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1 Introduction

We show that the “reverse triangular” matrix

Tn =























0 0 · · · 0 0 1
0 0 · · · 0 1/2 1/2
0 0 · · · 1/3 1/3 1/3
...

... ...
...

...
...

0 1/(n − 1) · · · 1/(n − 1) 1/(n − 1) 1/(n − 1)
1/n 1/n · · · 1/n 1/n 1/n























,

that is,

(Tn)ij =

{

1/i if i + j ≥ n + 1
0 otherwise,

has eigenvalues
1,−1/2, 1/3, . . . , (−1)n+1/n.

In Section 2, we establish this result in two ways: (1) by explicitly exhibiting eigenvectors
via an odd-looking combinatorial identity, and (2) by giving a matrix that conjugates Tn

into an upper triangular matrix.
In Section 3, we use the knowledge of the eigenvalues of Tn to study two related random

walks, most conveniently summarized as “the rook on the half-chessboard.” Consider an
n × n chessboard from which all squares above (but not including) the northwest-southeast
diagonal have been removed. In the “sloppy” random walk, a rook is moved as follows. If
a coin flip comes up heads, we choose a square uniformly at random in the row containing
the rook (including the square the rook occupies), and move the rook there. If the coin flip
comes up tails, we do the same using the column instead of the row.

A fundamental property of this random walk is the speed at which an initial probability
distribution for the position of the rook converges to the uniform distribution. The sloppy
walk has an obvious inefficiency built in: two or more moves in the same direction have
no more effect on the distribution than a single move in that direction. Hence we also
introduce the “ordered” random walk, in which horizontal and vertical moves alternate. We
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might expect that the ordered walk converges twice as quickly as the sloppy walk, since on
average only half of the moves in the sloppy walk have any effect; we discover that it actually
converges somewhat more quickly than that.

2 How (Not) to Diagonalize a Matrix

We first establish a combinatorial identity (Proposition 1), of which we use only a special
case (Corollary 2) for the diagonalization.

Proposition 1 Let k, ℓ,m, n be nonnegative integers. Then
∑

j

(−1)j
(

m+j

m−1

)(

n−j−1

n−m

)(

n−k−1

j−k+ℓ

)

= (−1)k+ℓ+m+1
∑

j

(−1)j
(

m+j

m

)(

n−j−1

n−m

)(

ℓ

j−k+ℓ

)

.

Proof. For convenience, define

F (k, ℓ,m, n) = (−1)k+ℓ+m+1
∑

j

(−1)j

(

m + j

m − 1

)(

n − j − 1

n − m

)(

n − k − 1

j − k + ℓ

)

and

G(k, ℓ,m, n) =
∑

j

(−1)j

(

m + j

m

)(

n − j − 1

n − m

)(

ℓ

j − k + ℓ

)

;

we claim that F ≡ G. Using the identities
(

n−k−1

j−k+ℓ

)

=
(

n−k

j−k+ℓ

)

−
(

n−k−1

j−k+ℓ−1

)

and
(

ℓ

j−k+ℓ

)

=
(

ℓ−1

j−k+ℓ

)

+
(

ℓ−1

j−k+ℓ−1

)

, we obtain

F (k, ℓ,m, n) = F (k − 1, ℓ − 1,m, n) + F (k, ℓ − 1,m, n),

G(k, ℓ,m, n) = G(k − 1, ℓ − 1,m, n) + G(k, ℓ − 1,m, n).

From these functional equations, we conclude that if F (k, ℓ− 1,m, n) = G(k, ℓ− 1,m, n) for
fixed ℓ and all k,m, n, then F (k, ℓ,m, n) = G(k, ℓ,m, n) for all k,m, n as well. Hence the
claim follows by induction, once we show F (k, 0,m, n) = G(k, 0,m, n) for all k,m, n. Since
the only nonzero term in G(k, 0,m, n) occurs at j = k, this becomes

∑

j

(−1)j
(

m+j

m−1

)(

n−j−1

n−m

)(

n−k−1

j−k

)

= (−1)m+1
(

m+k

m

)(

n−k−1

n−m

)

.

Upon expanding the binomial coefficients in terms of factorials, the terms involving n cancel
out, leaving us to show that

∑

j

(−1)j

(

m + j

j − k

)(

m

j + 1

)

= (−1)m+1

(

m − 1

k

)

.

This can be verified either using the WZ method [3] with the certificate

(2m + 1)(j + 1)(k − j)

m(j − m)(m + 1 + k)
,
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or directly using upper negation and the Vandermonde identity [2, p. 174]:

∑

j

(−1)j

(

m + j

j − k

)(

m

j + 1

)

= (−1)k
∑

j

(

−k − m − 1

j − k

)(

m

m − j − 1

)

= (−1)k

(

−k − 1

m − k − 1

)

= (−1)m+1

(

m − 1

k

)

. 2

Corollary 2 Let k,m, n be nonnegative integers. Then
∑

j

(−1)j
(

m+j

m−1

)(

n−j−1

n−m

)(

n−k−1

j

)

= (−1)m+1
∑

j

(−1)j
(

m+j

m

)(

n−j−1

n−m

)(

k

j

)

.

Proof. Set ℓ = k in Proposition 1. 2

Proposition 1 can be derived from Corollary 2 by induction on ℓ − k, using the functional
equations. This observation is what led us to formulate Proposition 1 in the first place.

Proposition 3 The eigenvalues of Tn are (−1)m+1/m for m = 1, 2, . . . , n.

First Proof. Since the proposed eigenvalues for Tn are distinct, it suffices to exhibit an
eigenvector for each. We claim the vector (xn−1, xn−2, . . . , x1, x0), with entries

xi =
m−1
∑

j=0

(−1)j

(

m + j

m

)(

n − j − 1

n − m

)(

i

j

)

, i = 0, 1, . . . , n − 1,

is an eigenvector of Tn (nonzero because x0 6= 0) with eigenvalue (−1)m+1/m. It suffices to
show that (x0 + x1 + · · · + xk−1)/k = (−1)m+1xn−k/m; however, the latter follows from the

identity
∑k−1

i=0

(

i

j

)

=
(

k

j+1

)

and Corollary 2, which may be rewritten (after substituting n− k

for k) as

m
m−1
∑

j=0

(−1)j
(

m+j

m

)(

n−j−1

n−m

)(

k

j+1

)

= (−1)m+1k
m−1
∑

j=0

(−1)j
(

m+j

m

)(

n−j−1

n−m

)(

n−k

j

)

. 2

Second Proof (outline). Let M be the n × n matrix given by

Mij =

(

n − i

j − 1

)

.

One can then check in succession that

(M−1)ij = (−1)n+i+j+1

(

i − 1

n − j

)

,
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(TnM)ij =
1

i

(

i

j

)

,

and

(M−1TnM)ij =
(−1)i+1

j

(

n − i

n − j

)

.

Each of these is a combinatorial identity that can be checked using either WZ or upper
negation and Vandermonde. Since M−1TnM is upper triangular, its diagonal entries are the
eigenvalues of Tn. 2

3 Application to Random Walks

The “sloppy” Markov process described in Section 1 is more precisely given by the (sym-
metric, doubly stochastic) transition matrix

K(vij, vi′j′) =



















1/(2(n − i)) + 1/(2j) if i = i′ and j = j′

1/(2(n − i)) if i = i′ and j 6= j′

1/(2j) if i 6= i′ and j = j′

0 otherwise,

where vij denotes the square in the (i+1)-st row and the j-th column (so that 0 ≤ i < j ≤ n).
Here K(vij, vi′j′) denotes the probability of ending in vi′j′ after one move, after beginning in
vij.

To display the transition matrix K ′ for the “ordered” walk, first define the auxiliary
matrices K1 and K2 as the transition matrices associated with horizontal and vertical moves,
respectively; that is,

K1(vij, vi′j′) =

{

1/j if j = j′

0 otherwise

and

K2(vij, vi′j′) =

{

1/(n − i) if i = i′

0 otherwise.

Then K ′ = K2K1. (Note that K = (K1 + K2)/2.)
In order to calculate how quickly the sloppy and ordered random walks become random,

we must first compute the eigenvalues of their transition matrices.

Proposition 4 The eigenvalues of K are 0, 1, and 1/2± 1/(2m), where m = 2, . . . , n; each

has multiplicity 1 except for 0, which has multiplicity
(

n−1

2

)

.

Proof. We produce
(

n+1

2

)

=
(

n−1

2

)

+2(n−1)+1 independent eigenvectors with the asserted
eigenvalues; by counting, these give all of the eigenvalues.

If a, b ∈ {1, . . . , n−1} and a < b, define fab by fab(vab) = 1, fab(va−1,b) = −1, fab(va,b+1) =
−1, fab(va−1,b+1) = 1, and fab(vij) = 0 for all other vij. Then K1fab = K2fab = 0, so that

Kfab = 0. There are
(

n−1

2

)

ways to choose such pairs a, b, and it is straightforward to check
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that all fab’s thus produced are linearly independent; thus 0 is an eigenvalue of K with
multiplicity (at least)

(

n−1

2

)

.

Next note that 1 is an eigenvalue of K with eigenvector (1, 1, . . . , 1).
Now let m be in {2, . . . , n}. By Proposition 3, we know that Tn has an eigenvector

(xn−1, xn−2, . . . , x1, x0) with eigenvalue (−1)m+1/m. Define f1 and f2 by f1(vij) = xn−j and
f2(vij) = xi. Then

K1f1(vij) =
∑

i′<j′

K1(vij, vi′j′)f1(vi′j′) =
j−1
∑

i′=0

f1(vi′j)

j
= f1(vij)

so that K1f1 = f1. Moreover,

K2f1(vij) =
n

∑

j′=i+1

f1(vij′)

n − i
=

1

n − i

n
∑

j′=i+1

xn−j′ =
(−1)m+1xi

m

by the eigenvector relation, so that K2f1 = (−1)m+1f2/m. Similarly, K1f2 = (−1)m+1f1/m
and K2f2 = f2. Hence if we define f+ and f− by f± = f1 ± f2, then

Kf± =
1

2

(

1 ±
(−1)m+1

m

)

f±.

It is easy to check that f± 6= 0; we conclude that 1/2 ± 1/(2m) are eigenvalues of K for
m = 2, . . . , n. 2

Proposition 5 The eigenvalues of K ′ are 0 and 1/m2,m = 1, 2, . . . , n; each has multiplicity

1 except for 0, which has multiplicity
(

n

2

)

.

Proof. As in the proof of Proposition 4, we first find
(

n

2

)

independent eigenvectors with

eigenvalue 0. In this case, they are given by fab, 1 ≤ a < b ≤ n, defined by fab(vab) =
1, fab(va−1,b) = −1, and fab(vij) = 0 for all other vij. It is straightforward to check that these
eigenvectors are linearly independent.

As before, 1 is an eigenvalue of K ′ with eigenvector (1,1,. . . ,1).
Now let m be in {2, . . . , n}. Define f1 and f2 as in the proof of Proposition 4. Then

K ′f2 = K2K1f2 =
(−1)m+1

m
K2f1 =

(

(−1)m+1

m

)2

f2 =
1

m2
f2,

and f2 is an eigenvector of K ′ with eigenvalue 1/m2, as desired. 2

Standard techniques applied to the spectra of K and K ′ give bounds on how quickly
these Markov chains approach stationarity [1]. Roughly speaking, suppose that M is a di-
agonalizable stochastic transition matrix with eigenvalues 1 = λ1 > λ2 ≥ · · · ≥ λq and
corresponding eigenvectors v1 = (1, . . . , 1), v2, . . . , vq. For any starting probability distribu-
tion v = c1v1 + c2v2 + · · · + cqvq (where c1 = 1/q, since the sum of the entries in v must
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be 1), we have M rv − v1/q = c2λ
r
2v2 + · · · + cqλ

r
qvm; thus the random walk described by

M converges to stationarity at an approximate rate of λr
2, where r is the number of moves

made.
More precisely, let µ be the uniform distribution on the state space {vij}, i.e., µ(vij) =

1/
(

n+1

2

)

, and let Kr
vij

(vi′j′) = Kr(vij, vi′j′) be the (vij, vi′j′) entry of the matrix Kr, i.e., the
probability that the chain is in state vi′j′ after r steps, after beginning in state vij. A measure
of how close Kr is to randomness is the total variation distance

‖Kr
vij
‖TV =

1

2

∑

i′<j′

|(Kr
vij

− µ)(vi′j′)|,

and similarly for K ′. Then the techniques of [1] give the following asymptotic bounds on
the distance from randomness of the chains K and K ′ after r steps. (Here ∼ represents
asymptotic behavior for large r.)

Proposition 6 For any i < j, ‖Kr
vij

− µ‖TV ∼ 1

2

(

3

4

)r
.

Proposition 7 For any i < j, ‖K ′r
vij

− µ‖TV ∼ 1

2

(

1

4

)r
.

In other words, it takes approximately c/ log(4/3) steps for the sloppy walk to “become
random,” in the sense of being distance e−c from uniformity, and c/ log 4 steps for the ordered
walk to do so, more or less independently of n. Since one step of the ordered walk actually
involves two moves, the ordered walk becomes random more quickly by a factor of

log 4

2 log(4/3)
≈ 2.409,

which is greater than the factor of 2 we initially suggested.
It would be interesting to extend these results to more than two dimensions; to avoid

taxing the reader’s visual faculties, we suggest an alternate formulation. The squares of the
half-chessboard can be identified with the increasing integer sequences 0 ≤ m1 < m2 ≤ n,
where the sloppy walk proceeds by either moving m1 between 0 and m2 − 1 or moving m2

between m1 + 1 and n. The k-dimensional analogue of the sloppy walk would be to walk
among the increasing integer sequences 0 ≤ m1 < · · · < mk ≤ n by choosing i ∈ {1, . . . , k}
uniformly at random, then moving mi between mi−1 + 1 and mi+1 − 1 (where m0 = −1 and
mk+1 = n + 1). Our computations suggest that the eigenvalues of the resulting transition
matrix are not as easily described as in the two-dimensional case; moreover, it is not even
clear what the correct analogue of the ordered walk should be.
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