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Abstract

We presentwo algorithmsfor uniformly samplingfrom the
propercoloringsof a graphusing k£ colors. We useexact
samplingfrom the stationarydistribution of a Markov chain
with statesthat are the k-coloringsof a graphwith maxi-
mumdegreeA. As opposedo approximatesamplingalgo-
rithms basedon rapid mixing, thesealgorithmshave termi-
nationcriteriathatallow themto stopon someinputsmuch
morequickly thanin theworstcaserunningtime bound.For
the first algorithmwe shaov thatwhenk > A(A + 2), the
algorithmhasan upperlimit on the expectedrunningtime
thatis polynomial. For the secondalgorithmwe show that
for k > rA, wherer is an integer that satisfiesr” > n,
therunningtime is polynomial. Previously, Jerrumshowved
that it was possibleto approximatelysampleuniformly in
polynomialtime from the setof k-coloringswhenk > 2A,
but our algorithmis thefirst polynomialtime exactsampling
algorithmfor this problem. Using approximatesampling,
Jerrumalso shoved how to approximatelycountthe num-
ber of k-colorings. We give a new procedurefor approx-
imately countingthe numberof k-coloringsthat improves
the runningtime of the procedureof Jerrumby a factor of
(m/n)? whenk > 2A, wheren is the numberof nodesin
the graphto be coloredandm is the numberof edges.In
addition, we presentan improved analysisof the chain of
Luby and Vigodafor exact samplingfrom the independent
setsof agraph.Finally, we presenthefirst polynomialtime
methodfor exactly samplingfrom the sink free orientations
of agraph.Bubley andDyer shavedhow to approximately
samplefrom this statespacen ©(m?* In(e~!)) time, oural-
gorithmtakesO(m*) expectedime.

*This work waspartially supportedy anOffice of Naval Researclirel-
lowshipandNSFgrantsCCR-9307391CCR-9700029%ndDMS-9505155,
andONR grantN00014-96-1-00500

1 Introduction

Recentlya numberof exciting resultshave appearedn the

areaof Monte Carlo Markov Chain (MCMC) theory One
suchresultis theproceduref ProppandWilson[10] known

ascouplingfrom thepast(CFTP),whichallows usto sample
directly from the stationarydistribution of certainMarkov

chainswithout visiting eachstatein the chain. Many chains
thatarisenaturallyout of statisticalmechanic&ndapproxi-
matecountingproblemshave anumberof statesxponential
in the size of the input. Although this malkesit impossible
to efficiently computethe entire stationarydistribution, us-

ing CFTPwe canstill sampleefficiently from the stationary
distribution.

The statespacewe areprimarily interestedn sampling
from hereis the set of propercoloringsof a graphG =
(V, E) usingk colors. A propercoloring of a graphG is
anassignmentf colorsto nodessothatno two neighboring
nodesreceve the samecolor. This statespaceis a special
caseof aframavork from statisticamechanic&nown asthe
Pottsmodel.

The ability to sampleefficiently from statespacessuch
asthePottsmodelleadsto betterapproximateountingalgo-
rithmsandhasapplicationsn statisticaimechanicgsee[1]).
The k-coloring problemis of interestin compleity theory
Jerrum,Valiant,and Vazirani[6] shavedthatfor a classof
problemswhich includesk-coloringsthat a methodfor ef-
ficient approximatesamplingfrom the statespacecould be
usedto constructan efficient methodfor approximatinghe
sizeof the statespace.Countingthe numberof k-colorings
of agraphis af P-completeproblem,makingit unlikely that
anefficientalgorithmwill befoundto solveit exactly.

In the next sectionwe describethe Pottsmodelin more
detail, after which we presenta brief descriptionof CFTR
alongwith our first algorithmfor exact samplingfrom the
k-coloringsof a graph.In section5 we presenbur exact k-
coloringsamplingalgorithm,whichis thefirstto runin poly-
nomialtime. We thenpresent secondexactsamplingalgo-
rithm for the k-coloring chainthatusesboth CFTPandre-
jectionsampling,andhaspolynomialrunningtime. We then
briefly discussthe extensionof thesemethodsto the gen-



eral Pottsmodel. We thenpresenian algorithmfor approx-
imately countingthe numberof k-coloringsthat improves
uponthe runningtime of the previous method(dueto Jer
rum) by a factorof O(m?/n?). Finally we presentthe first
polynomialtime methodfor exact samplingfrom the sink
freeorientationof agraph.Thisalgorithmhasalongerrun-
ningtime thanthepreviousapproximatesamplingalgorithm
dueto Bubley andDyer [2].

We usethe total variationdistanceto quantify whatwe
meanby approximateand exact sampling. If the distribu-
tions p andx put probability masson a finite set, the total
variationdistancebetweerthemis
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In approximatesampling,the goalis to prove thatthe total
variationdistancebetweenthe algorithms distribution and
the desireddistribution is smallerthansomefixede > 0. In
exact sampling,the total variationdistanceis zero, thatis,
we areexactly samplingfrom the desireddistribution.

Many algorithmsin this areaarebasedn samplingfrom
the stationarydistribution of a Markov chain,andfor con-
veniencewe measurehe runningtimesof thesealgorithms
by the numberof stepsthat needto be taken in a Markov
chain. Let P, ; be the probability distribution of a particle
on aMarkov chainthatstartedat statez andranfor ¢ steps,
andlet 7, (¢) bethesmallestt for which |P, ; — |ty < e
Themixing time of thechainis 7(e) = max, 7 (¢). We will
saythata chainis rapidly mixing if 7(e) is boundedabore
by apolynomialin n andln(1/¢), wheren is a variablethat
parameterizethe sizeof the chain.

Previously, Jerrum[5] exhibited a chainfor k-colorings
that was rapidly mixing provided thatk > 2A, where A
is the maximumdegreeof the graphG that we are color

ing. His algorithmtook O (ﬁ In (1) nln(n)) stepsin
the Markov chainto ensurethatthe total variationdistance
wasbelow e. We presenainalgorithmfor whichwe canshov

thefollowing.

Theorem 1 Supposehat k& > A(A + 2). Thenour first
algorithmis an exactsamplingalgorithmfor which therun-
ningtimeis a randomvariableT that satisfies

E[T)|<8 <#ﬁk2)) nln(n).

and P(T > §E[T]) < (1/4)°.

Our secondalgorithmhasa runningtime thatis better
thanthefirstwhenA? > n.

Theorem 2 Supposdhat & > rA, wher r is an integer.
Our secondalgorithmis also an exact samplingalgorithm
for which therunningtimeis a randonvariableT satisfying
P(T > §E[T)) < (1/4)°, where

E[T| <

k INSEAY
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Thesealgorithmsare wealer than Jerrums in that they
require more colorsto run in polynomialtime. However,
they areexactsamplingalgorithmswhereaslerrums method
only generatesin approximatesample.Moreover, theseal-
gorithmsmight finish running beforethe boundsgiven on
thetherunningtime would indicate.In thealgorithmswhich
rely on rapid mixing, the algorithm must always take the
sameworst caseamountof stepsin the Markov chain. In
algorithmslike ours,which arebasedn CFTR we have ter-
mination criteria that allow usto endthe algorithm before
theworstcaseanalysisvould indicate.

In addition, our algorithmsare exact samplers,and so
the runningtime doesnot dependon e, makingthemfaster
than Jerrum$ methodby a factor of In(1/¢). Unlike Jer
rum’s method however, therunningtime of thesealgorithms
is randomandto ensurghatthealgorithmterminatesvith a
probabilityof atleastl — 4, it is necessaryo runfor anextra
factorof In(1/4) time. Note thate, which boundsthe total
variation,will usuallybe muchsmallerthané whichbounds
theprobabilityour algorithmdoesnotcompleteon schedule.
Sincethesesamplingalgorithmsare often run mary times
(for examplein the countingapplications}he runningtime
is oftenevenmorecloselyconcentratedroundthe expected
runningtime.

In the chainswe considerhere, thereis a color setC,
a vertex setV, andthe statespaceof the Markov chainis
Q C CV. For example,in the k-coloringsof agraph,V is
the vertex setof our graphG = (V, E), and(Q is the setof
propercoloringsof thenodesof V. Someexamplesof chains
in thisclassincludethehardcoregasmodelandthesinkfree
orientationsof agraph,which arediscussedn section2.

2 Models

The problemof samplingfrom the k-coloringsof a graph
is a specialcaseof the Pottsmodel. The Pottsmodel, de-
velopedin 1952[9], is a framewnork wherewe aregiven k
colorswith whichto coloranunderlyinggraphG = (V, E),
eitherproperlyor improperly For simplicity, herewe will
only discusghe Pottsmodelwith no externalfield. Let = be
suchacoloring,andlet S denotethenumberof edgesn the
graphwhoseendpointsarecoloredby = with thesamecolor.
The Hamiltonianof a statez, denotedH (z), is definedas
H(z) = —JS, whereJ is aconstantThenwe wish to sam-
plefrom the Gibbsdistribution wheretherelative probability
of statez is exp(—3H (x)), whereg is a positive constant
known astheinversetemperature The Pottsmodel,like all
themodelswewill discusscomedrom statisticamechanics
whereit is usedto modelmaterialbehavior (seg[12]).

If the parameter/ is negative, thenhigherprobabilityis
assignedo statesz wherethe endpointsof edgesare col-
oredthesameway. Thisis oftenreferredto astheferromag-
netic Pottsmodel, and algorithmsfor exact samplingfrom
this distribution areknown [10]. If J is positive, however,
then statesz whereendpointsof edgesare identically col-
ored have low probability This is known asthe antiferro-



magnetidPottsmodel.

The parameteg is inverselyproportionalto thetemper
ature,soasf — oo thetemperaturegyoesto zero. As the
temperatur@ecreaseghe antiferromagneti®ottsmodelis
morelikely to selecta propercoloring of the graph,where
notwo adjacennodesaregiventhe samecolor. Thereforeit
is customaryto considetthe problemof uniformly sampling
from the properk-coloringsof a graphasthe antiferromag-
neticPottsmodelwith zerotemperature.

2.1 The Ising Model

ThePottsmodelis ageneralizatiomf anearliermodelcalled
the Ising Model. In the Ising Model the numbersof colors
is 2. In this specialcaseour algorithmreducego algorithms
previously developedby ProppandWilson [10] (in the fer-
romagneticcase)and Haggstdm and Nelander[3] (in the
antiferromagneticase).

In combinatoriatermsthe Ising Model may be thought
of assamplingfrom weightedcutsof agraph.Whenthetem-
peraturds low, with high probabilitythesampleccutwill be
the maximumcut in the graph. Finding the maximumcut
in a graphis an N P-completeproblem,andsoin general
it will not be possibleto efficiently samplewhenthe tem-
peraturedropsbelon a thresholdvalue. In section6.1 we
shov boundson the temperaturevhich guaranteehat the
algorithmrunsin polynomialtime.

2.2 The Hard Core Gas Model.

In this modelwe have a graphG = (V, E), which is usu-
ally alattice. ThecolorsetC = {0,1}. A nodecoloredl
indicateshata gasmoleculeoccupieghatnode,andanode
coloredO indicatesthatthatnodeis empty The statespace
consistsof all colorings(placemenbf gasmolecules)uch
thatno two adjacennodesarecoloredl, thatis, notwo gas
moleculesarenext to oneanother This is equivalentto the
statespacebeing the independensetsof the graph,where
anodeis coloredl if it is part of the independensetand
coloredO otherwise.

Exactsamplingalgorithmshave beengivenfor thisprob-
lem by Haggstm and Nelander[3] and more recently by
Luby andVigoda[7]. In section5 we boundthe running
time of the procedureof Haggsbm and Nelanderand give
animprovedanalysisof themethodof Luby andVigoda.

2.3 Sink Free Orientations of a Graph.

An orientationof an undirectedgraphG = (NN, E) is an
assignmenof a directionto eachedgein the graph. A sink
free orientationis anorientationin which no nodein N has
outdegyree0. This canfit our framework by consideringhe
“vertex set”V to bethesetof edgesn G andthecolor setto
be{0, 1}, where0 indicatesonedirectionfor theedgeand1
indicateghe other Thenasbeforethe statespaceds a subset
of CZ.

Bubley and Dyer proved a chain for this problemwas
rapidly mixing using path coupling [2]. In section8 we

presenthefirst polynomialtime algorithmfor samplingex-
actly uniformly from this statespace.

3 Coupling From the Past

Theproceduraghatwe useis basedn couplingfrom thepast
(CFTP), a techniquedevelopedby Proppand Wilson [10]

thatgivesanexactrandomsamplefrom a Markov chain. In

CFTR we assumethat a particle hasbeenrunning on the
Markov chainsincetime —oo. We are concernedvith the
locationof the particleattime 0. Theparticlehasbeenmov-

ing on the chainfor all time, and so intuitively onewould
believe thatthe particleat time 0 is distributedaccordingto

the stationarydistribution. In fact Proppand Wilson were
ableto show thatthisis true.

TheideabehindCFTPis to startattime —T" with a sep-
arateparticlefor eachpossiblestatein the chain. Thenrun
the chainforward in time asa couplingprocess.Thatis, if
two particlescollide in the chain, from then on they move
togetherasoneparticle. We will referto sucha collision as
a coalescencelf all the particlescoalescanto oneparticle
by time 0, thenProppandWilson shavedthatthe coalesced
particlehasthe stationarydistribution. [10].

To make CFTPwork for aspecificMarkov chain,two is-
suesneedto be addressedSincethe numberof statesof the
Markov chainmay be exponentiallylarge in the input, we
cannottrackall of the particlesto seewhencoalescencec-
curs. We needa methodto efficiently determinevhenonly
oneparticleremainssothatwe know whento stopthealgo-
rithm. In addition,we would like a polynomialupperbound
ontheexpectedime neededor all the particlesto coalesce,
sothatwe have a provably efficientalgorithm.

3.1 Our Framework.

Wewill beconsideringviarkov chainswith a statespacesat-
isfying Q@ C C'V, whereC is acolorsetandV is avertex set.
Our approachto shaving coalescenceill beto keeptrack
of whatinformationwe know aboutthe particlein thechain.
At the beginning, the particlemay be ary one of the setof
propercolorings,andsofor eachvertex we donotknow what
color the vertex is. We canrecordthis information(or lack
of information) by sayingthat the setof possiblecolorsfor
eachvertexis C.

As we move in the Markov chain,we gaininformation
aboutthe setof possiblecolorsat a vertex. Supposea step
in the chainchanges particularvertex v to eitherblue or
red. Thecolor of v is still indeterminatebut therearefewer
possibilitiesfor the color of » thanatthe startof the process.
If the setof possiblecolorsfor v is only a singlecolor, say
{greert, thenwe know thatvertex v is coloredgreen.If all
of theverticesin thegraphhave only a singlepossiblecolor,
thenall of the particleshave coalescednto a singleparticle
andwe aredone.

Let M; bethe Markov chainwith statespace C CV,
andlet X denotea particleon this chain. We now desirea
secondchainwhosestatesrecordthe setof possiblecolors



for verticesof the graph.We will call sucha chainabound-
ing chain. This boundingchain M, will have statespace
Q' = (2¢)7, thatis, ateachvertex v we assigna setof pos-
sible colors. We createa particleW on this chain M, that
satisfiesX (v) € W (v) for all v. To ensurethatthisis true
evenwhenwe know nothingabout X, we start W at state
cv.

We will run particle X on M; andparticleW on M,
simultaneously The particle X is unknown until the algo-
rithm terminatesput we know the stateof W at all times.
If [W(v)| = 1 for all v, thenknowing W will enableusto
determineX. (In physicstheentropy of a systemis thelog-
arithmof the numberof stateghe particlemaybein. In our
casetheentrofy is >, In(|W (v)|) andwe wish for theen-
tropy to goto 0, indicatingthatonly onestateis possiblefor
theparticle.)

DefinethesetD tobe{v : |W(v)| > 1}. D is thesetof
verticeswhereX is notdeterminedby W. Let A = V' \ D,
so A is the setof verticeswhereW determinesxactly what
X is. Thealgorithmterminatesvhen|A| = n.

3.2 Monotonicity and Antimonotonicity .

ProppandWilson obsenedthat CFTP could alwaysbe ap-
pliedto theclassof monotonéViarkov chainsandHaggstm
andNelanderextendedheir resultsto the caseof antimono-
tone Markov chains. Supposene denoteour color set by
C = {1,...,n}. Withoutgoinginto thedefinitionsof mono-
toneandantimonotonewe remarkthatboth ProppandWil-
sonandHaggsbm andNelanders resultsfor chainson C'V
mayberegardedasusingaboundingchainwhereeachiv (v)
isaninternval {L(v),...,U(v)}.

Unfortunatelyneitherthe k-coloringchain(with k& > 4)
nor the sink free orientationschain are monotoneor anti-
monotonesothesepreviousmethodsdo notapply.

4 The Bounding Chain for k-colorings

Our boundingchainwill give informationabouta particle
moving accordingo theheatbathMarkov chainof Salasand
Sokal[11] thathasasits statespacethe properk-colorings
of agraphG. In onestepof theheatbathchain,we choosea
vertex uniformly at randomandchoosea color for thevertex
uniformly at randomfrom thosewhich make a propercol-
oring. The vertex is thenchangedo the new color. This
chainis symmetricandsohasa stationarydistribution thatis
uniformover all k-colorings.

Jerrumshowed that a different k-coloring chain known
asthe Glauberdynamicschainis rapidly mixing. Salasand
Sokalshovedindependentlyf Jerrumthatboththe Glauber
dynamicschainandthe heatbathchainwererapidly mixing
for k > 2A usingatechniqueknown asDobrushinunique-
nesq11].

We now presentour methodof determiningwhen coa-
lescencat time 0 hasoccurredfor the heatbathchain. Let
M, betheheatbathchain. We now describeour bounding
chainM,. An alternateway of viewing the heatbathchain

M1 (Unknown)

o0—0
blue

O—

—yelew red
green
M2 (Known)
()
>O O—C0O—
—trelowblue—blaeck} {red}
{red, brown,
blue, black)  9reen

Figurel: OneStepin M; and M,

is thefollowing. Selectavertex uniformly atrandom.Then
randomlychoosecolorsfrom C without repetitionuntil we
getacolorthatis notblocked,thatis, until we chooseacolor
suchthatno neighborof V' hasthatsamecolor. Thenswitch
V to thatcolor.

This equivalentview of the heatbathchainis how we
find s(W) from W. Firstselectavertex v uniformly atran-
dom.Wesets(W)(V \ v) = W(V \ v), andsowe areonly
concernedvith the valueof s(W) atv. We know the color
of someof the neighborsof v, thoseneighborswhich lie in
A. LetB = {c: {v,w} € E,W(w) = {c}}, thatis, B
is the setof colorsthatwe know for surewe cannotchoose
forv. LetF' = {c: {v,w} € E,c € W(w)}, thatis, F'is
the setof colorsthat might possiblybe blocked for v. Now
fromthecolorsin C'\ B, choosecolorsuniformly atrandom
until we eithergetacolorin C'\ F or we havechosemA + 1
colors.Let s(W)(v) bethesetof colorschosen.

Thereis guaranteedo be at leastonecolorin s(W)(v)
thatis not blocking, sincewe selectedcolorsuntil eitherwe
hadA + 1 differentcolorsor thecolor selectedvasin C'\ F'.
Let s(X)(v) bethefirstcolor selectedhatwasnotblocking.
Thenwe have maintainedhat for eachstepof the Markov
chain, X(v) € W(v) = s(X)(v) € s(W)(v) for all v.
Figure4 shavs onestepfor M; and M.

5 Running Time of Algorithm

For the algorithmto terminate,we desire|A| = n, thatis,
|W (v)| = 1 forall v. Let A; be A aftert time steps.Then
|A¢| is arandomwalk onthenumbers{0, ..., n}, with 0 be-
ing areflectingbarrier(sincewe alwaysknow the color of at
leastO nodes)andn beinganabsorbingbarrier(onceall the
colorsareknown, they stayknown). We wish to determine
how longit takesbeforewe hit n (thiseventwill happerin fi-
nitetimewith probabilityl aslongasP (|44 1| > |A:|) > 0
when 4; < n). Let w; denotethe numberof times that
P(|A¢| = <. Wewill developboundson thew; thatwill al-
low usto boundthe overall expectedtime until coalescence
occurs.



5.1 Random Walk with Absorbing and Reflecting
Barrier s.

Ourapproactwill beto show thattherandomwalk is a sub-
martingaleandthenapply severaltheoremdrom martingale
theory RecallthattherandomvariablesX,, X,, ... forma
submartingaléf E[X;+1 — X;|Xo, ... X;] > 0. Therandom
variabler is astoppingiime for thesubmartingalé for each
n we candeterminevhetherr > n.

Threeresultsfrom martingaletheorywill beneeded8].

Lemmal (MartingaleStoppingTheoem)Let X; bea sub-
martingaleand let = be a stoppingtime for X; satisfying
P(r < 00) =1landE|X,| < co. ThenE[X,] > E[X,).

A well known corollary of this resultis Wald’'s Lemma,
whichwe will utilize later

Lemma?2 (Wald'sLemma)Let X, X,, ... beindependent,
identically distributedrandomvariableswith stoppingtime
7 satisfyingE|[r] < oo. Then

> x
t=1

Forary realz, let z+ = max{z,0}.

E = E[7]|E[X}].

Lemma 3 (Upcrossinglnequality) SupposeXy, ..., X, is
asubmartingalendlet U («, 3) bethenumberof timesthat
X, <a<p< Xi+1- Then

EU(a, ) < ﬁ%a[E(Xn — )t — (X — a,0)"].

It is easyto extendthis resultfrom fixed n to arbitrary
stoppingtimesthat are finite with probability one. We are
now ableto stateour result.

Theorem 3 Let N; be a randomwalk on {0,...,n} with
n an absorbingstateand 0 a reflectingstate Supposehat
Ny = 0, |Nt+1 - Ntl < s, P(Nt+1 7é Nt) > 0, and’wi is
theexpectechumberof timesthat V; = i.

1. If E(Nt+1 — Nt) >0 then

2s(n — 1)
P(_Nt+1 # Ntht = ’L)

w; <

2. If E(Nt3+1 — Ny) > £ > 0 for all Ny < n, then
S owi < nfL.

Note that which conclusionof the theoremis stronger
will dependonwhetherP(Ny;1 # N;) or £ is smaller

Proof. Let r bethefirsttime N; = n. ThenN; formsa
submartingal@ndr is a stoppingtime. Also notethat

]{rni<n P(Ni41 # Nt) > 0= E(1) < 00,

afactthatwe will needater

We first shav part2. Suppose(Ny41 — Ni) > £ > 0
forall N; < n. ThenN; —{t isamartingaldor ¢ < 7, andso
we may apply the martingalestoppingtheoremto statethat
E[N,—7{] > E[N,] > 0. SinceN, = n and/ is aconstant,
we havethat E[r] < n/¢ which completesheproof.

For part1, we considemwhatcanhappersothat N; = .
Either N;_; = i or a stepwastaken. Let v; denotethe ex-
pectednumberof times N; = ¢ and N;_; # <. Thenby
Wald’s Lemmawe have thatw; = v;/P(Nyy1 # Ni| Ny =
i). To determingthew;, we notethatif we took a stepto get
to 4, thenit waseitheranupcrossingdr a downcrossing.As
in the upcrossingnequality saythat N; upcrossesa, 3) if
Ni1 < a < f < N, andN; downcrossesa, ) when
N;_1 > 8 > a > N;. SinceNy = 0 andN,, = n, thenum-
berof downcrossing(«, 3) thatoccurareboundedabove
by thenumberof upcrossingé/(«, 5). Usingtheupcrossing
inequalityis simplefor intervals of length1.

) 1 .
EU(iyi+1) < 7[E(n— i) = 0] =n —i.
N, isarandomwalk ontheintegerswhere| N; —N;_; | <

s, andso

1—1 1+s—1
> EBU(j,j+1)+ Y ED(j,j+1)

j=i—s j=t

IA

;
i+s—1

> EU(,j+1)

j=i—s

< Don—j

< 2¢(n—1i).0

IA

Intuitively, ourtheorenmsaysthattheexpectedime spent
at high levels suchasn — 1 or n — 2 is small sinceit is
likely to bump into the absorptionstateat n after a short
while. More time is spentat low levelssuchas1 or 2, since
the walk may spendconsiderabldime therebeforemoving
upwards. Anotherthing to noteis that the proof of part2
of the theoremignoredthefactthatO is a reflectingbarrier
Thatis why part1 maygive a strongeboundwhen? is very
small. Part 2 of this theoremhasthe following well known
variant,whichis provedin asimilar fashion.

Theorem 4 Let N; be a randomwalk on {0,...,n} with
n an absorbingstateand 0 a reflectingstate Supposehat
Ny =0, |Nt+1—Nt| <s, P(Nt+1 ;ﬁ Nt) > 0, and'wi isthe
expectechumbernftimesthat N; = i. If E(Niy1 —N:|N; =
i) >¢; > 0forall Ny < n,then} ! jw; <30 1/4;.

5.2 Application to the Hard Core Gas Model.

The resultsof the precedingsectioncanbe usedto analyze
algorithmsfor exactsamplingfrom the hardcoregasmodel
(seesection2.2), one dueto Haggstdm and Nelander[3],

andthe otherdueto Luby andVigoda[7]. Haggstbm and



Nelandedid notanalyzetheirmethodsrunningtimein [3],
but our resultscanbe usedto shov thatthe methodis poly-
nomialwhenA < 1/(A — 1). The boundon the running
time of the methodof Luby andVigodais somevhatfaster
sowe only describeour analysisof their method. For their
method:E(»NH_l—Nt‘) Z 0, P(}Nt_*_]_ ;é Nt) = O(Z./‘TL), and
|Ne+1 — Ny| < 2. They thenuseda wealer martingalere-
sultto concludehatthe runningtime wasboundedabove by
O(n?). Using Thm 3, the expectedrunningtime is bounded
aboveby 37 2-4i/(i/n) = 8n?, andsoin facttherunning
time of their algorithmis O (n?).

5.3 Analyzing our Algorithm.

Now we arereadyto show that our algorithmrunsquickly
whenthe numberof colorsis large. Sincewe areusingthe
CFTP methodology we only needto boundthe expected
runningtime until coalescencéo boundthe expectedrun-
ning time of the algorithm. Jerrums proof that the Glauber
dynamicschainwas rapidly mixing [5] will form the tem-
platefor our proof.

Proof of Thm 1 We wish to find E(|A+y1| — |A:|) so
thatwe mayapplyThm 3. Let W; beour particleaftert time
steps,andasbeforelet 4; = {v : [Wy(v)| = 1}, andset
D; = V \ A;. Ourchainhascoalescedo a singleparticle
when|4;| = n, andsowe wish to determinethe probabili-
tiesthat V; increasesnddecreasem sizeat eachstep.We
will thenapplyourrandomwalk resultto boundtheexpected
runningtime.

Letd = |As41| — |A4]- ForthesetA,; to increasan size
afteronestepof thechain(é = 1), we musthave selecteca
vertex in D;, andthenpickedacolorthatwasnotblockedby
theneighboringhodes For nodev, let d(v) bethenumberof
neighborsof v thatarein D;. Eachof thed(v) nodescould
beoneof atmostA + 1 colors,since|W (v)| < A+ 1 for all
v € D. Letb(v) bethenumberof colorsknown to bein use
by neighborof v, sob(v) = [{c: {v,w} € E andw € A}|.
Thetotal numberof colorsthatmay bein useby neighbors
of visd(v)(A+1)+b(v). Theprobabilitythatv goesfrom
D, to A, is the probabilitythata nodeis D; is chosenand
thenafreecoloris pickedfrom C.

vED;
1 k—A—d)(A+1
> 3 = k—bA)( )
vED,;
D, dv)(A+1
- i g e

vED,

Now for the badcase where A; decreasem size. For this
to happenwe mustchoosea vertex in A;, andthenwe must
pick a color thatis blocked by a neighborin D;. Thereare
d(v)(A + 1) suchcolors,andso

KR

d(v)(A+1)
E—A

Let
L=E()=P(6=1)-P(d=-1).

Somethingnterestingnterestinghappensvhenwe perform
this subtraction. The expressionfor P(§ = 1) containsa
termlike —(A+1)/(k—A) >, cp, d(v) and—P (0 = —1)

containsatermlike —(A +1)/(k— A) 32, 4, d(v). Com-
bining thesetermsyieldsthe sumover D; U A; whichis all

nodes.Thesumof thed(v) overall nodess justthenumber
of edgesncidentto the setD;, which is boundedabove by

|D:|A. Hence

|Di| E—A—-A(A+1)
E6) > —. ‘ .
@) =z n kE—A

Thiswill be greaterthanO preciselywhenk > A(A + 2).
Whenthis occurs,from Thm 3 we have that the expected
timeuntil |A;| = nis

E—A
E—2A —A?

nln(n).

Utilizing the CFTP methodologycompletesthe algorithm
andits proof. O.

6 The Second Algorithm for k-Colorings

Our secondalgorithm for k-colorings combinesthe ideas
of the boundingchain and rejectionsampling. It runsin

0 (kf—’Anln(n) (1 + (%)’) n) time. Herer = [k/A] -3,

sothatk > (r + 2)A. Whenr” > n, thisis animprove-
mentover the first algorithm. Evenwhenr” < n, this pro-
videsa bound(albeitexponential)on the runningtime. The
first algorithmis not guaranteedo completeat all whenthe
runningtime is not polynomial. The trivial rejectionexact
samplingalgorithmfor the k-coloring problemwould be to
choose coloringuniformly atrandomfrom all of thek™ col-
orings(eitherproperor improper)andif it is proper keepit.

Thisalgorithmrequiresroughly (1 + A/k)™ sampledefore
a propercoloring will be found, whereeachsampletakes
time O(n).

Theoutline of our proceduras asfollows. We will take
exactsamplegrom a statespace)’ thatcontaingheset? of
propercolorings. The sampledrom Q' will be obtainedus-
ing CFTPusingO(}ﬁnln(n)) stepsof the Markov chain.
Wewill thenshow thattheprobabilitythata uniformsample
from Q' liesin Q is atleast(1 + (A/k)")(~™, andsothe
expectednumberof samplesfrom Q' that we needto take
beforegettingasamplein Q is (1 + (A/k)")™.

Theimprovementcomesirom a modificationof our first
algorithm. Insteadof letting thesizeof W (v) growto A + 1,
now wewill force|W (v)| < r+1. Thetechniquevewill use
involvesaddinga dummy color, which we will call white.



Unlike othercolors,wewill allow bothendpointsof anedge
to be coloredwhite.

Our chainworks asfollows. Pick a nodeuniformly at
random.With probability at mostb,, changethe color of the
nodeto white. If we don't changethe color of the nodeto
white, pick a color from thosecolorsthatdon't neighborour
chosemode,andchangethe nodeto thatcolor. This chain
is aslightmodificationof theheatbathchain.Let W; denote
thosecolorationsthat have : nodescoloredwhite. We are
interestedpf course,in obtaininga samplefrom W,. This
chainis reversiblewith all statesn a classW; having same
stationaryprobability We derive =(W;) by noting:

r(Wib, " < W(W,.H)u—bp)i;l

bp(n—iv)

T(Wiy1) < W(Wi)m
b " In

< ) ()

Hence
x \ W(Wg)
W) < Z?:OW(WZ')

= (1+by/(1=bp))" ",
and(1+b,)"™ upperboundgheexpectedhumberof samples
neededeforewe getasamplefrom W.

We now setb, = (A/k)". We cansimulatethis value
for b, in the chainasfollows. Choosea nodeuniformly at
random.Chooser colorsoneafteranothemniformly atran-
dom. If all » colorschosenare blocked, thensetthe color
to white. Let b(v) denotethe numberof blocked colorsat
our chosemodewv. The probability thatall » colorswill be
blockingis (b(v)/k)" < by, If wedonotturnthenodewhite,
we assignt thefirst color outof ther we chosethatmalesa
propercoloringfor thegraph.

To take onestepin M5, we choosea nodev atrandom,
thenr colors. If the first color ¢ is not blocking, we set
W(v) = c¢. Otherwisewe let W (v) bethe setof r colors
pluswhite. Thetotal numberof blocking colorsaroundary
onenodeis now not (A + 1)A, butis insteadustrA.

We maynow prove Thm 2. Since(l + (%)’) samples
aretaken, we needonly shav that the time neededo take
eachsampldsnln(n)k/(k — A). Theproofis quitesimilar
to thatof Thm 1, exceptthatnow everywherewe usedA + 1
asthe maximumsizeof W (v), we mayuser instead(tech-
nically, themaximumsizeof W (v) will ber + 1, but oneof
thosecolorswill be white and so the maximumnumberof
blocking colorsis r). The sameprocedureemployedin the
proofof thm 1 maybeusedagainhere yielding

(n —[A4:)A
n(k—A) -’

Fromour sectiononrandomwalks,we have thattherunning

time is boundedabove by 37, 2+ 2228 < BBy n(n)

=1 3

which completeshe proofof Thm2. O

E(|Apga| — |A4]) =

bl

6.1 The Antif erromagnetic Potts Model with
Positive Temperature

We have presentedwo algorithmsfor the antiferromagnetic
Pottsmodelwith zerotemperatureBoth of thesealgorithms
run fasterwhenthe temperatures positve. Whenthe tem-
peratureof thePottsmodelis above0, i.e.,3 < oo, improper
coloringsarepossible they merelyhave a lower probability
of occurring. As statedin sectionl, therelative probability
of ancoloringwith H(z) edgeshaving bothendpointshar
ingacoloris exp(—JBH(z)). Thereforegheprobabilitythat
anodemovesfrom D to A is greateysinceevenif we pick a
blockingcolorthereis a smallchancehatthe chainwill ac-
ceptit. If thetemperaturés high enoughjt will run quickly
evenif k is small.

Specifically the heatbathchainfor positive temperature
works as follows. For My, pick avertex v € V, and
choosea color ¢ € C randomlywith relative probabilities
exp(—Jpm(c,v)), wherem(c,v) is the numberof neigh-
bors of v coloredc. For M,, we also start by choosing
v €g V, andsettingW (v) = . Whathappensext de-
pendson the numberof colors.

If & > A+1, wethenpick colorsoneatatime uniformly
at randomfrom C' andaddthemto W (v), stoppingwhen
eitherwe have chosenA + 1 differentcolors, or a (0,1)
uniform randomvariablewe choosealong with eachcolor
liesbelow exp(—JpBm(c,v)).

Supposé: < A. Theworstthatcanhappens thatthe
unknowvn nodesall block our chosencolor. So we choose
one (0, 1) uniform randomnumbery U, andthenassignan
interval to eachcolor ¢ of length

exp(=JA(m(e,v) + d(v))) -
exp(—JB(m(c,v) +d(v))) + 3., 4. exp(—JBm(c,v))
The lengthof this intenal is the minimum probability that
colorc will bechosenlf U fallsinto theinternval associated

with color ¢, setW (v) = ¢. OtherwisesetW (v) = C, the
wholecolor set.

Theorem 5 Usingtheseboundingchains,thealgorithmrun
in randomtime T satisfyingP(T > §E[T]) < (1/2)°. Let

l= AW +1—A.If£> 0, (equivalentlyif 73 <

In (1 + %)), then

1
E[T| < min{n ;n,2n26A} .

Proof. Weconsidethecasevherek < A. As before Jet
d = |As+1| — |A¢|. In orderfor 4 to be 1, the choservertex
v mustlie in D; andtherandom(0, 1) uniformU mustlie in
oneof thecolorintervals. Similarly for 6 = —1,v € A; and
U lies outsidethe color intervals. Theintervals aredisjoint,
andsotheirtotallengthis thesumof theirindividuallengths.
Thelengthof theintenal for ¢ canbelower boundedby

C—Jﬁm(c‘v)

o~ Bd(w) _ €Y
Zc e—JBm(c,v)’



makinge~7#%*) alowerboundon thesumof thelengthsof
theintenals. Hence

E[f)] = P(6=1)—P(6=-1)
< ¥ 1 —spdw) _ lz 1 (1_e—md<v>)]
- n n
vED, vEAL
1 _ n — | Dy|
< —e—IBdv) _ 2 17
- Z nc n
veV
1
<~ (DA™ + 0 = |Di|A = n+|Dy)

< 12 (Ae 7P +1-4).
n
A morecarefulanalysisshavsthatthesumof thelengths
; ; k
of mteryals is boundechbwe by TIR=1) exp(7Bd(0)) - Also
note P(Ai41 # Ai) > (n — |A]) exp(—A) Useof Thm 3
completeghe proof.

In the casewherek = 2, we have Proppand Wilson’s
exactsampleffor thelsingmodel[10]. Thisshavsthattheir
methodrunsin polynomialtime for J3 < In(1 + 2/(A —
1)) < 2/(A — 1). Although previous resultson the mix-
ing time of Markov chainsfor the Ising modelare known
(see[14], [4], and[13]) thisis, asfar aswe know, the first
upperboundon runningtimesfor an exact samplerfor this
problem.

7 Counting the Number of k-colorings

Determiningthe numberof properk-coloringsof a graphis
afP-completeroblem soit is unlikely thatanexactmethod
thatrunsin polynomialtime will be discovered. However,
methoddor approximatinghe numberof %-coloringsexist.
Jerrum,Valiant, and Vazirani[6] shavedthat for the class
of self-reducibleproblems,the problemof approximately
countingcould be reducedo the problemof taking a poly-
nomial numberof approximatesamples.In fact, they shav
thatthe numberof samplesneededo comeup with anap-
proximationthatcomeswithin 1 =+ ¢ of thetrueanswemwith
probability at least3/4 is polynomialin the input and1/e.
Sucha methodis known asa fully polynomialrandomized
approximatiorschemeor fpras.

Jerrum[5] appliedtheir procedureo the specificprob-
lem of countingk-colorings.He shovedthatwhenk > 2A,
T; ) k7k2A In (%))
We now presenta fprasthat takes fewer sampleshan Jer
rum’s algorithmby a factorof m? /n?.

Theorem 6 Whenk > 2A, a fpras existsfor countingthe
numberof k-coloringsof a graphthat hasrunningtime

0 (Z_j ' k;—k2A In (%)) '

Proof. Our methodrecursvely reduceghe problemby
removing a singlenodeat eachof n steps.At eachstep,we

will take n?/e?> samplesand eachsamplecanbe taken in
aea In (35)) time.

SupposeNe choosea nodew, andthen color the graph
with our nodedeleted. Returningv to the graph,we may
completethe coloringin & — b(v) ways, whereb(v) is the
numberof colorsusedto color nodesadjacentto ». Since
1 < b(v) < A, thenumberof waysto colorthegraphis just
Cq = Ele(k —4)C}, whereC; is the numberof waysto
color the graphwithout our nodeusingonly 7 colorson the
nodesadjacento v. Let Cg\ 1) bethe numberof waysto
colorthegraphwith v deleted.Then

_Z k—L

i=1

CG\{v} CG\{v}

SinceC;/Ce\ (v} is justtheprobabilitythatarandomcolor-
ing of G \ {v} usesi colorsonthe nodesadjacento v, We
have that 35 | kcoc\'iu} =kandyr, ig \ is just the
expectedhumberof colorsusedon nelghborsnf v.

Supposehatthe nodesetof G is {vi,va,...,v,}. Let
R; = Ce\{v,,....s;_1}/C6\{v,.....n;} (Usingthe corvention
that Ca\ fo,,...0,y = 1). Then][_, R; = Cg, andwe
have reducedour problemto estimatingeachof the R; val-
ues.Let b; bethenumberof colorsneighboringnodev; in a
uniformly randomcoloringof {G \ {v1,vs,...,v;_1}}. By
whatwe shavedabove the problemof estimatingR; is ex-
actly the problemof estimatingk — E(b;). We canestimate
thesevaluesusingsampling.

As with Jerrumé method we will useapproximatesam-
pling to draw sampledgrom the setof all properk colorings.
The runningtime for his sampleris £ n1n (%), where
thetotal variationdistancebetweerthe distribution the sam-
ple is dravn from andthe uniform distributionis €. Denote
thenumberof samplesvhich we take by ¢.

Supposewe take t = [17mA?/((k — A)e)?] samples
at eachstep:, andlet b(j) be the numberof blocking colors

usedin samplej. Let Z; = 1/(kt) E] lbg’ , sSothatour
estimatefor R; will beRzA = k(1 — Z;), andour estimateor
Ca will bECG = H?:l R, = k™ H?:l(l — Zz)

Sincebgj) < A, we havethatthat

1
i < .
VarZz, < Tk ——t[A% —

1 /A\?
< - = .
= i\ k

Similarly, we know that

(Eb;)?]

E(l—-2zZ)=1-Eb) >1—AJk,
andso
Var(l — Z;) 1 (%)
[E(1-Z)PP — t(1-A/k)



< €/(1Tm).

Let ERROR betheeventwhere|Cq — ECq| > eECq /2
From Chebyshe'sinequality the independencef the Z;'s,
andthefactthatl 4+ z < e¢* we havethat

avar(IT;_, (1 — Zi))
eI, BE(1— Z;)?

4E ([T, (1-Z:)°) 1
eI, B2 &

#[(+ ) -]
< 2 lexp (/17) 1]
< 1/4,

P(ERROR) <

IA
|

whene < 1.

Now ECs = [[i, ER;, andCg = []i_, Ri. If 5%
is the total variation,then|ER; — R;| < eR;/(4n) for all
i and|ECg — Cq| < eCg/3 for e < 1. We know that
|Ce — ECq| < eECq with probability at least3/4. Taken
togetherwe have (for e < 1) that|C’G — Cg| < eCg with

probabilityatleast3/4, which completegheproof. O

The previous theoremusedthe approximatesampling
techniqueof Jerrumso that we could have & > 2A. |If
kE > A(A + 2), we may useour exactsamplingalgorithm.
A similar proof shavsthat

Theorem 7 Whenk > A(A + 2), there existsa fpras for
countingthe numberof k-coloringsof a graphwhich runsin

n? . .
0 (e— ' Wﬁm)) time

8 Sink Free Orientations of a Graph

Bubley and Dyer [2] showved using path coupling that the
heatbathchainfor finding a randomsink free orientationof
a graphis rapidly mixing. In the heatbath chain,an edge
is chosenuniformly at random,andits directionis chosen
uniformly from the setof acceptablalirections(thosethat
do not createa sink in the orientation). They also noted
that the problemof finding a sink free orientationcan be
reducedto finding a satisfyingassignmenin a Twice-SAT
problem. In Twice-SAT, eachliteral appearsexactly twice.
Regular edgeshave one of two orientations. Supposehat
we have someedgeswhich eitherhave both orientationsor
none. Thenthis generalizedsink free orientationproblem
is equivalentto Twice-SAT. The chainof Bubley and Dyer
worksfor the generalizedsink free orientationproblemand
hencefor Twice-SAT aswell. Ouralgorithmonly appliesto
theregularsink free orientationproblem.

The chainof Bubley and Dyer requiredO(m?* In(e™'))
stepgto find anapproximatesamplewith total variationdis-
tanceboundedibore by e. Ourmethodtakeslongerfor large

¢, but we notethatunlesse < 1/2™, their methoddoesnot
guarante¢hata particularsink free orientationwill be sam-
pledwith positive probability Whene < 1/2™, their run-
ningtime is comparabléo our expectedrunningtime.

Theorem 8 SupposeBubley and Dyer’s chain for approxi-
matesamplingfrom the sink free orientationsof a graphis
ergodic. Thenour algorithm exactly samplesrom the sink
free orientationsof a graph, with randomrunning time T'
satisfyingE[T] = O(m*) and P(T > S E[T]) < (1/2)°.

We outline the proof and our algorithmsimultaneously
The ideais to run the chainin two alternatingphases.In
Phasel the chainis run normally Bubley and Dyer [2]
shovedthatary two particlesonthechainin Phasé will co-
alescen O(m?®) time with probabilityatleast1/2. In Phase
I, thechainwill berunin suchaway thatall of the possible
orientationswill coalescedown to two particleswith some
constanpositive probabilityin O(m*) time. By runningthe
chainin Phasdl followed by Phasd, all the particleswill
have coalescediown to oneparticlewith someconstanpos-
itive probability

Let A; denotetheedgesve know thedirectionof attime
t,andsetD; = |E|\ A:. Wewill show thatthe probability
that |A;| goesto m ast goesto infinity is positive. This
is differentfrom the k-coloring problemin thatboth 0 and
m areabsorbingstates.Thatis, if ever|A:| = 0, we cannot
gainary informationby runningthechainsincewe cannever
tell if switchingthe direction of an edgeis a valid move.
Alternatively, if |A;| = mn, thenall of the edgesareknown
andthey will stayknown for all timesaftert.

Supposéhat|A4y| > 1. Asbeforeletd = |A;1| — | Al
We will shawv that E[6] > 0. Consideranedgea in A; that
is leaving nodew. If ary otheredgeis known to be leaving
v, thenwv will not be a sink evenif edgea flips direction,
andsoa cannotmove from A; to D41. Similarly, if all the
otheredgesadjacentto v are known to be enteringv, then
a cannotflip direction,andcannotmove from A; to Dy 4.
Theonly way for a to switchfrom A; to D, is for v to be
adjacento someunknovn edgeb. If we selecth andchange
its directionso thatit entersv, thatis an acceptablenaove
sincea leavesv. Thismaovesd from D; to A;;. Theprob-
ability of selectingb andits gooddirectionin this manner
is equalto the probability of selectinga andits baddirec-
tion, andso if we only changethesetwo edgeswe would
have that P(§ = 1) = P(§ = —1). Sincewe have said
thata is the only known edgethatleavesbd, we only usethe
edgeb in this manneronce. Therefore we have thatoverall
P(6=1) > P(é = —1),andso|A;| isasubmartingale.

Let S be he startingtime for a run of Phasell. Let a
be ary edgeof the chain. Now this edgehasone of two
directions,either 0 or 1. Partition the setof particlesinto
two classedasedon the directionof @ attime S, so X; =
{X|X(a) = 1attime S} andX, = {X|X(a) = 0atS}.

ThroughoutPhasell, we will force the two classego
evolve independently Particleswithin eachclasswill cou-
ple,pairsfromdifferentclassesvill not. Firstchooseanedge



b uniformly at random,andthen pick two independentan-
domvariablesuniformly from [0, 1]. All particlesn classX;
take astepin thechainaccordingo thefirst randomnumbey
andall particlesin classX, take a stepaccordingo the sec-
ondrandommumber If | A} | isthenumberof known particles
attimet in classl, and| A?| is thenumberof known particles
in class2, thenat the startwe have that |A}| = |A7| = 1,
sincewe know the directionof edgea for eachclass. Each
| A%| is a submartingalevhichis absorbedatn andhaspos-
itive probability of increasingoy 1 at eachtime step,hence
P(Ai=m)— L >1/mast — oo fori € {1,2}.

Whenever either|A} | or |A?| equalsO, we have to start
over by picking anedgea andresettingclassesX; and X,
sothat|A}| = |AZ| = 1. Thereis exactly onerun where
both hit m. To boundthetime it takesfor this goodevent
to occur we examinea relatedmartingaleN; = (N}, N?)
whereP(N},, = Nj+1) = P(N},, = N;—1) =1/2,and
if eitherN} = 0 or N7 =0, N}, = N7, = 1. Finally,
let . beanabsorbingstatefor eachN}. Sincewe know that
| A%| is amartingalewith unit changesthe N; lower bounds
thevalueof | A%| if thesizeof Ai changediteverytime step.

Let GOOD(j) denotethe eventwhere N} = j reaches
m beforehitting 0. ThenP(GOOD(1)) = 1/m, andthe
expectedunningtime for both N} and N7 to hit m is 1/m?.
Hencethe expectedrunningtime (by Wald’s Lemma)is m?
timesthe expectedrunningtime for one of the N to hit O
giventhatwe know onehits 0, plustheexpectedimeneeded
for bothto hit m giventhatthey bothhit m.

Knowing that N} endsat m meansthat at eachstepit
is evenmorelikely to go up. In particular it is still a sub-
martingale andwe canuseTheorem3 to concludethatthe
expectechumberof times N} = i is atmost2(n — 4).

Similarly, the probabilitythatd = —1 giventhatit ends
at 0 is greaterthanthe old probabilitythaté = —1, andso
N} is thena supermartingale That makesn — N} a sub-
martingale andthe Upcrossingnequalitycanbe usedonce
moreto concludethatthe expectechumberof timesN; = j
is atmost2. Therearem stepsbetweerD andm, andsothe
total numberof changess 2m. The differencebetween;
and| Al| isthat| A%| doesnt alwayschangeateverytimestep.
However, aslongasthereexistsanunknavn edge therealso
existsatleastoneedgewhichwhenselectedchangeshesize
of |A{|. Thereforethe P(|A%|) changess atleastl/m, and
the expectednumberof time stepsbetweeneachchangeis
m. Hencethetotal numberof stepstakenin this partof the
algorithmis 2m*. Theremainingrun only takes2m? steps,
sothetotal numberof stepsneededs O(m*).

By thenrunningPhase for O(m?®) moretime we then
coalescehe two particlesfrom Phasd into one state,dis-
tributedaccordingo thestationarydistribution. Therunning
timefor theapproximateountingalgorithmfollows directly
from the analysisof Bubley andDyer, substitutingour sam-
pler runningtime for theirs.
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