 5.6 to conclude that

4 26, im% Art
Bk, x;)=1— N(l — cos(km/N)cosb ;) >1— 5;\75 + 3;5 > €4W4/3N5(62W2/N3)§k*j.
Raising this inequality to the m-th power, summing over all two-magnon eigenvalues 3(k, zy, ;)
with £ < N/2, and estimating the resulting sum by an infinite sum via the bounds on & ;

gives
2m am

2 —
Z ﬁ(k,ﬂf)m < ( Ui n )e'ym/N5 < 3n2mefym/N5’

_ ym)\2
k<N/2,z€S? <1 U )

where 1 denotes e=2"/N* | and we have assumed that m > N3 (so that n™ < 6*2”2).

We next wish to sum B(k,z)™ over all k and = € R — {0, £1} satisfying gx(z) = 0.
As before, we bound this above by twice the same sum over & < N/2. Now suppose
that £ < N/2, and that = > 1 satisfies gx(z) = 0; we consider two cases. If k is even,
then by (4.2) and the fact that “x—t% > 1/z, we have that z > 1/cos(kw/N), so that

N +1

x+1/x < cos(kr/N) + 1/ cos(kw/N), and Corollary 4.4 gives

2
Bk, z) <1— % (sin %T) < o—2km? [N3+7/2N° < n2kev/N57

as in the proof of Lemma 5.3.
If k is odd, then denote =2 by ¢; by Proposition 4.5, cos(km/N) < c. Now by (4.2)

and the fact that mgs_w > ¢/z, we have that = + 1/x < cos(kn/N)/c + ¢/ cos(km/N), and

-1
S0
(cos &2)2 4(1—c¢) 8
SN 19 >
c < N N2 <e

—8/N?

ﬁ(/{:,ﬂ:)<1—%(2—c—

We find that

4m

Z Bk, z)™ < e Ym/N® (77—

: » +N€_8m/N2> < 7]2m6’ym/N5'
k<N/2,z>1 -

The last inequality is a crude estimate which definitely holds when m > N3. So the sum of
B(k,xz)™ over all bound states is as most twice this, or 27*™. Combining this with the 67*™
upper bound for the sum of 3(k,z)™ over all two-magnon states gives an upper bound of
8n2merm/N® = ge=4n*m/No+ym/N® for the total sum 3 B(k, z)™.

When N is even, we must add the eigenvalue § = 1 — 2/N; but we may absorb
(1 —2/N)™ into the bound state sum, and the same upper bound holds. O

Proposition 5.1 and Lemma 5.5 immediately give the following result.

Proposition 5.7 If m > N3 and v = 47*/3, then

1
— Z I[(E)™ - 1|y < 9o~ 4m*m/N3+ym /N>

(N) |z1z2
2/ 1<z1<z2<N
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In other words, it takes order N2 steps, on average, for K5 to become random. Proposition 5.1
and the fact that 8, < e /N *+V/N” from the proof of Lemma 5.5 also imply a weak upper
bound on individual total variation distances:
4 2 N3 N5
[(K2) ) — pillTy < AN~ 4T m/NTHm/NT,
We conjecture that the “correct” upper bound is on the order of e 4™ m/N*+ym/N* {41 al]
initial states |z122).
To complement the upper bound on distance from stationarity provided by Proposi-
tion 5.7, we next give the corresponding lower bound.

Proposition 5.8 For any m,

1)y — bl > 5 <

; cos (71'(25‘2 B xl)) ‘ 6747r2m/N3'

PROOF. We use Proposition 5.2, with 8 = ((1,e"™"), the second largest eigenvalue of
K. The proof of Lemma 3.4 constructs an eigenvector 1) of K; corresponding to eigenvalue

B(1,e™N), given by | |
¢($1,$2) — a(thZ) — 6217rx1/N + 62171':1:2/N.

Clearly |||l < 2, and |[¢(zq, x2)| = 2 )cos (ﬂsz_“)) ‘; from the proof of Proposition 5.4, we

also know that =1 — % (sin %)2 < 6_4”2/N3, and the result follows. O

If N is even, then Proposition 5.8 is vacuous when x5 — x; = N/2; in this case, using
Proposition 5.2 with 8 = 5(2, e2™/N) gives the lower bound || K7 — pu|py > e~ 167 m/N? /9,
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6 Other walks

This section is devoted to Markov chains other than K; and K5. Section 6.1 introduces
the exclusion model, and demonstrates how our results from previous sections may be used
to improve on currently known bounds on the eigenvalues of the exclusion model on Zy.
Section 6.2 gives partial results towards an analysis of the general interchange model K. In
Section 6.3, we turn the tables and show how random walk theory may be applied to physics
and, in particular, statistical mechanics.

6.1 Exclusion model

We may apply our work on the interchange model to other chains as well. One simple
application involves the exclusion model; we describe this model, deduce bounds on its con-
vergence, and compare our bounds to the best previously known bounds, obtained through
comparison with the Bernoulli-Laplace model of diffusion.

Given a regular undirected graph G, the (symmetric) exclusion model on G has as
its state space all (];[ ) possible placings of r indistinguishable objects on the vertices of G,
where N is the number of vertices in G, and r < N is fixed. A step in the exclusion process
constitutes choosing one of the objects uniformly at random, choosing one of its neighbors
in the graph uniformly at random, and either moving the object to the neighboring vertex if
it is unoccupied, or leaving the system as is, if it is occupied. Formally, let V(G) and E(G)
be the vertex and edge sets of GG, respectively, and let d be the common degree of all vertices
in G. The state space is all r-subsets of V(G), and the transition probability from A; to Ay
is

(0 1f|A1ﬂA2‘§7”—2
0 if |[AyNAs| =r—1and A; — Ay = {1},
A2 — Al = {UQ}, with (Ul,UQ) € E(G)
P.(Ay, Ay) = 1/(rd) if |[AyN Ay =7r—1and A; — Ay = {v1}, (6.1)

Ag — Al = {Ug}, with ('Ul,'l}g) € E(G)
—ZveAlrj(U’Al) if Al = Ag, where
L dv,Ay) = |{v' € Ay : (v,0") € E(G)},

when A; and Aj are r-subsets of V(G). For extensive background on the exclusion model
and its significance, see Liggett [12].

We wish to consider the exclusion model on a cycle on N vertices, also known as
the (undirected) Cayley graph of Zy with generators {+1}; let P. be the corresponding
transition matrix. Like the Heisenberg X X' X Hamiltonian H, the exclusion matrix P, is
linearly related to the interchange matrix K,; this is the content of the following observation.

Proposition 6.1 K, =1—32(1— P,).

ProoOF. Compare the definitions (4.1) and (6.1) of K, and P,. If 2r < N, then the
interchange process may be described as performing the exchange process with probability
2r/N, and doing nothing with probability 1 — 2r/N; the result follows. If 2r > N, then
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exchange is the same as interchange with probability N/2r, and holding with probability
1—-N/2r. O

Along the same lines, we may prove more generally that a generalized interchange
model K on a regular graph with common vertex degree d, in which there are r red cards
and N —r cards, and each move chooses two neighboring vertices at random and interchanges
them, is related to the corresponding exchange model P/ by K/ =1 — %(1 — P)).

Propositions 4.9 and 6.1 imply that the spectral gap of each of P, and P, is A\; =
1— (sin %)2; we believe that the precise calculation of the spectral gap for P is new. As
for the interchange model, the spectral gap eigenvalue dominates the sum (5.4) of powers
of eigenvalues, and we conclude that it takes, on average, about N?/n? steps for each of P,

and P, to reach stationarity:

DA < gemmImN T Im AN (6.2)
A£1

where the sum is over eigenvalues A of P; or P,. (A precise proof of this statement requires a
series of involved estimates nearly identical to those presented in Section 5.3, and is omitted
here.)

The best previously known approach for bounding time to stationarity in the exclusion
model is the method of comparison, as described in Diaconis and Saloff-Coste [4]. This tech-
nique bounds the eigenvalues of the exclusion matrix P, by comparing the exclusion model
with another Markov chain, the classical Bernoulli-Laplace model of diffusion. Through
Proposition 6.1, comparison can be used to bound the eigenvalues of the interchange matrix
K, for any r, thus providing more general results than our Bethe ansatz approach, which
is limited to » = 1 and r = 2. In the case r = 2, however, the Bethe ansatz method gives
the correct bound on convergence of the interchange and exclusion models on Zy, while the
comparison method, as we shall see, is off by a log N term.

Before discussing the results of comparison, we briefly describe the Bernoulli-Laplace
model of diffusion; see Feller [7] for applications of this model. In Bernoulli-Laplace diffusion,
there are r objects on one side of a partition, and N — r on the other; each step consists of
choosing one object from each side, and switching them. Note that the Bernoulli-Laplace
chain is linearly related to the generalized interchange model on K, x_,, the bipartite graph
on groups of r and N — r vertices; interchange on K, n_, is equivalent to Bernoulli-Laplace
with probability (N —r)/ (g) and holding with probability 1—r(N—r)/ (];/) The eigenvalues
of the Bernoulli-Laplace matrix P, are known and relatively simple (unlike those of the

interchange model on Zy); Diaconis and Shahshahani [5] compute them to be 1 — %—ﬁ;),

0 < j <r, with multiplicity (]]V) — (j]jl).

A detailed discussion of comparison techniques is beyond the scope of this paper; the
interested reader is referred to Diaconis and Saloff-Coste [4]. For our purposes, it suffices
to note that we can bound the eigenvalues of the exclusion process by comparison with the
Bernoulli-Laplace model via the following result of Diaconis and Saloff-Coste, which is a

special case of Theorem 3.1 in [4].
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Proposition 6.2 The eigenvalues 1 = X\g > Ay > -+ > A(N)il of the exclusion process P,

are bounded above by '
ki(N —k; + 1)
27’A0 ’
where k; = j when (] ) <i< ( ), 0 <j <min{r, N —r}, and Ag = m(m+1)(2m+1)/6,
m = |N/2].

AN <1—

In the case r = 2, Proposition 6.2 implies that, besides the trivial eigenvalue 1, N —1 of
the eigenvalues of P, are bounded above by 1 — W frvl 3, and the other ( ) N elgenvalues are
bounded above by 1—2 N +1) m) (In fact, the second largest eigenvalue A; of Pg is approximately
1—72/N2?, by Proposmons 4.9 and 6.1, so that the upper bound of 1 — N+1)3

by comparison is quite close.) Comparison thus implies that the sum of the m-th powers of
the eigenvalues of K5 is bounded above as follows:

m N 6N " 1_—6m/N2+2log N

A#£1

for Ay provided

This upper bound is off by a log N term, compared to our result (6.2), obtained via the
Bethe ansatz. Since the upper bound on every eigenvalue is on the order of 1 — ¢/N?3, the
upper bound on the sum of their powers cannot be much improved from (6.3); the best upper
bound from comparison methods will contain a log N term.

6.2 General interchange model H,

We next consider the general interchange model H, on Zy. As noted in Section 3.2, solving
for the exact eigenvalues of H, is equivalent to solving a many body problem, and is thus
essentially impossible. We can, however, find some of the eigenvalues of H,; our main result in
this section, Proposition 6.5, states that if r < N/2, then H,; inherits all of the eigenvalues
of ‘H,. Proving this is more difficult than it may appear, and requires the following purely
combinatorial result.

Lemma 6.3 Let r be an integer, and, for any k between 0 and 2r + 1, let V}, be the (ZTH)

dimensional vector space, over a field of characteristic 0, formally genemted by the basis
{va: ACA{L,....2r+1}, |A| =k}. Then the map ¢ : V, — V, 1 defined by

p(va) = Z Up = Z VAU{k}

BDA,|B|=r+1 1<k<2r+1,kgA
18 an isomorphism.

ProOOF. We explicitly construct an inverse to ¢ as follows:

“up) =Y f(IA- B|)va, (6.4)

|A|=r
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where f is some function on {0,1,...,r} to be determined. If |C| = r + 1, then we want
the coefficient of ve in 3° 4 _, f(|A — BJ) ¢(va) to be 1 if C' = B, and 0 otherwise; this
will imply that (6.4) gives a formula for o~!. To calculate this coefficient, let |A — C| =
|C'— Al = m. Note that there are r sets A with |A] = r and A C C, and these are
exactly the sets for which ¢(v4) will contain a nonzero coefficient of v¢; of these, m satisfy
|A — B| = m — 1, while the other r + 1 — m satisfy |[A — B| = m. Thus the coefficient in
question is mf(m — 1)+ (r+1—m)f(m) (when 1 < m < r+1; the coefficient is (r + 1) f(0)
when m = 0), and (6.4) will give a formula for ¢! if and only if f(0) = 1/(r + 1) and
mf(m—1)+ (r+1—m)f(m) =0 for 1 <m <r+ 1. But this is satisfied by

fmy = U (6.5)

and we conclude that ¢ is indeed an isomorphism, with inverse given by (6.4) and (6.5). O

To use the above lemma, we translate some of the physics notation from Section 2.2 into
combinatorial language. Identify the vector |zi,...,z,) with the formal symbol v, . 4,3,
so that vy is the vector corresponding to the state in which down spins (or red cards) are
precisely in the positions corresponding to the elements of A. Then {va : A C Zy, |A| =1}
is the standard basis of §,. Now consider the operator o, defined in Section 2.4 as Zjvzl o
Since o sends an up spin in the j-th position to a down spin, and a down spin in the j-th
position to zero, it is easy to see that o, may be defined in our combinatorial language as

follows:
Oior(Va) = Z VAULK}
k€Zy, k€A

where A is any subset of Zy. In this form, it is clear that o, maps $, to $,.1 when
0 <r < N; in physics language, o, raises the number of down spins by one.

Lemma 6.4 If r < N/2, then the collection of vectors {oyva @ A C Zy, |A| = r} is
linearly independent.

PROOF. Suppose that constants a4 satisfy Z|A|:T 004 = 0. Let C' be any subset of Zy
with |C] = 2r 4+ 1. For any B C C with |B| = r + 1, the coefficient of vg in the above sum
is the sum of a4 over all A with A C B and |A| = r; but this is precisely the coefficient of
UB in

' Z QAVA | (6.6)
ACC,|Al=r

where ¢ is as in the statement of Lemma 6.3, with C replacing {1,...,2r + 1}. Since this
coefficient must be 0 for all B C C with |B| = r + 1, we conclude that (6.6) must be equal
to 0. But ¢ is injective by Lemma 6.3, and therefore ay = 0 for all A C C'. This is true for
any C' C Zy with |C| = 2r 4+ 1, so that a4 = 0 for all A, and the result follows. O
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Proposition 6.5 If r < N/2, then the multiset of eigenvectors of H, (respectively K, ) is
contained in the multiset of eigenvectors of H,,1 (respectively K, ).

Proor. By Corollary 4.2, the result for K follows from the result for H, and so it suffices
to prove the proposition for H. Now o, commutes with H; this may be proven directly

from the definition of H and the easily computed commutation relations [0}, 0%] = io?,
l0;,0!] = —io}, [0} ,0}] = —io; . Thus any eigenvector ¢ of H, gives rise to an eigenvector

j
Ot of H,4+1 with the same eigenvalue. Now Lemma 6.4 states that o, maps the standard

basis of H, to a linearly independent set in H,; it is a simple exercise in linear algebra to
conclude that o, maps any basis of H, to a linearly independent set in H,,;. In particular,
a basis of eigenvectors of H, is mapped to a linearly independent collection of eigenvectors
of ‘H,1 with the same eigenvalues, and the proposition follows. O

As an illustration of Proposition 6.5, note that the eigenvalue [, of K; corresponds to the
eigenvalue 3(k,e™/N) of Ky, a “two-magnon” eigenvalue.

Corollary 6.6 Ifr < N/2, then the spectral gap of K11 is no smaller than the spectral gap
of K,.

We conjecture that the spectral gap of K, is in fact the same for all r; this is true
for r = 1 and r = 2, by Corollary 4.11. The treatment of the Heisenberg antiferromagnet,
given by equation (2.4) with J, = J, = J, = —1, by Hulthén [8] shows that the ground
state energy of the antiferromagnet H is asymptotically N/2 — 2N log 2; this means that the
highest energy eigenvalue of the corresponding X X X ferromagnet is —N/2 + 2N log 2, so
that the smallest eigenvalue of K, is at least 1 — 2log2 ~ —0.39, and therefore the spectral
gap of K, is in fact the second largest eigenvalue 3;. The best general result in the direction
of this conjecture is given by the comparison techniques mentioned in Section 6.1. For general
r, Proposition 6.2 implies the following upper bound on the second largest eigenvalue [3; of
the interchange chain K, complemented by a lower bound implied by Proposition 6.5:

The conjecture is that equality holds for the lower bound.

Proposition 6.5 has an interpretation in terms of representation theory; we briefly
describe this, assuming familiarity with some basic representation theory, on the level of
Diaconis [3]. The state space X, of K, consists of the collection of r-subsets of {1,..., N},
corresponding to the locations of the red cards. Since the elements of X, generate the
vector space §),, there is an obvious isomorphism between $), and L(X,), the vector space
of complex valued functions on X,. Recall from Section 4.1 that X, is itself identical to
Sn/(Sy x Sy_,). Then the group Sy acts on L(X,) through its action on X,., and it follows
that L(X,) = $, gives a representation on Sy. Following Diaconis [3], we will denote this
representation by M =""): James [10] writes it as [N — 7][r]. (The special case MN~11) is
sometimes called the natural representation of Sy.)
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Assume that 2r < N. Then MN="") has a decomposition into irreducible representa-
tions of Sy, which, by Young’s rule (see [10]), is given by

9, 2 MV = gN @ GV-11) g gIN=22) gy ... @ GIN="), (6.7)

where SV=F#) is the so-called Specht module associated to the partition (N — k, k) of N.
Thus MW=r=Lr+l) o2 pp(N=rr) g gIN=r=1r+1) "and so §), is a direct summand of §,,, when
2r < N. But this is precisely what we proved in Proposition 6.5 (or, more precisely, in
Lemma 6.4): the map o, is an inclusion from $), to 9,.1, and so $,.1 = 9, & (H,)*.
Writing (6,)* as SOV=7=1r+1) (with SV = §,), we recover (6.7).

In terms of eigenvectors, the (]X ) -dimensional space $),. inherits (r]f 1) eigenvectors of H
from $),_1; this collection of eigenvectors of ‘H in $),. is completed by a basis of (j"jr,l)L C 9
consisting of another (]X ) — (T]f 1) eigenvectors of H. The Specht module S™~"") is generated
by eigenvectors of H in §, not derived (via o) from $,_;.

More concretely, view $), as L(X,), the space of complex valued functions on r-
subsets of {1,...,N}. Then S¥ in the decomposition (6.7) of §, is the one-dimensional
subspace of constant functions on X,; this corresponds, in the notation of physics, to
21§I1<...<IT.§N |z -+ x,), which, as noted in Section 2.4, is the ground state eigenvector
of H,. The next summand, SO¥=1Y is the (N — 1)-dimensional subspace generated by
functions of the form A — > _, f(z), where f is a function on {1,..., N} satisfying
>, f(x) = 0; in physics notation, this is the space generated by an application of (o) "
to vectors of the form ) f(z)|z) € H1, where Y f(z) =0, as before. By Proposition 6.5,
Ey=Ey+4 (Sin %)2 is an eigenvalue of §, for all r; since it derives from an eigenvector of
$1, this eigenvalue is associated to SW~=11. Our conjecture, in this language, is that the
lowest excited energy eigenvalue of H,. is associated to S™=1 for any 7.

As a side note, another walk which may be of interest is the even more general walk
in which more than two colors of cards are allowed; this corresponds to a physical system in
which the particles have more than two options for spins. A physical solution to this random
walk might rely on Sutherland’s Bethe ansatz approach towards systems with more than
two types of spins [15].

6.3 Applications of random walk analysis to statistical mechanics

We conclude this paper with a promising link, which we believe is new, between mathemat-
ical random walks and thermodynamics. The majority of this paper has been devoted to
applications of physics, and the Bethe ansatz in particular, to random walk theory; in this
final section, we reverse the process and demonstrate how random walk theory may be ap-
plied to physics, by giving the behavior of a physical system at low temperatures. Although
our discussion will focus on the interchange model, it can easily be extended to other Markov
chains which also model physical systems.

In random walk theory, much attention is devoted to the sum of powers of eigenvalues
of a Markov chain ) 841 ("™, since this sum is more or less the distance of the chain after
m steps from stationarity; see section 4.1. This sum of powers is reminiscent of Boltzmann
factors and partition functions from classical thermodynamics, as we now see.
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Consider a system of N spin-1/2 particles in a line, with periodic boundary condi-
tions, subject to the Heisenberg ferromagnetic X X X Hamiltonian H given by (2.5). The
time-independent Schrodinger equation postulates that this system will have a well-defined
energy equal to one of the energy eigenvalues of H. These energies are not equally prob-
able; qualitatively, the system is more likely to occupy a lower energy state than a higher
one. In the absence of outside constraints, the energy levels of ‘H are occupied according to
the Maxwell-Boltzmann distribution of classical statistical mechanics, which states that the
probability that the system will occupy energy level E is proportional to e #/¥T where k is
the Boltzmann constant and 7' is the temperature of the system. If the ground state (lowest
energy level) of the system is Ey and the excited states (i.e., all states except for the ground
state) are given by FEj, Es, ..., then the probability P that the system is in some excited
state is

Zj>0 e /Rt —(E;—Eo)/kT /
P= “Eo/kT 7E»/kT%ZG(] VI =P,

e 4D s e >0
where we define P’ to be the probability that the system is in some excited state relative
to the probability that it is in its ground state, and the approximation, which consists of
dropping the sum in the denominator, is valid at small temperatures.

To connect these probabilities to random walks, we use the relation g = 1/2 — E/N,
given by Corollary 4.2, between the eigenvalues (3 of the interchange walk K, and the energy
levels E of the physical system H,.. Since (3 = 1, we obtain

p— Z o~ N(-8))/kT

§>0

But this is extremely similar to Zﬁ;”, indeed, the inequalities 3 < e?~! < Y2 when
0.3 < 8 <1, and the fact (see Section 4.3) that all eigenvalues § of K, are between 0.3 and

1 when N > 12, show that
SELRE W

when N > 12, so that P’ is “sandwiched” between two sums of the form }37". Thus
the probability P that the physical system will be in an excited state at temperature T
is approximately the distance from stationarity of the interchange chain after N/kT steps.
From our results on the interchange walk, we conclude that, if we assume the system has
either one or two opposite spins, then the system is “guaranteed” to be in its ground state
(the probability of being in an excited state drops exponentially with T) when kT is of order
1/N2.

In this way, results about distances of random walks from stationarity translate into
results about probabilities of being in excited states. Given a random walk which is linearly
related to a Hamiltonian, as K, is linearly related to ‘H,., the amount of time needed for the
random walk to reach stationarity translates into the temperature needed for the physical
system to be in its ground state, and vice versa. Random walks for which this technique
may be used include the Bernoulli-Laplace model of diffusion (which translates directly into
a Heisenberg model in which all particles are nearest neighbors) and the Ising model; there
are probably many more.
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