Test 1 - Math 133

_ ‘Tuesday, Feb. 16th
Instructor: Mauro Maggioni - .

Office: 293 Physics Bldg. _
Office hours: Tuesday 4pm-5:30pm.

www.math.duke.edu/~ maura/teaching.html

Write your name at the top right corner of each page. Provide full answers and motivations. No credit

is given for n'on—motiva;ted answers. No books, notes, or caleulators are allowed. You have 1 hour and
10 minutes. :

1. (a) When do we say that a, problém is well posed? [5 pis] Isr'u.t —u, =0, z€R. ¢t>0 weil—posed?
[3 pts] '
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(b) Is w+ (1 ~ w)u, + u¢ =0 a first order PDE? [3 pts] Is it.linea.r? [3 pts] - ‘
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() For the following PDE’s, indicate whether the characteristics are lines or not, and whether
the solutions are constant along the characteristics or not [4 pts each]:
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{d) Solve either one of .the last two PDE’s above, wii;,h initial condition u(z,0) = f(x) {30 pts].
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2. Consider the equation u; - uu, = 0, zcR,i > 0, with initial condition u(z,0) = f (z), where

1 ,z <0
flz)= e'xp{—;n—{:—ﬁ} 0<z<1
0

x> 1

Which type of PDE is this? [5 pts] Is this problem well-posed? [3 pis| ) .
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Describe the solution, in words and pictorially, through the characteristics and their behavior, for

: . . LT
t> 0 [30'pts]. Do shocks develop? Why? [10 pts] ¥ they do develop, describe the solution after y
the shock forms [15 pts]. '
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3.. Consider the heat equa.tlon U = Amu, for reR >0, a.nd 1mtxa.l condltlon u(:c 0) = f (z), where
fECR), 0 <1, 0nd flg) 0 fol = Hoo. -

(a) State & maximum principle for u [15 pts]. '
Doz &_ Y \WA Sen % m “s&»)f\c—»\
G M M \o«; \ wa:& W,
re \ocal  wasdwa \;-\ (E\"‘ Q:’ = OQ\

(b) White the solution u(z,t) of the given IVP, in terms of the fundamental solution [8 pts]. Then
- prove or chsprove u{z,t) -~ 0 uniformly on [0,1] (*).
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(¢) Suppose that, with f as above we know that f{x) = 0 for « € |a b] Is that true that _

-.u(z,8) = 0 for z € {a,b], for all £ > 07 For at least some ¢ > 07 Why? What if @ and/or b are
infinity? (18 pts]
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» with Neumann boundary conditions.
i. Write explicitly the boundary conditions [5 pts].
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{d) Now consider the same heat equation on [o,1]

ii. Use separation of va;.riables to find first pa,rtlcula.r solutions of the form @, (x4, (t) and
the eigenvalues A, of the problem [30 pts].
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ii. Assume the initial condition is f(z) = cos(4nz). Write the solution of the heat equation
with the Neumann boundary conditions and this initial condition {*). What can you say
about the L*([0, 1]) norm of the solution u(-, t), for any fixed ¢ (**)?
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