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1. If f is a measurable function from a measure space (X;F ; �) to C de�ne the L1

norm of f , kfk1 to be the in�mum of all positive numbers t such that

�fx : jf(x)j > tg = 0:

a. Show that kf � gk1 = 0 if and only if

f = g a.e.

b. Show that L1 is a normed vector space (under the assumption that two functions

are considered the same if they are equal almost everywhere).

c. Is L1 a Banach space?

2. Let 1 � p < 1. Give an example of a measure space and a measurable function f

such that f 2 L
p but f 62 L

r for any r 6= p. Give an example of a sequence of functions

that converges in Lp but not in Lr for any r 6= p.

3. Let C[0; 1] be the set of continuous functions f : [0:1]! C . Show that f is a Banach

space under the norm

kfk = supfjf(x)j : 0 � x � 1g:

(Note: kfk = kfk1 for f 2 C[0; 1] and hence this is a subspace of L1[0; 1]. )

4. Show that if fn converges to f in Lp for some 1 � p � 1, then fn converges to f in

measure.

5. Suppose fn is a sequence of measurable functions of a measure space (X;F ; �) with

�(X) <1. Show that

lim
p!1

kfkp = kfk1:

Give an example to show this is not necessarily true if �(X) =1.

6. A function � : R ! R is called convex on [a; b] if for every 0 � t � 1 and every

a � x; y � b,

�(tx+ (1� t)y) � t�(x) + (1� t)�(y):

Suppose f is a measurable function on a probability space (X;F ; �) taking values in [a; b]

and � is convex on [a; b]. Show that

�(

Z
X

f d�) �

Z
X

�(f) d�:

This is called Jensen's inequality.


