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Abstract

We presenttwo algorithmsfor uniformly samplingfrom the
propercoloringsof a graphusing

�
colors. We useexact

samplingfrom thestationarydistribution of a Markov chain
with statesthat are the

�
-coloringsof a graphwith maxi-

mumdegree � . As opposedto approximatesamplingalgo-
rithms basedon rapidmixing, thesealgorithmshave termi-
nationcriteria thatallow themto stopon someinputsmuch
morequickly thanin theworstcaserunningtimebound.For
the first algorithmwe show that when

��� �����	��

� , the
algorithmhasan upperlimit on the expectedrunning time
that is polynomial. For the secondalgorithmwe show that
for
����� ��� where

�
is an integer that satisfies

�
�����
,

therunningtime is polynomial. Previously, Jerrumshowed
that it was possibleto approximatelysampleuniformly in
polynomialtime from thesetof

�
-coloringswhen

��� 
����
but ouralgorithmis thefirst polynomialtimeexactsampling
algorithm for this problem. Using approximatesampling,
Jerrumalsoshowed how to approximatelycount the num-
ber of

�
-colorings. We give a new procedurefor approx-

imately countingthe numberof
�
-coloringsthat improves

the runningtime of the procedureof Jerrumby a factorof����� � ��� when
��� 
�� , where

�
is the numberof nodesin

the graphto be coloredand � is the numberof edges. In
addition, we presentan improved analysisof the chain of
Luby andVigodafor exact samplingfrom the independent
setsof a graph.Finally, we presentthefirst polynomialtime
methodfor exactly samplingfrom thesink freeorientations
of a graph.Bubley andDyer showedhow to approximately
samplefrom this statespacein  !�"�$#&%(')�+*-,/.0�1� time,our al-
gorithmtakes 23����45� expectedtime.6
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andONR grantN00014-96-1-00500

1 Intr oduction

Recentlya numberof exciting resultshave appearedin the
areaof Monte Carlo Markov Chain (MCMC) theory. One
suchresultis theprocedureof ProppandWilson[10] known
ascouplingfrom thepast(CFTP),whichallowsusto sample
directly from the stationarydistribution of certainMarkov
chainswithout visiting eachstatein thechain.Many chains
thatarisenaturallyout of statisticalmechanicsandapproxi-
matecountingproblemshaveanumberof statesexponential
in the sizeof the input. Although this makesit impossible
to efficiently computethe entirestationarydistribution, us-
ing CFTPwe canstill sampleefficiently from thestationary
distribution.

The statespacewe areprimarily interestedin sampling
from here is the set of propercoloringsof a graph 798�;:<�1=>� using

�
colors. A propercoloring of a graph 7 is

anassignmentof colorsto nodessothatno two neighboring
nodesreceive the samecolor. This statespaceis a special
caseof aframework from statisticalmechanicsknown asthe
Pottsmodel.

The ability to sampleefficiently from statespacessuch
asthePottsmodelleadsto betterapproximatecountingalgo-
rithmsandhasapplicationsin statisticalmechanics(see[1]).
The

�
-coloringproblemis of interestin complexity theory.

Jerrum,Valiant,andVazirani[6] showedthat for a classof
problemswhich includes

�
-coloringsthat a methodfor ef-

ficient approximatesamplingfrom the statespacecould be
usedto constructanefficient methodfor approximatingthe
sizeof thestatespace.Countingthenumberof

�
-colorings

of agraphis a ?A@ -completeproblem,makingit unlikely that
anefficientalgorithmwill befoundto solve it exactly.

In thenext sectionwe describethePottsmodelin more
detail, after which we presenta brief descriptionof CFTP,
alongwith our first algorithmfor exact samplingfrom the�

-coloringsof a graph.In section5 we presentour exact
�
-

coloringsamplingalgorithm,whichis thefirst to runin poly-
nomialtime. Wethenpresenta secondexactsamplingalgo-
rithm for the

�
-coloringchainthatusesboth CFTPandre-

jectionsampling,andhaspolynomialrunningtime. Wethen
briefly discussthe extensionof thesemethodsto the gen-



eralPottsmodel. We thenpresentanalgorithmfor approx-
imatelyB countingthe numberof

�
-coloringsthat improves

uponthe runningtime of the previous method(dueto Jer-
rum) by a factorof 23���$�C� � �C�ED Finally we presentthe first
polynomial time methodfor exact samplingfrom the sink
freeorientationsof agraph.Thisalgorithmhasalongerrun-
ningtime thanthepreviousapproximatesamplingalgorithm
dueto Bubley andDyer [2].

We usethe total variationdistanceto quantify whatwe
meanby approximateandexact sampling. If the distribu-
tions F and G put probability masson a finite set, the total
variationdistancebetweenthemisH F�IJG H KML 8 N
 O P H F<��QR�)IJGS�+QT� H D
In approximatesampling,the goal is to prove that the total
variationdistancebetweenthe algorithm’s distribution and
thedesireddistribution is smallerthansomefixed * ��U . In
exact sampling,the total variationdistanceis zero, that is,
weareexactlysamplingfrom thedesireddistribution.

Many algorithmsin thisareaarebasedonsamplingfrom
the stationarydistribution of a Markov chain,andfor con-
veniencewe measuretherunningtimesof thesealgorithms
by the numberof stepsthat needto be taken in a Markov
chain. Let @ P5V W be the probability distribution of a particle
on a Markov chainthatstartedat stateQ andranfor X steps,
andlet Y P ��*0� bethesmallestX for which

H @ P5V W I�G H KML�Z *[D
Themixing timeof thechainis YM�+*E�\8^]`_�a P Y P ��*E�0D Wewill
saythat a chainis rapidly mixing if YM�+*E� is boundedabove
by a polynomialin

�
and %(')� N ��*E� , where

�
is a variablethat

parameterizesthesizeof thechain.
Previously, Jerrum[5] exhibiteda chainfor

�
-colorings

that was rapidly mixing provided that
�	� 
���� where �

is the maximumdegreeof the graph 7 that we arecolor-

ing. His algorithmtook 2cbedd ,f�1g %('�h .i�j � %(')� � �;k stepsin

the Markov chainto ensurethat the total variationdistance
wasbelow *[D Wepresentanalgorithmfor whichwecanshow
thefollowing.

Theorem 1 Supposethat
��� �l�+�m�n

� . Thenour first

algorithmis anexactsamplingalgorithmfor which therun-
ning timeis a randomvariable o thatsatisfies=`p orq Z�sut � Iv�� I��l���w��
x�5y � %('z� � �ED
and @{�"o �}| ={p orq"��~�� N �����1� .

Our secondalgorithmhasa running time that is better
thanthefirst when �3g ��� .

Theorem 2 Supposethat
����� � , where

�
is an integer.

Our secondalgorithm is also an exact samplingalgorithm
for which therunningtimeis a randomvariable o satisfying@{��o �^| ={p orq"�S~w� N ������� , where

={p orq Z �� Iv� � %(')� � ��� N � t � � y�� � ,f�1���>� D

Thesealgorithmsareweaker thanJerrum’s in that they
requiremore colors to run in polynomial time. However,
they areexactsamplingalgorithmswhereasJerrum’smethod
only generatesanapproximatesample.Moreover, theseal-
gorithmsmight finish runningbeforethe boundsgiven on
thetherunningtimewould indicate.In thealgorithmswhich
rely on rapid mixing, the algorithm must always take the
sameworst caseamountof stepsin the Markov chain. In
algorithmslike ours,whicharebasedon CFTP, we haveter-
minationcriteria that allow us to end the algorithmbefore
theworstcaseanalysiswould indicate.

In addition, our algorithmsare exact samplers,and so
the runningtime doesnot dependon * , makingthemfaster
than Jerrum’s methodby a factor of %(')� N ��*E� . Unlike Jer-
rum’smethod,however, therunningtimeof thesealgorithms
is random,andto ensurethatthealgorithmterminateswith a
probabilityof at least

N I | , it is necessaryto runfor anextra
factorof %(')� N � | � time. Note that * , which boundsthe total
variation,will usuallybemuchsmallerthan

|
whichbounds

theprobabilityouralgorithmdoesnotcompleteonschedule.
Sincethesesamplingalgorithmsareoften run many times
(for examplein thecountingapplications)therunningtime
is oftenevenmorecloselyconcentratedaroundtheexpected
runningtime.

In the chainswe considerhere,thereis a color set � ,
a vertex set : , andthe statespaceof the Markov chain is��� � L . For example,in the

�
-coloringsof a graph, : is

thevertex setof our graph 7m8��;:<�1=>� , and
�

is the setof
propercoloringsof thenodesof : . Someexamplesof chains
in thisclassincludethehardcoregasmodelandthesinkfree
orientationsof a graph,whicharediscussedin section2.

2 Models

The problemof samplingfrom the
�
-coloringsof a graph

is a specialcaseof the Pottsmodel. The Pottsmodel,de-
velopedin 1952[9], is a framework wherewe aregiven

�
colorswith which to coloranunderlyinggraph 7w8���:<��=>� ,
eitherproperlyor improperly. For simplicity, herewe will
only discussthePottsmodelwith noexternalfield. Let Q be
suchacoloring,andlet � denotethenumberof edgesin the
graphwhoseendpointsarecoloredby Q with thesamecolor.
The Hamiltonianof a state Q , denoted���+QT� , is definedas���+QT�\8wI��<� , where � is aconstant.Thenwewish to sam-
plefrom theGibbsdistributionwheretherelativeprobability
of state Q is �Ea��M�AI��z����QR�1�E� where � is a positive constant
known astheinversetemperature.ThePottsmodel,like all
themodelswewill discuss,comesfrom statisticalmechanics
whereit is usedto modelmaterialbehavior (see[12]).

If theparameter� is negative, thenhigherprobabilityis
assignedto statesQ wherethe endpointsof edgesarecol-
oredthesameway. This is oftenreferredto astheferromag-
netic Pottsmodel,andalgorithmsfor exact samplingfrom
this distribution areknown [10]. If � is positive, however,
thenstatesQ whereendpointsof edgesare identically col-
oredhave low probability. This is known as the antiferro-



magneticPottsmodel.
The
�

parameter� is inverselyproportionalto thetemper-
ature,so as ��� � the temperaturegoesto zero. As the
temperaturedecreases,theantiferromagneticPottsmodelis
morelikely to selecta propercoloringof the graph,where
no two adjacentnodesaregiventhesamecolor. Thereforeit
is customaryto considertheproblemof uniformly sampling
from theproper

�
-coloringsof a graphastheantiferromag-

neticPottsmodelwith zerotemperature.

2.1 The Ising Model

ThePottsmodelis ageneralizationof anearliermodelcalled
the Ising Model. In the Ising Model the numbersof colors
is 2. In thisspecialcaseouralgorithmreducesto algorithms
previously developedby ProppandWilson [10] (in the fer-
romagneticcase)and Häggstr̈om and Nelander[3] (in the
antiferromagneticcase).

In combinatorialtermsthe Ising Model maybe thought
of assamplingfromweightedcutsof agraph.Whenthetem-
peratureis low, with highprobabilitythesampledcutwill be
the maximumcut in the graph. Finding the maximumcut
in a graphis an ¡$@ -completeproblem,andso in general
it will not be possibleto efficiently samplewhen the tem-
peraturedropsbelow a thresholdvalue. In section6.1 we
show boundson the temperaturewhich guaranteethat the
algorithmrunsin polynomialtime.

2.2 The Hard Core Gas Model.

In this modelwe have a graph 7¢8���:<��=>�E� which is usu-
ally a lattice. The color set �£8¥¤ U � N�¦ . A nodecolored1
indicatesthata gasmoleculeoccupiesthatnode,andanode
colored0 indicatesthat thatnodeis empty. Thestatespace
consistsof all colorings(placementof gasmolecules)such
thatno two adjacentnodesarecolored1, that is, no two gas
moleculesarenext to oneanother. This is equivalentto the
statespacebeing the independentsetsof the graph,where
a nodeis colored1 if it is part of the independentsetand
colored0 otherwise.

Exactsamplingalgorithmshavebeengivenfor thisprob-
lem by Häggsẗom and Nelander[3] and more recentlyby
Luby andVigoda [7]. In section5 we boundthe running
time of the procedureof Häggsẗom andNelanderandgive
animprovedanalysisof themethodof Luby andVigoda.

2.3 Sink Free Orientations of a Graph.

An orientationof an undirectedgraph 7§8¨�+¡l��=>� is an
assignmentof a directionto eachedgein thegraph.A sink
freeorientationis anorientationin which no nodein ¡ has
outdegree0. This canfit our framework by consideringthe
“vertex set” : to bethesetof edgesin 7 andthecolorsetto
be ¤ U � N�¦ , where0 indicatesonedirectionfor theedgeand1
indicatestheother. Thenasbeforethestatespaceis asubset
of �ª© .

Bubley and Dyer proved a chain for this problemwas
rapidly mixing using path coupling [2]. In section8 we

presentthefirst polynomialtime algorithmfor samplingex-
actlyuniformly from thisstatespace.

3 Coupling From the Past

Theprocedurethatweuseis basedoncouplingfrom thepast
(CFTP),a techniquedevelopedby Proppand Wilson [10]
thatgivesanexactrandomsamplefrom a Markov chain. In
CFTP, we assumethat a particle hasbeenrunning on the
Markov chainsincetime I�� . We areconcernedwith the
locationof theparticleat time0. Theparticlehasbeenmov-
ing on the chain for all time, andso intuitively onewould
believe that theparticleat time 0 is distributedaccordingto
the stationarydistribution. In fact ProppandWilson were
ableto show thatthis is true.

TheideabehindCFTPis to startat time I«o with a sep-
arateparticlefor eachpossiblestatein the chain. Thenrun
the chainforward in time asa couplingprocess.That is, if
two particlescollide in the chain, from thenon they move
togetherasoneparticle.We will refer to sucha collision as
a coalescence.If all theparticlescoalesceinto oneparticle
by time 0, thenProppandWilsonshowedthatthecoalesced
particlehasthestationarydistribution. [10].

To makeCFTPwork for aspecificMarkov chain,two is-
suesneedto beaddressed.Sincethenumberof statesof the
Markov chainmay be exponentiallylarge in the input, we
cannottrackall of theparticlesto seewhencoalescenceoc-
curs. We needa methodto efficiently determinewhenonly
oneparticleremainssothatwe know whento stopthealgo-
rithm. In addition,we would like a polynomialupperbound
on theexpectedtime neededfor all theparticlesto coalesce,
sothatwehaveaprovablyefficientalgorithm.

3.1 Our Framework.

Wewill beconsideringMarkov chainswith astatespacesat-
isfying

�¬� � L , where� is acolorsetand : is avertex set.
Our approachto showing coalescencewill be to keeptrack
of whatinformationweknow abouttheparticlein thechain.
At the beginning, the particlemay be any oneof the setof
propercolorings,andsofor eachvertex wedonotknow what
color the vertex is. We canrecordthis information(or lack
of information)by sayingthat the setof possiblecolorsfor
eachvertex is � .

As we move in the Markov chain,we gain information
aboutthe setof possiblecolorsat a vertex. Supposea step
in the chainchangesa particularvertex ­ to eitherblue or
red. Thecolorof ­ is still indeterminate,but therearefewer
possibilitiesfor thecolorof ­ thanat thestartof theprocess.
If thesetof possiblecolorsfor ­ is only a singlecolor, say¤ green

¦
, thenwe know thatvertex ­ is coloredgreen.If all

of theverticesin thegraphhaveonly asinglepossiblecolor,
thenall of theparticleshave coalescedinto a singleparticle
andwearedone.

Let ® . betheMarkov chainwith statespace
�c� � L ,

andlet ¯ denotea particleon this chain. We now desirea
secondchainwhosestatesrecordthe setof possiblecolors



for verticesof thegraph.We will call sucha chaina bound-
ing chain.° This boundingchain ® � will have statespace�r± 8��;

²<� L , thatis, at eachvertex ­ we assigna setof pos-
siblecolors. We createa particle ³ on this chain ® � that
satisfies̄��"­´�¶µ�³	�"­´� for all ­ . To ensurethat this is true
even whenwe know nothingabout ¯ , we start ³ at state� L .

We will run particle ¯ on ® . andparticle ³ on ® �
simultaneously. The particle ¯ is unknown until the algo-
rithm terminates,but we know the stateof ³ at all times.
If
H ³	��­´� H 8 N for all ­ , thenknowing ³ will enableus to

determinē . (In physics,theentropy of asystemis thelog-
arithmof thenumberof statestheparticlemaybein. In our
case,theentropy is ·�¸/%(')� H ³	�"­f� H � andwe wish for theen-
tropy to go to 0, indicatingthatonly onestateis possiblefor
theparticle.)

Definetheset ¹ to be ¤C­�º H ³	��­´� H � N�¦ D�¹ is thesetof
verticeswherē is not determinedby ³ . Let »c8c:½¼�¹$�
so » is thesetof verticeswhere ³ determinesexactlywhat¯ is. Thealgorithmterminateswhen

H » H 8 � .

3.2 Monotonicity and Antimonotonicity .

ProppandWilson observedthatCFTPcouldalwaysbeap-
pliedto theclassof monotoneMarkov chains,andHäggsẗom
andNelanderextendedtheir resultsto thecaseof antimono-
tone Markov chains. Supposewe denoteour color set by�w8�¤ N �¾D[D[D5� � ¦ . Withoutgoinginto thedefinitionsof mono-
toneandantimonotone,weremarkthatbothProppandWil-
sonandHäggsẗom andNelander’s resultsfor chainson � L
mayberegardedasusingaboundingchainwhereeach³	�"­´�
is aninterval ¤5¿���­´�E�[D[D[DC�0Àu�"­´� ¦ .

Unfortunatelyneitherthe
�
-coloringchain(with

�J� � )
nor the sink free orientationschain are monotoneor anti-
monotone,sothesepreviousmethodsdonot apply.

4 The Bounding Chain for
�
-colorings

Our boundingchain will give informationabouta particle
moving accordingto theheatbathMarkov chainof Salasand
Sokal[11] thathasasits statespacethe proper

�
-colorings

of agraph7 . In onestepof theheatbathchain,wechoosea
vertex uniformly at randomandchooseacolorfor thevertex
uniformly at randomfrom thosewhich make a propercol-
oring. The vertex is then changedto the new color. This
chainis symmetricandsohasastationarydistribution thatis
uniformoverall

�
-colorings.

Jerrumshowed that a different
�
-coloring chainknown

astheGlauberdynamicschainis rapidly mixing. Salasand
Sokalshowedindependentlyof JerrumthatboththeGlauber
dynamicschainandtheheatbathchainwererapidlymixing
for
�Á� 
�� usinga techniqueknown asDobrushinunique-

ness[11].
We now presentour methodof determiningwhencoa-

lescenceat time 0 hasoccurredfor theheatbathchain. Let® . be theheatbathchain. We now describeour bounding
chain ® � . An alternateway of viewing theheatbathchain

M1 (Unknown)

v

blue yellow red
green

M2  (Known)

v

{red, brown,
blue, black}

{red}{yellow, blue, black}
{green}

Figure1: OneStepin Â . and Â �
is thefollowing. Selecta vertex uniformly at random.Then
randomlychoosecolorsfrom � without repetitionuntil we
getacolorthatis notblocked,thatis,until wechooseacolor
suchthatnoneighborof : hasthatsamecolor. Thenswitch: to thatcolor.

This equivalentview of the heatbathchain is how we
find Ãx��³c� from ³ . First selecta vertex ­ uniformly at ran-
dom.We set Ãx��³c�¾�;:�¼�­´�<8w³	��:�¼�­´�E� andsoweareonly
concernedwith thevalueof Ã
�;³c� at ­ . We know thecolor
of someof theneighborsof ­ , thoseneighborswhich lie in» . Let ÄÅ8Æ¤5Ç�ºr¤¾­R��È ¦ µc=3�0³	��È¶�!8É¤-Ç ¦
¦ � that is, Ä
is thesetof colorsthatwe know for surewe cannotchoose
for ­ . Let Êm8Ë¤-ÇuºÌ¤¾­&��È ¦ µ�=3�1Ç3µ}³	��È¶� ¦ � that is, Ê is
thesetof colorsthatmight possiblybeblockedfor ­ . Now
from thecolorsin �Á¼MÄ , choosecolorsuniformly at random
until weeithergetacolor in ��¼)Ê or wehavechosen�¬� N
colors.Let Ã
�;³c�¾��­´� bethesetof colorschosen.

Thereis guaranteedto beat leastonecolor in Ã
��³c�[��­´�
that is not blocking,sincewe selectedcolorsuntil eitherwe
had ��� N differentcolorsor thecolorselectedwasin �$¼/Ê .
Let Ãx��¯Á�¾�"­´� bethefirstcolorselectedthatwasnotblocking.
Thenwe have maintainedthat for eachstepof the Markov
chain, ¯���­´��µ£³	��­´��Í Ã
�"¯Á�¾�"­f�$µÎÃ
��³c�[��­´� for all ­ .
Figure4 showsonestepfor ® . and ® � .
5 Running Time of Algorithm

For the algorithmto terminate,we desire
H » H 8 � , that is,H ³	�"­f� H 8 N for all ­ . Let » W be » after X time steps.ThenH » W H is a randomwalk on thenumbers¤ U �¾D[D[DC� � ¦ , with

U
be-

ing areflectingbarrier(sincewealwaysknow thecolorof at
least0 nodes)and

�
beinganabsorbingbarrier(onceall the

colorsareknown, they stayknown). We wish to determine
how longit takesbeforewehit

�
(thiseventwill happenin fi-

nitetimewith probability1 aslongas @{� H » WÐÏ . H � H » W H � ��U
when » W ~ �

). Let È�Ñ denotethe numberof times that@{� H » W H 8�Ò . We will developboundson the È�Ñ thatwill al-
low usto boundtheoverall expectedtime until coalescence
occurs.



5.1 Random Walk with Absorbing and Reflecting
Barrier s.

Ourapproachwill beto show thattherandomwalk is a sub-
martingaleandthenapplyseveraltheoremsfrom martingale
theory. Recallthat therandomvariables̄ . ��¯ � �[D[D[D form a
submartingaleif ={p ¯{Ñ Ï . I!¯{Ñ H ¯{Ó��[D[D[D0¯{ÑÐq �^U . Therandom
variableY is astoppingtimefor thesubmartingaleif for each�

wecandeterminewhetherY �}� .
Threeresultsfrom martingaletheorywill beneeded[8].

Lemma 1 (MartingaleStoppingTheorem)Let ¯ W bea sub-
martingaleand let Y be a stoppingtime for ¯ W satisfying@{��Y�~^���\8 N and = H ¯uÔ H ~^� . Then ={p ¯{Ô�q � =`p ¯ Ó q+D

A well known corollaryof this resultis Wald’s Lemma,
whichwewill utilize later.

Lemma 2 (Wald’s Lemma)Let ¯ . ��¯ � �[D[D¾D beindependent,
identicallydistributedrandomvariableswith stoppingtimeY satisfying={p YÕq)~^� . Then

=£Ö ÔO W"× . ¯ W"Ø 8¬={p YÕqÙ={p ¯ . q+D
For any real Q , let Q Ï 8}]�_5a&¤-QM� U ¦ .

Lemma 3 (UpcrossingInequality)Supposē . �[D¾D[D5��¯ � is
a submartingaleandlet À3��Ú\����� bethenumberof timesthat¯ Ñ Z Ú Z � Z ¯ Ñ Ï . . Then

=>Àu�+Ú\���S� Z N�ÁIvÚ p ={��¯ � IvÚ<� Ï I�={��¯ . I�Ú\� U � Ï q+D
It is easyto extendthis result from fixed

�
to arbitrary

stoppingtimesthat arefinite with probability one. We are
now ableto stateour result.

Theorem 3 Let ¡ W be a randomwalk on ¤ U �[D¾D[D5� � ¦ with�
an absorbingstateand

U
a reflectingstate. Supposethat¡ Ó 8 U , H ¡ W"Ï . I�¡ W H Z Ã , @{�+¡ WÐÏ .{Û8n¡ W � �cU , and È Ñ is

theexpectednumberof timesthat ¡ W 8�Ò .
1. If =`�+¡ W"Ï . I�¡ W � �^U then

È�Ñ Z 
xÃ
� � IJÒ��@{�+¡ WÐÏ .ÜÛ8¬¡ W H ¡ W 8}Ò�� D
2. If =`�+¡ W"Ï . I�¡ W � �ÞÝn�¨U

for all ¡ W ~ �
, then· �Ñ × Ó È Ñ Z � � Ý .

Note that which conclusionof the theoremis stronger
will dependonwhether@{��¡ W"Ï . Û8^¡ W � or

Ý
is smaller.

Proof. Let Y bethefirst time ¡ W 8 � . Then ¡ W formsa
submartingaleand Y is astoppingtime. Also notethat]{ß('àÌá�â � @{�+¡ WÐÏ . Û8¬¡ W � �}U Íã={��Y&�S~^���
a fact thatwewill needlater.

We first show part2. Suppose=`�+¡ W"Ï . I�¡ W � �cÝ3�cU
for all ¡ W ~ � . Then ¡ W I Ý X is amartingalefor X Z Y , andso
we mayapply themartingalestoppingtheoremto statethat={p ¡ Ô I¶Y Ý q � ={p ¡ªÓCq �}U . Since¡ Ô 8 � and

Ý
is aconstant,

wehave that =`p YÕq/~ � � Ý which completestheproof.
For part1, we considerwhatcanhappensothat ¡ W 8�Ò .

Either ¡ W ,/. 8äÒ or a stepwastaken. Let ­ Ñ denotetheex-
pectednumberof times ¡ W 8ÆÒ and ¡ W ,/. Û8¥Ò . Thenby
Wald’s Lemmawe have that È�Ñ�8c­xÑ;��@{��¡ W"Ï . Û8�¡ W H ¡ W 8ÒA� . To determinethe ­ Ñ , we notethat if we took a stepto get
to Ò , thenit waseitheranupcrossingor a downcrossing.As
in theupcrossinginequality, saythat ¡ W upcrosses��Ú\����� if¡ W ,/. Z ÚË~m� Z ¡ W , and ¡ W downcrosses��Ú\����� when¡ W ,/. � � � Ú � ¡ W . Since ¡ Ó 8 U and ¡�Ô>8 � , thenum-
berof downcrossings¹���Ú\����� thatoccurareboundedabove
by thenumberof upcrossingsÀ3��Ú\����� . Usingtheupcrossing
inequalityis simplefor intervalsof length1.=>À3��Ò1��ÒT� N � Z NN p ={� � IvÒA�/I U q&8 � IvÒ1D¡ W is arandomwalk ontheintegerswhere

H ¡ W I�¡ W ,/. H ZÃ , andso

­
Ñ Z Ñ ,/.Oå × Ñ ,Ræ =>À3�"ç���çè� N �R�
Ñ Ï æE,/.O å × Ñ =ª¹J�Ðç���çé� N �Z Ñ Ï æ0,/.Oå × Ñ ,Ræ =!À3�Ðç���çé� N �Z Ñ Ï æ0,/.Oå × Ñ ,Ræ � IÁçZ 
xÃ
� � IÁÒ��<D(ê

Intuitively, our theoremsaysthattheexpectedtimespent
at high levels suchas

� I N or
� Ic
 is small sinceit is

likely to bump into the absorptionstateat
�

after a short
while. More time is spentat low levelssuchas

N
or 2, since

the walk mayspendconsiderabletime therebeforemoving
upwards. Another thing to note is that the proof of part 2
of the theoremignoredthe fact that

U
is a reflectingbarrier.

Thatis why part1 maygiveastrongerboundwhen
Ý

is very
small. Part 2 of this theoremhasthe following well known
variant,which is provedin asimilar fashion.

Theorem 4 Let ¡ W be a randomwalk on ¤ U �[D[D¾D-� � ¦ with�
an absorbingstateand

U
a reflectingstate. Supposethat¡ªÓè8 U , H ¡ WÐÏ . IÜ¡ W H Z Ã , @{��¡ W"Ï . Û8^¡ W � �^U , and È�Ñ is the

expectednumberof timesthat ¡ W 8}Ò . If =`�+¡ W"Ï . I¶¡ W H ¡ W 8ÒA� ��Ý Ñ �^U for all ¡ W ~ � , then · �Ñ × Ó È Ñ Z · �Ñ × Ó N � Ý Ñ .
5.2 Application to the Hard Core Gas Model.

Theresultsof the precedingsectioncanbeusedto analyze
algorithmsfor exactsamplingfrom thehardcoregasmodel
(seesection2.2), onedueto Häggstr̈om andNelander[3],
andthe otherdueto Luby andVigoda[7]. Häggstr̈om and



Nelanderdid notanalyzetheirmethod’srunningtimein [3],
but ourë resultscanbeusedto show that themethodis poly-
nomial when ì Z N �í�+��I N � . The boundon the running
time of themethodof Luby andVigodais somewhatfaster,
sowe only describeour analysisof their method.For their
method:={�+¡ WÐÏ . Iª¡ W � �^U , @{��¡ W"Ï . Û8¬¡ W �z8�23�"Ò�� � � , andH ¡ W"Ï . I}¡ W H Z 
 . They thenuseda weaker martingalere-
sult to concludethattherunningtimewasboundedaboveby23� � #C� . UsingThm 3, theexpectedrunningtime is bounded
aboveby · �Ñ × Ó 
&îï��Ò��Õ��ÒA� � �)8 s � � , andsoin facttherunning
timeof theiralgorithmis 23� � � �0D
5.3 Anal yzing our Algorithm.

Now we arereadyto show that our algorithmrunsquickly
whenthenumberof colorsis large. Sincewe areusingthe
CFTP methodology, we only needto boundthe expected
running time until coalescenceto boundthe expectedrun-
ning time of thealgorithm. Jerrum’s proof that theGlauber
dynamicschainwas rapidly mixing [5] will form the tem-
platefor ourproof.

Proof of Thm 1 We wish to find =`� H » WÐÏ . H I H » W H � so
thatwemayapplyThm3. Let ³ W beourparticleafter X time
steps,andasbeforelet » W 8¢¤¾­¬º H ³ W ��­´� H 8 N�¦

, andset¹ W 8Ë:w¼�» W . Our chainhascoalescedto a singleparticle
when

H » W H 8 � , andsowe wish to determinetheprobabili-
tiesthat ¡ W increasesanddecreasesin sizeat eachstep.We
will thenapplyourrandomwalk resulttoboundtheexpected
runningtime.

Let
| 8 H » WÐÏ . H I H » W H . For theset » W to increasein size

afteronestepof thechain � | 8 N � , we musthaveselecteda
vertex in ¹ W , andthenpickedacolorthatwasnotblockedby
theneighboringnodes.For node­ , let ð&��­´� bethenumberof
neighborsof ­ thatarein ¹ W . Eachof the ð&��­´� nodescould
beoneof atmost ��� N colors,since

H ³	�"­f� H Z ��� N for all­�µñ¹ . Let ò���­´� bethenumberof colorsknown to bein use
by neighborsof ­ , so ò���­´�<8 H ¤-Ç�ºí¤C­&��È ¦ µ$= and Èwµ�» ¦ H .
Thetotal numberof colorsthatmaybein useby neighbors
of ­ is ð&��­´�[����� N �´��ò��"­f� . Theprobabilitythat ­ goesfrom¹ W to » W is theprobability thata nodeis ¹ W is chosen,and
thena freecolor is pickedfrom � .@{� | 8 N � � O¸-ó�ô á N�}î � I�òx�"­´�MIvð&��­´�[���½� N �� Ivò���­´�� O¸-ó�ô á N� î � I��nI�ð&�"­f�[���¬� N �� Iv�

8 H ¹ W H� Ö N I O¸Có�ô á ð&��­´�¾�+�½� N �� Iv� Ø D
Now for the badcase,where » W decreasesin size. For this
to happen,wemustchoosea vertex in » W , andthenwemust
pick a color that is blockedby a neighborin ¹ W . Thereareð&��­´�¾�+�½� N � suchcolors,andso@{� | 8wI N � Z O¸Cóxõ á N��î ðR�"­´�¾���^� N �� I�ò��"­f�

Z O¸Cóxõ á N� î ð&��­´�¾�+�¬� N �� Iv� D
Let Ý 8^={� | �<8�@`� | 8 N �/I�@{� | 8wI N �0D
Somethinginterestinginterestinghappenswhenwe perform
this subtraction. The expressionfor @{� | 8 N � containsa
termlike Iª����� N ���í� � Il�{� · ¸-ó�ô á ðR�"­´� and I�@{� | 8cI N �
containsa termlike Iª���w� N ���í� � I��{� · ¸Cóxõ á ð&�"­f� . Com-
bining thesetermsyieldsthesumover ¹ WTö » W which is all
nodes.Thesumof the ð&��­´� overall nodesis just thenumber
of edgesincidentto theset ¹ W , which is boundedabove byH ¹ W H � . Hence

={� | � � H ¹ W H� î � I��cIv�l���w� N �� I�� D
This will be greaterthan0 preciselywhen

��� �l�+���½
x� .
When this occurs,from Thm 3 we have that the expected
timeuntil

H » W H 8 � is � Iv�� I�
��nIv� � � %('Ì� � �ED
Utilizing the CFTP methodologycompletesthe algorithm
andits proof. ê .

6 The Second Algorithm for
�
-Colorings

Our secondalgorithm for
�
-coloringscombinesthe ideas

of the boundingchain and rejectionsampling. It runs in2 b dd ,fg � %(')� � � b N ��h g d j � k � k time. Here
� 8m÷ � ���ªø)I`ùÕ�

so that
��� � � �w

��� . When

�x�ñ���
, this is an improve-

mentover thefirst algorithm. Evenwhen
�
� ~ � , this pro-

videsa bound(albeitexponential)on therunningtime. The
first algorithmis not guaranteedto completeat all whenthe
runningtime is not polynomial. The trivial rejectionexact
samplingalgorithmfor the

�
-coloringproblemwould be to

chooseacoloringuniformlyatrandomfromall of the
� � col-

orings(eitherproperor improper)andif it is proper, keepit.
Thisalgorithmrequiresroughly � N �Á�u� � � � samplesbefore
a propercoloring will be found, whereeachsampletakes
time 2u� � � .

Theoutlineof our procedureis asfollows. We will take
exactsamplesfrom astatespace

�r±
thatcontainstheset

�
of

propercolorings.Thesamplesfrom
�r±

will beobtainedus-
ing CFTPusing 2u�ädd ,fg � %('z� � ��� stepsof theMarkov chain.
Wewill thenshow thattheprobabilitythatauniformsample
from

�r±
lies in

�
is at least � N �c���{� � � � � � , � �1� andso the

expectednumberof samplesfrom
�r±

that we needto take
beforegettingasamplein

�
is � N �¬�+�{� � � � � � D

Theimprovementcomesfrom amodificationof ourfirst
algorithm.Insteadof lettingthesizeof ³	�"­´� grow to �v� N ,
now wewill force

H ³	�"­´� H Z � � N . Thetechniquewewill use
involvesaddinga dummycolor, which we will call white.



Unlikeothercolors,wewill allow bothendpointsof anedge
to beB coloredwhite.

Our chainworks as follows. Pick a nodeuniformly at
random.With probabilityat most ò1ú changethecolor of the
nodeto white. If we don’t changethe color of the nodeto
white,pick acolor from thosecolorsthatdon’t neighborour
chosennode,andchangethenodeto thatcolor. This chain
is aslightmodificationof theheatbathchain.Let ³�Ñ denote
thosecolorationsthat have Ò nodescoloredwhite. We are
interested,of course,in obtaininga samplefrom ³ Ó . This
chainis reversiblewith all statesin a class³�Ñ having same
stationaryprobability. We derive GS��³�Ñ�� by noting:GS��³ Ñ �Aò ú � IJÒ� Z G��;³ Ñ Ï . �¾� N Ivò ú � ÒT� N�GS��³ñÑ Ï . � Z G��;³�Ñ�� ò ú � � IJÒA�� N I�ò1úx�¾��Ò&� N �GS�;³�Ñ�� Z G��;³�ÓC� t ò úN I�ò ú y � t � Ò�y D
Hence GS�;³ Ó � Z GS��³�ÓC�· �Ñ × Ó G��;³�Ñ��8 � N ��ò ú �Õ� N I�ò ú �1� , � �
and � N �$ò ú � � upperboundstheexpectednumberof samples
neededbeforewegetasamplefrom ³ Ó .

We now set ò1úJ8É�+�{� � � � . We cansimulatethis value
for ò1ú in the chainasfollows. Choosea nodeuniformly at
random.Choose

�
colorsoneafteranotheruniformly at ran-

dom. If all
�

colorschosenareblocked, thenset the color
to white. Let ò���­´� denotethe numberof blocked colorsat
our chosennode ­ . Theprobability thatall

�
colorswill be

blockingis ��ò���­´�1� � � � Z ò ú . If wedonotturnthenodewhite,
weassignit thefirst coloroutof the

�
wechosethatmakesa

propercoloringfor thegraph.
To take onestepin ® � , we choosea node ­ at random,

then
�

colors. If the first color Ç is not blocking, we set³	��­´�38ûÇ . Otherwisewe let ³	��­´� be the setof
�

colors
pluswhite. Thetotal numberof blockingcolorsaroundany
onenodeis now not ���w� N ��� , but is insteadjust

� � .

Wemaynow proveThm2. Since b N �	h g d j � k � samples

are taken, we needonly show that the time neededto take
eachsampleis

� %('<� � � � �Õ� � IJ�{� . Theproof is quitesimilar
to thatof Thm1,exceptthatnow everywhereweused��� N
asthemaximumsizeof ³	��­´� , we mayuse

�
instead(tech-

nically, themaximumsizeof ³	��­´� will be
� � N , but oneof

thosecolorswill be white andso the maximumnumberof
blockingcolorsis

�
). Thesameprocedureemployed in the

proofof thm1 maybeusedagainhere,yielding=`� H » WÐÏ . H I H » W H �\8 � � I H » W H ���� � � Iv�{� D
Fromoursectiononrandomwalks,wehavethattherunning
time is boundedabove by · �Ñ × . � Ñ î d ,fgd Z d ,fgd � %(')� � �0�whichcompletestheproofof Thm2. ê

6.1 The Antif erromagnetic Potts Model with
Positive Temperature

We havepresentedtwo algorithmsfor theantiferromagnetic
Pottsmodelwith zerotemperature.Bothof thesealgorithms
run fasterwhenthe temperatureis positive. Whenthe tem-
peratureof thePottsmodelis above0, i.e., ��~�� , improper
coloringsarepossible,they merelyhavea lower probability
of occurring.As statedin section1, therelative probability
of ancoloringwith ����QR� edgeshaving bothendpointsshar-
ing acoloris �EaÕ�M��Iè�f�\���+QT��� . Thereforetheprobabilitythat
anodemovesfrom ¹ to » is greater, sinceevenif wepick a
blockingcolor thereis a smallchancethatthechainwill ac-
ceptit. If thetemperatureis high enough,it will runquickly
evenif

�
is small.

Specifically, theheatbathchainfor positive temperature
works as follows. For ® . , pick a vertex ­mµ)ü¢: , and
choosea color ÇÁµn� randomlywith relative probabilities�Ea��)��Iè�&�)����Ç5��­´�1�0� where ���+Ç���­´� is the numberof neigh-
bors of ­ colored Ç . For ® � , we also start by choosing­½µ ü : , andsetting ³	��­´�{8�ý . What happensnext de-
pendson thenumberof colors.

If
�`� ��� N , wethenpickcolorsoneatatimeuniformly

at randomfrom � andadd themto ³	�"­´� , stoppingwhen
either we have chosen��� N different colors, or a � U � N �
uniform randomvariablewe choosealongwith eachcolor
liesbelow �Ea��)�AI��&�)����Ç5��­f���ED

Suppose
� Z � . The worst thatcanhappenis that the

unknown nodesall block our chosencolor. So we choose
one � U � N � uniform randomnumber, À , and thenassignan
interval to eachcolor Ç of length�Ea��M�AI��&�r������Ç5��­´�T��ð&�"­f���1��EaÕ�Ì�AI��&�r������Ç5��­´�&��ð&��­´���1�&� ·^þ1ÿ��× þ �EaÕ�M��Iè�f�<���+Ç���­´�1� D
The lengthof this interval is the minimum probability that
color Ç will bechosen.If À falls into theinterval associated
with color Ç , set ³	��­´�r8 Ç . Otherwiseset ³	��­´��8 � , the
wholecolor set.

Theorem 5 Usingtheseboundingchains,thealgorithmrun
in randomtime o satisfying@{��o ��| =`p orq"��~m� N �x

��� . LetÝ 8�� d. Ï � d ,/.���� ��� �

N I�� . If
Ýè��U

, (equivalently, if �&��~%('lb N � d � � d ,/.;�g«,/. k ), then

={p orq Z ]uß(' � � %(' �Ý �E
 � ��	�,fg�
 D
Proof. Weconsiderthecasewhere

� Z � . As before,let| 8 H » W"Ï . H I H » W H . In orderfor
|

to be
N
, thechosenvertex­ mustlie in ¹ W andtherandom� U � N � uniform À mustlie in

oneof thecolor intervals.Similarly for
| 8cI N , ­�µ$» W andÀ lies outsidethecolor intervals. Theintervalsaredisjoint,

andsotheirtotal lengthis thesumof their individuallengths.
Thelengthof theinterval for Ç canbelowerboundedby

	 ,
����� � ¸ � 	 ,
����� � þ V ¸ �·^þ 	 ,
����� � þ V ¸ � �



making 	 ,
����� � ¸ � a lowerboundon thesumof thelengthsof
theinterv� als.Hence={p | q 8 @{� | 8 N �ÌIv@{� | 8wI N �Z O¸Có�ô á N� 	 ,
����� � ¸ � IÎÖ O¸Cóxõ á

N�½b N I 	 ,
����� � ¸ � k ØZ O¸Có L N� 	�,
����� � ¸ � I
� I H ¹ W H�Z N�½h H ¹ W H � 	�,
��� � � I H ¹ W H �nI � � H ¹ W H jZ H ¹ W H� h�� 	�,
��� � N Iv� j D

A morecarefulanalysisshowsthatthesumof thelengths
of intervals is boundedabove by d. Ï � d ,/.�������� � ����� � ¸ �"� . Also
note @{��» W"Ï .!Û8�» W � � � � I H » W H ���EaÕ�Ì�AIé�{� Useof Thm 3
completestheproof.

In the casewhere
� 8û
 , we have ProppandWilson’s

exactsamplerfor theIsingmodel[10]. Thisshowsthattheir
methodrunsin polynomialtime for �&� Z %(')� N ��

�Õ���	IN �1� Z 
x�Õ����I N � . Although previous resultson the mix-
ing time of Markov chainsfor the Ising modelareknown
(see[14], [4], and[13]) this is, asfar aswe know, the first
upperboundon runningtimesfor anexactsamplerfor this
problem.

7 Counting the Number of
�
-colorings

Determiningthenumberof proper
�
-coloringsof a graphis

a ? P-completeproblem,soit is unlikely thatanexactmethod
that runsin polynomial time will be discovered. However,
methodsfor approximatingthenumberof

�
-coloringsexist.

Jerrum,Valiant, andVazirani[6] showed that for the class
of self-reducibleproblems,the problemof approximately
countingcouldbe reducedto theproblemof taking a poly-
nomialnumberof approximatesamples.In fact, they show
that the numberof samplesneededto comeup with an ap-
proximationthatcomeswithin

N�� * of thetrueanswerwith
probability at least3/4 is polynomial in the input and

N ��* .
Sucha methodis known asa fully polynomialrandomized
approximationscheme,or fpras.

Jerrum[5] appliedtheir procedureto the specificprob-
lemof counting

�
-colorings.Heshowedthatwhen

�`� 
�� ,
thatafprasexistedwith runningtime 23� ���i � î dd ,f�1g %('�h 4 i� j �0DWe now presenta fpras that takes fewer samplesthanJer-
rum’s algorithmby a factorof �$�-� � ��D
Theorem 6 When

�}� 
�� , a fpras existsfor countingthe
numberof

�
-coloringsof a graphthathasrunningtime

2 t � �* � î �� I�
�� %(' b *� k y D
Proof. Our methodrecursively reducesthe problemby

removing a singlenodeat eachof
�

steps.At eachstep,we

will take
� �5��*1� samples,andeachsamplecanbe taken indd ,fg dd ,f��g %('�h 4 i� j � time.

Supposewe choosea node ­ , andthencolor the graph
with our nodedeleted. Returning ­ to the graph,we may
completethe coloring in

� I^ò���­´� ways,where ò��"­f� is the
numberof colorsusedto color nodesadjacentto ­ . SinceN Z ò��"­f� Z �`� thenumberof waysto color thegraphis just���^8 · gÑ × . � � I�ÒA�1� Ñ � where � Ñ is the numberof waysto
color thegraphwithout our nodeusingonly Ò colorson the
nodesadjacentto ­ . Let � �! �" ¸�# be the numberof waysto
color thegraphwith ­ deleted.Then���� �$ �" ¸�# 8 gO Ñ × . � � IvÒA� � Ñ� �! %" ¸�# D
Since � Ñ �x� �! %" ¸�# is just theprobabilitythata randomcolor-
ing of 7^¼¶¤¾­ ¦ usesÒ colorson thenodesadjacentto ­ , we
have that · gÑ × . � ²'&²'(�)�*�+-, 8 � and · gÑ × . Ò ²
&²'(�)�*�+-, is just the
expectednumberof colorsusedonneighborsof ­ .

Supposethat the nodesetof 7 is ¤¾­ . ��­ � �[D[D[D���­ � ¦ . Let. Ñ 8Å� �! %" ¸ ÿ V0/ /0/ V ¸ &21 ÿ # �
� �! �" ¸ ÿ V0/ / / V ¸ & # (using the convention
that � �! �" ¸ ÿ V0/ / / V ¸%34# 8 N

). Then 5 �Ñ × . . Ñ$8 � � � and we
have reducedour problemto estimatingeachof the

. Ñ val-
ues.Let ò Ñ bethenumberof colorsneighboringnode­ Ñ in a
uniformly randomcoloringof ¤�7�¼�¤C­ . ��­ � �¾D[D[D���­ Ñ ,/. ¦
¦ . By
whatwe showedabove the problemof estimating

. Ñ is ex-
actly theproblemof estimating

� I�={��ò[Ñ+� . We canestimate
thesevaluesusingsampling.

As with Jerrum’smethod,we will useapproximatesam-
pling to draw samplesfrom thesetof all proper

�
-colorings.

The running time for his sampleris dd ,f�1g � %(' h �i76 j , where
thetotalvariationdistancebetweenthedistribution thesam-
ple is drawn from andtheuniform distribution is * ± . Denote
thenumberof sampleswhichwetakeby X .

Supposewe take X38 ÷ N�8 �$�3�[�í��� � I^�{��*E���[ø samples
at eachstep Ò , andlet ò � å �Ñ bethenumberof blockingcolors

usedin sampleç . Let 9 Ñ 8 N �í� � XA� · Wå × . ò � å �Ñ � so that our

estimatefor
. Ñ will be :. Ñ/8 � � N I;9zÑ+� , andourestimatefor��� will be :���Á8 5 �Ñ × . :. Ñ 8 � � 5 �Ñ × . � N I<9 Ñ � .

Sinceò � å �Ñ Z ��� wehavethatthat

Var9\Ñ Z N� � XA� � XEp � � I���=ªò[Ñ;� � qZ N X t � � y � D
Similarly, we know that={� N I=9 Ñ �\8 N I�=ªò � å �Ñ � N Iv�{� � �
andso

Var� N I<9 Ñ �p ={� N I>9 Ñ ��q � Z N X h g d j� N Iv�{� � � �8 N X t �� I�� y �



Z * � �í� N?8 ���ED
Let = .@. 2 . betheeventwhere

H :���ÁI�=A:��� H � *1=B:�����


FromChebyshev’s inequality, theindependenceof the 9zÑ ’s,
andthefactthat

N ��Q Z 	 P wehavethat@{��= .@. 2 . � Z � Var ��5 �Ñ × . � N I<9\Ñ����* � 5 �Ñ × . ={� N I<9 Ñ � �8 �x= hC5 �Ñ × . � N I<9 Ñ ��� j* � 5 �Ñ × . ={� N I<9 Ñ � � I N* �8 �* � Ö �DÑ × . t N � Var� N I<9\Ñ��={� N I>9zÑ;� � y I N ØZ �* �FE t N � *1�N�8 ��y � I N�GZ �* �IH �Ea���h�* � � N�8 j I N�J~ N ���Õ�
when *é~ N .

Now =K:���n8 5 �Ñ × . =K:. Ñ � and ���	8 5 �Ñ × . . Ñ . If
iL �

is the total variation,then
H =B:. Ñ\I . Ñ H Z * . Ñ��Õ��� � � for allÒ and

H =B:� � Ic� � H Z *E� � ��ù for * Z N
. We know thatH :� � I}= :� � H Z *1= :� � with probabilityat least3/4. Taken

together, we have (for * Z N ) that
H :����I}��� H Z *E��� with

probabilityat least3/4,whichcompletestheproof. ê
The previous theoremusedthe approximatesampling

techniqueof Jerrumso that we could have
��� 
�� . If��� �l������
x� , we mayuseour exactsamplingalgorithm.

A similarproofshowsthat

Theorem 7 When
�¬� �l�+�	�w

� , there existsa fpras for

countingthenumberof
�
-coloringsof a graphwhich runsin2 b � �i � î d ,fgd ,fg � g Ï �1� k time.

8 Sink Free Orientations of a Graph

Bubley and Dyer [2] showed using path coupling that the
heatbathchainfor findinga randomsink freeorientationof
a graphis rapidly mixing. In the heatbathchain,an edge
is chosenuniformly at random,and its direction is chosen
uniformly from the set of acceptabledirections(thosethat
do not createa sink in the orientation). They also noted
that the problemof finding a sink free orientationcan be
reducedto finding a satisfyingassignmentin a Twice-SAT
problem. In Twice-SAT, eachliteral appearsexactly twice.
Regular edgeshave oneof two orientations. Supposethat
we have someedgeswhich eitherhave bothorientationsor
none. Then this generalizedsink free orientationproblem
is equivalentto Twice-SAT. The chainof Bubley andDyer
works for thegeneralizedsink freeorientationproblemand
hencefor Twice-SAT aswell. Ouralgorithmonly appliesto
theregularsink freeorientationproblem.

The chainof Bubley andDyer required 2u�"�$#&%('<��*-,/.0���
stepsto find anapproximatesamplewith total variationdis-
tanceboundedaboveby * . Ourmethodtakeslongerfor large

* , but we notethatunless* Z N �

4� , their methoddoesnot
guaranteethata particularsink freeorientationwill besam-
pled with positive probability. When * Z N �

4� , their run-
ning time is comparableto ourexpectedrunningtime.

Theorem 8 SupposeBubley and Dyer’s chain for approxi-
matesamplingfrom the sink freeorientationsof a graph is
ergodic. Thenour algorithm exactlysamplesfrom the sink
free orientationsof a graph, with randomrunning time o
satisfying={p orqT8w23����4C� and @{�"o �}| ={p orq"��~�� N �x
x�1� .

We outline the proof andour algorithmsimultaneously.
The idea is to run the chain in two alternatingphases.In
PhaseI the chain is run normally. Bubley and Dyer [2]
showedthatany two particlesonthechainin PhaseI will co-
alescein 23���$#C� time with probabilityat least1/2. In Phase
II, thechainwill berun in suchaway thatall of thepossible
orientationswill coalescedown to two particleswith some
constantpositiveprobabilityin 23����4C� time. By runningthe
chainin PhaseII followed by PhaseI, all the particleswill
havecoalesceddown to oneparticlewith someconstantpos-
itive probability.

Let » W denotetheedgesweknow thedirectionof at timeX , andset ¹ W 8 H = H ¼r» W . We will show thattheprobability
that

H » W H goesto � as X goesto infinity is positive. This
is different from the

�
-coloring problemin that both

U
and� areabsorbingstates.That is, if ever

H » W H 8 U , we cannot
gainany informationby runningthechainsincewecannever
tell if switching the direction of an edgeis a valid move.
Alternatively, if

H » W H 8ä� , thenall of theedgesareknown
andthey will stayknown for all timesafter X .

Supposethat
H »èÓ H � N . As before,let

| 8 H » W"Ï . H I H » W H .
We will show that ={p | q ��U . ConsideranedgeM in » W that
is leaving node ­ . If any otheredgeis known to be leaving­ , then ­ will not be a sink even if edge M flips direction,
andso M cannotmove from » W to ¹ WÐÏ . . Similarly, if all the
otheredgesadjacentto ­ areknown to be entering ­ , thenM cannotflip direction,andcannotmove from » W to ¹ WÐÏ . .
Theonly way for M to switchfrom » W to ¹ WÐÏ . is for ­ to be
adjacentto someunknown edgeò . If weselectò andchange
its directionso that it enters­ , that is an acceptablemove
since M leaves ­ . This moves ò from ¹ W to » W"Ï . . Theprob-
ability of selectingò and its gooddirection in this manner
is equalto the probability of selectingM andits baddirec-
tion, andso if we only changethesetwo edgeswe would
have that @{� | 8 N �$8Å@{� | 8§I N �ED Sincewe have said
that M is theonly known edgethat leaves ò , we only usethe
edgeò in this manneronce.Therefore,we have thatoverall@{� | 8 N � � @{� | 8wI N � , andso

H » W H is asubmartingale.
Let � be he startingtime for a run of PhaseII. Let M

be any edgeof the chain. Now this edgehasone of two
directions,either 0 or 1. Partition the setof particlesinto
two classesbasedon the directionof M at time � , so ¯ . 8¤¾¯ H ¯��CMÕ�\8 N at time � ¦ and ¯ � 8w¤¾¯ H ¯��CMÕ�\8 U at � ¦ D

ThroughoutPhaseII, we will force the two classesto
evolve independently. Particleswithin eachclasswill cou-
ple,pairsfromdifferentclasseswill not.Firstchooseanedge



ò uniformly at random,andthenpick two independentran-
domvariablesuniformly from p U � N q+D All particlesin class̄ .
takeastepin thechainaccordingto thefirst randomnumber,
andall particlesin class̄ � take astepaccordingto thesec-
ondrandomnumber. If

H »ª.W H is thenumberof knownparticles
attime X in class1,and

H »��W H is thenumberof knownparticles
in class2, thenat the startwe have that

H »ª.W H 8 H »��W H 8 N
,

sincewe know thedirectionof edgeM for eachclass.EachH » ÑW H is a submartingalewhich is absorbedat � andhaspos-
itive probabilityof increasingby 1 at eachtime step,hence@{��» ÑW 8^���<�ã¿ � N �-� as X<�Å� for Ò\µÁ¤ N �0
 ¦ .

Whenever either
H »�.W H or

H »��W H equals0, we have to start
over by picking anedgeM andresettingclasses̄ . and ¯ �
so that

H »�.W H 8 H »è�W H 8 N
. Thereis exactly onerun where

both hit � . To boundthe time it takesfor this goodevent
to occur, we examinea relatedmartingale¡ W 8¢�+¡Á.W �1¡$�W �
where@{�+¡ ÑWÐÏ . 8^¡ ÑW � N �z8¬@{��¡ ÑWÐÏ . 8�¡ ÑW I N �\8 N �

 , and
if either ¡Á.W 8 U or ¡$�W 8 U , ¡Á.W"Ï . 8Ë¡$�WÐÏ . 8 N

. Finally,
let � beanabsorbingstatefor each¡ ÑW . Sinceweknow thatH » ÑW H is a martingalewith unit changes,the ¡ W lower bounds
thevalueof

H » ÑW H if thesizeof » ÑW changedateverytimestep.

Let 7�2ª2Ü¹��"ç�� denotetheeventwhere ¡ ÑW 8cç reaches� beforehitting 0. Then @{��7ª2ª2Ü¹J� N ���¶8 N �-� , andthe
expectedrunningtimefor both ¡Á.W and ¡$�W to hit � is

N �5�$� .
Hencetheexpectedrunningtime (by Wald’s Lemma)is �$�
timesthe expectedrunningtime for oneof the ¡ ÑW to hit 0
giventhatweknow onehits0,plustheexpectedtimeneeded
for bothto hit � giventhatthey bothhit � .

Knowing that ¡Á.W endsat � meansthat at eachstepit
is evenmorelikely to go up. In particular, it is still a sub-
martingale,andwe canuseTheorem3 to concludethat the
expectednumberof times ¡Á.W 8}Ò is atmost 
í� � IJÒA� .

Similarly, theprobability that
| 8 I N giventhat it ends

at 0 is greaterthanthe old probability that
| 8£I N , andso¡Á.W is thena supermartingale.That makes
� I�¡Á.W a sub-

martingale,andtheUpcrossingInequalitycanbeusedonce
moreto concludethattheexpectednumberof times ¡ ÑW 8�ç
is atmost2. Thereare � stepsbetween0 and � , andsothe
total numberof changesis 
5� . Thedifferencebetween¡ ÑW
and

H » ÑW H is that
H » ÑW H doesn’t alwayschangeateverytimestep.

However, aslongasthereexistsanunknownedge,therealso
existsat leastoneedgewhichwhenselectedchangesthesize
of
H » ÑW H . Thereforethe @{� H » ÑW H � changesis at least

N �5� , and
the expectednumberof time stepsbetweeneachchangeis� . Hencethe total numberof stepstakenin this partof the
algorithmis 
5��4 . Theremainingrun only takes 
5�$# steps,
sothetotalnumberof stepsneededis 23����45� .

By thenrunningPhaseI for 23�"�ñ#C� moretime we then
coalescethe two particlesfrom PhaseI into onestate,dis-
tributedaccordingto thestationarydistribution. Therunning
timefor theapproximatecountingalgorithmfollowsdirectly
from theanalysisof Bubley andDyer, substitutingoursam-
pler runningtime for theirs.
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