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My research focuses on understanding the relationship between classical counting problems and
their automorphic generating “theta” functions. This connection provides a great deal of information
in both directions, theoretically as well as computationally. It can be used to determine the numbers
represented by a quadratic form, but it also provides information about the automorphic structure of
certain theta functions. Most of my work has focused on the classical counting problem of quadratic
forms representing numbers, which is connected to automorphic forms on SL2 and its metaplectic cover
SLs. However other counting problems give rise to automorphic forms on other groups, which hold the
promise of using similar ideas to better understand both worlds. I plan on both continuing my work in
the current setting, as well as exploring these more exotic counting problems.

1 Completed Work

An integer-valued quadratic form () can be thought of either as a homogeneous polynomial of
degree 2 with coefficients in Z, or as a lattice L sitting inside a fixed vector space equipped with a
quadratic/bilinear form taking integer values on L. It is often convenient to be able to move between
these perspectives, depending on the question at hand. In what follows, we will assume that @ refers
to an integer-valued quadratic form and that L is its associated quadratic lattice.

1.1 Exact Mass Formulas for Maximal Lattices
The mass of a positive definite quadratic form @, defined as

1
Mass(Q) := Z T
Q:€Gen(Q) #AUt (Ql)

is a number closely related to the number of classes @; in the genus Gen(Q), but can also be computed
in terms of purely local information about Q. In [Hal, Ha5] we give an explicit formula for the mass of
a (definite or indefinite) quadratic form associated to a maximal lattice over an arbtrary number field,
generalizing a similar formula of Shimura [Sh7] which holds for totally real number fields. This is proved
by reinterpreting [Sh7] in terms of the Tamagawa number of the special orthogonal group SO(Q), and
computing the relevant archimedean local factors. Using results of [Sh6], the mass of a general lattice
can be obtained from a maximal lattice by computing certain group indices of their stabilizers in SO(Q),
though in general this may be quite complicated. For indefinite forms in > 3 variables, this allows for
computation of the volume of the associated symmetric space quotients I'\ Z, where Z is the symmetric
space of SO(Q) and T is the stabilizer of Q.

Paper [GHY] is joint work with W. T. Gan and J. Yu in which we provide a more conceptual proof
of Shimura’s mass formulas [Sh6, Sh7, Sh8] for a maximal totally definite quadratic/hermitian lattice L
over a totally real number field F' of degree d. We do this by observing that the stabilizer of a maximal
lattice at a finite place is always a maximal parahoric subgroup of the associated orthogonal/unitary
group G, so by [Gr] we may associate to it canonical local measures |w,| on G, and a motive Mg of
Artin-Tate type. Using these local measures we construct a Tamagawa measure p on G(A), whose total

measure is given in [GrG] as
1

n= WL(MG)T(G)

GIM\G(4)

where L(Mg) denotes the L-function of Mg evaluated at s = 0, 7(G) is the Tamagawa number of G,
and r is the absolute rank of G over F'. By Bruhat-Tits theory we relate p to the measure p’ defined by



giving the adelic stabilizer Stab(L) C G(A) of L measure 1, and in terms of 4’ the mass has the simple

expression
Mass(L) = / w'
G(FI\G(4)

The local constants of proportionality relating ., and et are then explicitly computed in terms of the
number of positive roots over F' and the order of the residue field of certain reductive quotients of both
G, and the integral model H, defined in §4 of [Gr].

1.2 Explicit Representability of Numbers

Paper [Ha2] uses the theory of modular forms to provide practical conditions for finding the numbers
m represented by a positive definite integer-valued quadratic form @ in n > 3 variables. This allows
one to compute the numbers represented by Q when n > 4, and also when n = 3 provided we restrict
ourselves to numbers m within a fixed square-class tZ2? which is not of exceptional-type.!

This is proved by analyzing the theta function ©¢(z) as a sum of an Eisenstein series E(z) and a
cusp form f(z), and computing explicit lower and upper bounds for the growth of the Eisenstein and
cuspidal coefficients respectively. While the final statments are for quadratic forms over Q, the necessary
local computations (at all primes) here are done over a totally real number field in preparation for future
work. The local factors are understood and computed using an explicit reduction procedure, which lends
itself to quick computations. We use these results to prove the long-standing conjecture (due to Kneser
and popularized by Kaplansky) that 22 + 3y? + 522 + Tw? represents all positive integers except 2 and
22.

1.3 Failure of the Local-Global Principle over Q

One of the most important results characterizing the numbers represented by a positive definite quadratic
form @ in n > 4 variables is the local-global principle, which states that for all but finitely many
m €N,

m is locally represented by = = m is represented by Q.

This was extended by Duke and Schulze-Pillot [D-SP] to ternary forms, provided m does not lie in one
of finitely many exceptional-type square classes. Paper [Had] uses the theory of modular forms of weight
% to undertand which numbers are represented by @ within an exceptional-type square class tZ2. We
show that there may be infintely many numbers m € tZ? which are locally represented by the spinor
genus of ) but not represented by @, and precisely characterize for which m this happens.? We further
prove that on the level of modular forms, this phenomenon is due to a certain weight 2 cusp form g(z)
occuring as the sum h(z) + hy(2) of some form h(z) and its quadratic twist by ¢ = v, answering a
question raised by Schulze-Pillot in [SP].

These results are proved by analyzing the weight % theta function ©¢(z), whose Fourier coefficients
on such tZ? have an additional contribution from a cusp form H(z) (coming from quadratic forms
in 1 variable) supported on finitely many square classes. Thus the theta function can be written as
©¢(z) = E(2)+ H(z)+ f(2) where both H(z) and f(z) are cuspidal but only f(z) has cuspidal Shimura
lift. Here the main term of the Fourier coefficient asymptotics comes from the sum E(z) + H(z), whose
size is controlled by the quadratic character v;. By analyzing those m where the main term fails to
beat the error term, and using the non-negativity of Fourier coeflicients of ©¢(z), we obtain bounds on
certain coefficients of the weight 2 Shimura lift g(z) := Shi(f,¢Z?). We then decompose g(z) as a sum
of Hecke eigenforms and use a group-theoretic argument on the images of their associated mod [ Galois
representations to show that these coefficients must be zero, and that g(z) is actually the sum of a form
and its twist by ;. As a consequence it follows that the local-global principle fails infinitely often only
along (finitely many) sequences of the form T'p?, where T is anti-exceptional® for Q and ¥r(p) = —1.

IThe restriction to m € tZ2 is due to the ineffective lower bound L(1,x¢) > C:t~¢, which is intimately related to
the possible existence of a Siegel zero for Dirichlet L-functions. Exceptional-type square classes are often referred to as
spinor-exceptional square classes.

2This was also done independently by Schulze-Pillot in [SP] using purely local methods.

3The term anti-exceptional is related to the half-genus defined by ¢, and is precisely defined in [Ha3, Had].



1.4 The 290-Theorem and Universal Quadratic Forms

For convenience, we say that a positive definite quadratic form @ is universal if it represents all
positive integers. The characterization of universal forms has a long history going back to Lagrange [L]
and Ramanujan [R], though until recently it was incomplete. A notable recent development along these
lines is the Conway-Schneeberger 15-Theorem [Con, Sch, Bh1] which states that any positive definite
form with even mixed terms (i.e. classically integral) is universal if and only if it represents the numbers
1, 2, 3, 5, 6, 7, 10, 14, and 15. The proof of this elegant theorem enables one to prove that there
are exactly 204 (positive definite) classically integral universal quaternary forms. In 1993, Conway also
formulated a more general “290-Conjecture” for all integer-valued positive definite forms. In [Bh-Ha]
(joint with M. Bhargava) we prove this more general 290-Theorem, which states that an integer-valued
positive definite quadratic form is universal if and only if it represents the 29 critical numbers

1,2,3,5,6,7,10,13,14, 15,17, 19, 21, 22, 23, 26, 29,
30,31, 34, 35,37, 42, 58,93, 110, 145, 203, and 290.

As a consequence, we are able to prove that there are exactly 6436 (positive definite) universal quaternary
forms.

The 290-Theorem is proved by recursively constructing a finite set of escalator forms Q' which
must be contained within any universal quadratic form @, and keeping track of the smallest number not
represented by each Q' (called its truant). If Q' has no truant then it is universal, otherwise we extend
the set of escalators by adding all (positive definite) forms containing @’ but which also represent its
truant. For each escalator Q' we must either find its truant or show that it is universal.

In our case, we follow this procedure to explicitly construct a list of 6,560 quaternary escalators
@’ and establish which numbers they represent via the analytic method developed in [Ha2] (see §1.2
for details). This involves introducing several new computational ideas of using a split local cover
T @ dx? C Q' which allows us to reduce to checking representability using the ternary form T, and
an approximate boolean theta function which allows us to roughly understand the numbers < X
represented by 7' in about time X (as opposed to the usual X 2) using equidistribution results of [D-SP].
For those " which are not universal, we then organize their higher-dimensional escalations in terms of
escalations by a non-minimal number, which allows us to check the representation properties of only
104 additional quaternary forms. Having done this, the set of all truants gives the 29 critical numbers
above.

These results were also recently described in the Notices of the AMS [O] and Science News [P].

1.5 Computational Software and Websites

In the process of proving the Kneser conjecture and the 290-Theorem, it was necessary to develop
software which efficiently computes the many steps involved in finding and checking the analytic bounds
developed in [Ha2]. In particular this involves computing local densities for representing a number
by @ at all places, Siegel’s product formula, theta functions and approximate theta functions, local
conditions for representability, split local covers, Eisenstein and cuspidal eigenform components of the
theta functions ©¢(z), and several number checking routines.

This was first implimented in PARI/GP, then in MAGMA, and most recently in C++ for greatest
control and speed. This C++/MAGMA code allows one to determine all numbers represented by any
positive definite integer-valued quadratic form in 4 variables, and prove simple finiteness theorems. In
an effort to make this software widely accessible to other researchers and students, all source code has
been posted online [Ha6], and I am currently working with W. Stein to integrate these routines into his
freely available software System for Algebra and Geometry Experimentation (SAGE) [St].

As an attempt to improve the accessibility of various historical and current results about quadratic
forms, I have created several webpages [Ha6, Ha7] devoted to the 290-Theorem and quadratic forms,
and written the survey paper [Ha3] describing some recent results about ternary quadratic forms.

2 Future Plans

2.1 Finiteness Theorems for Primes and Primitive Representations

Following the methods of the 290-Theorem, together with M. Bhargava, I would like to establish two
further explicit finiteness theorems by producing two minimal finite sets S, P C N so that for any positive



definite integer-valued quadratic form @,

@ primitively represents S = (@ primitively represents N, (1)
Q represents P = @ represents all prime numbers. (2)

The first question is a natural primitive counterpart to the 290-Theorem, and seems accessible by
modifying the techniques of [Bh-Ha]. The finiteness theorem for prime numbers seems more difficult,
though the classically integral analogue of (2) has been proved by Bhargava [Bh2], who showed that it
suffices to check all primes < 73. This problem is interesting not only because it is a natural question
about primes numbers, but also because certain ternary escalators arising in the proof may be difficult
to handle. Since the analytic methods of [Ha2] are effective only for quaternary forms, this may either
require the use of additional arithmetic methods as in Watson’s thesis [Wa0] or, failing that, may only
be a conditional result based on the non-existence of certain Siegel zeros.

2.2 Ternary forms and Local-Global principles/F

Given the success of [Had] at explaining the nature of a local-global principle for ternary quadratic forms
over Q, it is natural to attempt to extend these methods to the case of a totally real number field F.
In this setting the theta function is a (Hilbert) modular form of weight 3 on SLy(F), and we hope to
understand this local-global principle by studying the effect of the Shimura lift on the cuspidal part.
Since this lifted form again has weight 2, we can understand its Fourier coefficients by studying the linear
combination of mod ! Galois representations associated to its Hecke eigenform components. While this
is technically more complicated than [Ha4], the Shimura lift, existence of Galois representations, and
subconvexity estimates have already been established in this context by [Sh4, Sh5], [Tal, Ta2, B-R],
[Br-L]. However, for Hilbert modular forms the Shimura lift is decribed in terms of Fourier coefficients
at all h cusps of §I:2(F ) where h is the class number of F. This is particularly interesting in terms
of the quadratic forms, since it reflects counting the number of representations of non-free quadratic
lattices of dimension 1. This result is the final piece necessary to establish the nature of a local-global
principle for non-binary integral quadratic forms over number fields, which allows one to understand
which numbers are represented by a given quadratic form in > 3 variables, and answers the “existence
of solutions” part of Hilbert’s eleventh problem.

While the above approach appears likely to succeed, its use of many deep and recent results makes
it rather delicate, and unsuitable for more general investigations. For example, counting representations
of forms by a given quadratic form @ gives a theta function on the symplectic group Sp,, for which
few of the above tools exist (see §2.4 and [Ta3]). In the context of automorphic representations, we
can interpret our main result as a statement about the composition of the two liftings of automorphic
representations on the groups .

O3 — SLy — Oy 1,

first via the Weil representation and then through the Shimura lift. In principle this composition could
also be dealt with more directly as a single automorphic lift on the groups

O3 — O3,

via the minimal representation of Os ;, though the computations here may be quite complicated. This
is an important first step to understanding the precise nature of a local-global principle for representing
forms by forms, particularly in codimension 2.

2.3 DMass Formulas and Class Number One Forms

In the arithmetic theory of quadratic forms, the main technique for establishing the representation
properties of a given positive definite form @ is to find forms @’ with known represenation properties
which embed into @, and then conclude that @ represents all numbers represented by @’. The most
common choice of Q' are forms which have class number 1, since these represent all numbers they
represent locally. This technique is also useful for proving finiteness results (see [Bhl], [KKO], and
§1.4). While many class number 1 forms are known, the list is not yet complete (even over Q), though
this question has been studied in a long series of papers by Watson [Wal-12]. In his thesis work



[Gel, Ge2], Gerstein used the asymptotics of the mass formula to show that there are only finitely many
totally definite quadratic forms of class number 1 over all totally real number fields.

We intend to use the exact mass formulas developed in [Sh7, GHY] to determine all class number 1
quadratic forms associated to maximal lattices (over any given totally real number field F'), and then
use results about the stabilizers of sublattices (as in [B-G]) to characterize all class number 1 quadratic
forms over F'. Depending on the efficiency of these computations, it may even be possible to determine
all class number one totally definite quadratic forms over all totally real number fields. It would also be
interesting to identify those class number 1 forms of maximal rank (which is known to be < 33), and
the number fields they are defined over.

2.4 Theta functions for forms of higher dimension and degree

Though we have been primarily interested in understanding numbers represented by a quadratic form
Q, one can also ask similar questions for representations of quadratic forms Q' by @ (which corresponds
to counting embeddings of rank r > 2 quadratic lattices L’ into a fixed quadratic lattice L). The theta
function for this counting problem is an automorphic form on the group Sp,, (i.e. a Siegel modular
form), and one could hope to use it to prove asymptotics for the numbers r¢(Q’) and explore the nature
of a local-global principle in this setting. One expects that the nature of this question depends primarily
on the codimension of the two quadratic forms. For codimension > 2, purely analytic techniques should
prove a representability result when the least integer represented by the smaller form is sufficiently large,
whereas the case of codimension 1 should have a purely arithmetical nature. We expect the codimension
2 case to provide the most interesting behavior, exhibiting both asymptotic and congruence features
with the spinor genus playing a central role. Currently the best unconditional result is for codimension
> r + 3 in [HKK] by arithmetic methods, and some progress has been made by Kitaoka [Kil-11] for
codimensions r 4+ 2 and r + 1 (under certain assumptions) by using analytic techniques. Using methods
of ergodic theory, Ellenberg and Venkatesh [El-Ve] have very recently shown that a local-global principle
holds when the codimension is > 7, however their method is ineffective and cannot be modified to yield
any reasonable bounds or asymptotic information about the number of representations.

While the question of representing quadratic forms by other forms is classically interesting, and
provides many interesting and challenging questions, it has recently become apparent that there are
other (less classical) representation problems which appear to operate in similar ways, but are much
less well understood. Some examples of these are described in [Ga, Wei], which give Eisenstein series
on G2 and D4 whose Fourier coefficients (respectively) count the number of embeddings of pointed
cubic spaces into an exceptional Jordan algebra, and the embeddings of certain 2 x 2 x 2 cubes into
an octionian algebra. These examples are established using a Siegel-Weil formula for certain dual pairs
inside of particular integral models of Eg and E7, though the general arithmetic implications of these
correspondences have yet to be worked out. In particular, one could apply the techniques in the previous
sections to study the nature of a local-global principle, asymptotics of representations, and class number
for these embedding problems. It is also entirely possible that there are many interesting structures
within these spaces of modular forms which have arithmetic significance for the associated counting
problems (as is the case for weight % forms arising from quadratic forms in 1 variable, the Shimura lift,
and their connection with the spinor genus), and that understanding these structures would provide
deep insights into both the classical questions and their automorphic structures.
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