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Abstract

In this paper we study the asymptotic nonlinear stability of discrete shocks
for the Lax-Friedrichs scheme for approximating general m Xm systems of
nonlinear hyperbolic conservation laws. It is shown that weak single discrete
shocks for such a scheme are nonlinearly stable in the LP-norm for all p = 1,
provided that the sums of the initial perturbations equal zero. These results
should shed light on the convergence of the numerical solution constructed by
the Lax-Friedrichs scheme for the single-shock solution of system of hyper-
bolic conservation laws. If the Riemann solution corresponding to the given
far-field states is a superposition of m single shocks from each characteristic
family, we show that the corresponding multiple discrete shocks are nonlinearly
stable in L” (p = 2). These results are proved by using both a weighted
estimate and a characteristic energy method based on the internal structures
of the discrete shocks and the essential monotonicity of the Lax-Friedrichs
scheme.

1. Introduction

We investigate the asymptotic stability of the numerical approximation of
the following Riemann problem for general systems of nonlinear conservation
laws

u_, x<2o0,

U; +f(u)x = 0: u(x5 0) = uO(x) = { (11)

uy, x>0

where u = u(x, t) € R™, f is a smooth nonlinear mapping from R™ to R™,
and u, are two constant vectors in R”. We assume that the system (1.1) is
strictly hyperbolic in the sense that at each state u € R™ the Jacobian Vf(u)
has m real and distinct eigenvalues

() < Ay(u) <...<A,(u)
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with corresponding left and right eigenvectors I,(u) and r,(u), respectively,
and that each characteristic field is either genuinely nonlinear or linearly
degenerate in the sense of Lax [14], ie., for u = 1,..., m, the eigenvector Ty
satisfies VA,-r,=1 or Vi, -r,=0. We normalize the eigenvectors so that
I, (u) re(u) = 6, and denote the mxm matrices L(u), R(u) and A(u) by

L) = (L)', L)), R@ = (n@),..., (),
A(u) = diag (41 (u), ..., An(u)).

LAx [14] showed that the Riemann problem (1.1) has a solution consisting of
at most (m + 1) constant states separated by shock waves, centered rarefaction
waves, and contact discontinuities, provided that the shock strength |u ~u_|
- is small.

We focus mainly on two special cases, the single shock and the multiple-
shock. In the first case, the Riemann problem (1.1) has a k-shock wave solution

u(x, 1) ={”—’ X <st, (1.22)
Uiy X8,

corresponding to the k-th genuinely nonlinear field. Here the constant states
u, and shock speed s satisfy the Rankine-Hugoniot condition

flu) =fluy) =s(u_ —uy), (1.2b)
and the Lax entropy condition
Ar(uy) <s<Ap(ul). (1.2¢)
In the second case, the Riemann problem (1.1) has a mulriple shock solution
Uy, x < $qt,

U, SiE<x <8¢,
u(x, r) = : (1.3a)
ﬁm—l: sm_1t<x<smt,

Uy, Syt < X.
Here the constant states iy =u_, ity,..., #,_1, U, =u,y and shock speeds
815 .. Sy satisfy the Rankine-Hugoniot conditions

f(ﬁ,u—l) _f(ﬁﬂ) = S,u(z’—t,u—l - L_t,u)s "= 19'- - M, (1'3b)
and the Lax entropy conditions
Ay <s,<Ay(iy_1), wu=1,...,m (1.3¢)

The multiple shock is generic in the sense that it is preserved under small per-
turbations of the left and right constant states u_ and u,.

We approximate (1.1) with the difference schemes (consistent and conser-
vative) of the form

uf = Gy, ul . uly) (1.4)
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where G(u_,,..., u,) :RUF*D™ o R™ is a smooth function. In particular, we
take the Lax-Friedrichs scheme as the approximation scheme [13]

it —uf + (f(”1+1) —fuj-)) = (”J+1 2uj tujy) (1.32)

where /" is a approximation of u(x;, t,), x; = j Ax and ¢, = n At, and Ax and
At are the spatial and temporal grid sizes; v is a constant satisfying 0 < v < 1,
and the temporal-spatial grid ratio 1 = A¢/Ax satisfies a Courant-Friedrichs-
Lewy condition
Asup i, (u)| = v. (1.5b)
u

A solution ¢/ of

2
P =g (P8 ~f(9)0) = D (e —26] ), (169)

¢ = ¢)_p» (1.6b)
¢ Uy, asj-orE® (1.6¢)

is called a traveling-wave solution. It is referred to as a single discrete shock.
Its existence has been proved by Mama & RarstoN [18] provided that
(u_, u,) satisfies condition (1.2). Here, As = p/q for some relatively prime
integers p and gq.

The first main theorem of this paper is the following; it gives the asymp-
totic L2-stability and L'-stability of single discrete shock waves for the Lax-
Friedrichs scheme.

Theorem 1.1. Suppose that (1.1) is a strictly hyperbolic system and that the k-
characteristic field is genuinely nonlinear. Let ¢ be the single discrete shock pro-
file (1.6) in the k-field connecting u, to u_. Assume that

Z (u]O - ¢]O) = 09 (1.73)

j=——oo

e=luy —u_| =c, (1.7b)
Y 0+ - sq (L.7¢)

jm—x
Jor some (suitably small) positive constants ¢, and c,. Then
(1) There exists a umque global solution u]' to the Lax-Friedrichs scheme (1.5)
with initial data uj » which satisfies

Tim Y7 [uf —¢f|* =0. (1.8)
@1 -
E 1t +j2)3/2|ujp—¢]9|2§W, (1.74d)

j=—ce
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then o
sup Y [uf — ]| <oe. (1.9)
j=—o

Osn<oe |

As an immediate consequence of Theorem 1.1, we have the following co-
rollary.

Corollary 1.1. Under the hypothesis of Theorem 1.1, there is LP asympiotic
stability for p > 1:

@

lim Y3 [uf —¢f|” = 0. (1.10)

j=—oo

Remark 1.1. One would expect that the stability estimate (1.9) in Theorem 1.1
implies the following error estimate for the Lax-Friedrichs scheme (1.5a) ap-
proximating systems of conservation laws (1.1) with single-shock solution
u(x, t), of the form (1.2a):

lut, 1) —up (-, )]z = Ch (1.11)

where u;(x, t) is the approximate solution and C is a positive constant in-
dependent of the grid size 4. The error estimate in (1.11) should be optimal.
It has been achieved by JENNINGS in the scalar case [10]. It remains to combine
some initial-layer estimates with (1.9) to obtain (1.11). This is left for the future.

Remark 1.2. In the original Lax-Friedrichs scheme [13], v = 1. However, we do
not expect asymptotic stability of the discrete shock profiles in this case. In
fact, we can easily verify that stationary discrete shock profiles of the Lax-
Friedrichs scheme for scalar equations are not asymptotically stable [16]. We
note that the theorem of JENNINGS [10] for scalar equations also excludes the
case v = 1.

Next, we define the multiple discrete shock corresponding to the multiple
shock solution (1.3) to be the superposition of m single discrete shocks:

m m—1
oF =Y &hes, — 3 Tus (1.12)
u=1 p=1
where ¢, ; is the discrete shock connecting the constant states #,_, and #,,

and the 9, are integers determined by initial data.

The second main theorem of this paper is the following asymptotic
L?-stability of the multiple discrete shock waves for the Lax-Friedrichs
scheme.

Theorem 1.2. Suppose that system (1.1) is strictly hyperbolic and genuinely
nonlinear. Let ¢} be the discrete multiple shock profile (1.12), and let integers 0,
be chosen such that

o0

m m—1
)y (”Jp =Y bujra, + Yy ftﬂ) = 0. (1.13a)
u=1

j=—0o0 u=1
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Then there exist (suitably small) positive constants c¢; and c, such that if

e=lus—u_|sc, (1.13b)

@ m m—1 2
YA+ u =Y b+ Y | =, (1.13¢)
p=1 pu=1

j:—oo

then there exists a unique global solution, uj', to the Lax-Friedrichs scheme (1.5).
Furthermore,

i " — ¢l =0. 14
Tim Y3 uf = ¢f* =0 (1.14)

j=—e

Our stability analysis is strongly motivated by the nonlinear stability of
viscous shock waves for systems of conservation laws with viscosity of the
form

u, +f(u), =vu,, v>0. (1.15)

There have been extensive studies of this question in the last three decades
[5, 6, 11, 15, 22, 29]. Recently, important progress has been made by Goob-
MAN [5], KawasaiMA & MATsuMURA [11], Liu [15], and Szepessy & XN [27]
in the study of asymptotic stability of viscous shock profiles for a large class
of conservation laws with viscosity. These authors showed that a weak viscous
shock profile is nonlinearly stable in the L,-norm in the sense that a small
initial disturbance, under suitable restrictions, dies out as time tends to infini-
ty. In the scalar case, JENNINGS [10], OsHER & RALstON [22] proved L!-sta-
bility for discrete shocks and viscous shocks, respectively.

The study of the existence and stability of discrete shocks is important in
understanding the convergence behavior of numerical shock computations. In
very interesting work [10], JENNINGS showed the stability of discrete shock pro-
files for general first-order monotone schemes for scalar conservation laws.
The existence of discrete shock waves for finite-difference methods accurate to
first order for systems of conservation laws was established by MAIDA &
Rarston [18] using the center manifold theorem; see also [19]. ENGQUIST &
OsHER proved the stability of their first-order monotone scheme for the scalar
case [4]. SmyRrLiis [25] proved the stability of a scalar stationary discrete shock
wave for the Lax-Wendroff scheme. Szepessy [26] studied the existence and
L?-stability of stationary discrete shocks for an implicit first-order, streamline-
diffusion, finite-element method for systems of conservation laws. In contrast
to [26], we deal here with explicit schemes and non-stationary shocks. We also
treat the case of multiple shocks and L!-stability. Although we have proved
similar results for stationary discrete shocks for the Lax-Friedrichs scheme by
a different (and simpler) method [16], which is of intrinsic interest, we cannot
apply this method in [16] here due to the complicated structure of non-sta-
tionary discrete shocks. In the case that the given far field is a constant state,
CHERN [1] proved the stability of the Lax-Friedrichs scheme using diffusion
waves.

As is well known, the L!-norm is the natural norm, both mathematically
and physically, to measure the stability of shock waves. As far as we know,
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our L!-stability result in Theorem 1.1 is the first for shock waves for systems of
conservation laws. In the scalar case, JENNINGS obtained the same result [10].

The Lax-Friedrichs scheme has played a very important role, both in
theoretical and numerical computations and in the development of the theory
of hyperbolic systems of conservation laws. The scheme first appeared in Lax
[13] and was used by OLEmNIK [21] to prove the existence and uniqueness of
the admissible solution for scalar conservation laws. DIPERNA used the Lax-
. Friedrichs scheme to prove the existence of large-amplitude weak solutions for
some 2Xx2 systems [3]. NisHIDA & SmoLLER [20] also studied isentropic gas
flows with a modified Lax-Friedrichs scheme.

For scalar conservation laws, the Lax-Friedrichs scheme belongs to the class
of monotone schemes which are well understood; see [12, 2, 24], e.g. It has
been shown by KuznNecov [12] (see also SANDERS [24]) that the best rate of
convergence in the L!-norm for such a scheme with general BV initial data
is 712, HaraBETIAN [8] studied the large-time behavior of rarefaction waves
for some monotone schemes; see also [28].

In a forthcoming paper [17], we employ ideas developed in this paper to
prove the convergence of approximations constructed by the Lax-Friedrichs
scheme to piecewise smooth solutions for systems of conservation laws. Goop-
MAN & XN [7] have proved convergence of viscous solutions for systems of
conservation laws to piecewise smooth inviscid flows.

The outline of this paper is as follows. In Section 2, we study some impor-
tant properties of the discrete shock profiles constructed by Maipa & RALSTON.
These properties, such as the compressibility of admissible shocks and their
asymptotic behavior, play crucial roles in the stability analysis. The key step
in establishing these properties is that, in the construction of center manifolds
for the enlarged system, because the shock is non-stationary, we need careful
analysis to show that waves in the transversal direction are of higher order than
the principal wave. This fact, together with the entropy condition, essentially
yields the desired properties.

We treat the L2-stability of single shocks in Section 3. As in [5, 15, 27, 29],
we use an energy method. Because the scheme is explicit and the shock is non-
stationary, a simple weighted energy estimate is not available here, and our
analysis is technically more involved than its continuous counterpart and the
analyses in [16, 26].

In Section 4, we investigate the L!-stability of single discrete shocks. In
contrast to the scalar case, due to the coupling of waves from different
characteristic families, even the linear stability analysis in the L'-norm is very
difficult. We overcome this difficulty by carefully choosing weights so that the
propagation of the perturbations in the principal direction dominates the
disturbance in the transversal wave directions. The perturbation in the prin-
cipal direction can be estimated by using the essential monotonicity of the
scheme in the principal direction. This, together with the L2-nonlinear stabili-
ty analysis, vields the desired result: Theorem 1.1.

The stability of multiple discrete shocks is treated in Section 5. Since the
system is strictly hyperbolic, so that waves from different characteristic families
propagate with distinct speeds, waves produced by interactions of waves of dif-
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ferent families are controllable both in space and time. This enables us to do
a characteristic decomposition, so that each wave, on its dominant region, can
be estimated essentially as in the single-shock case, while on the complement
of its dominant region, it can be analyzed by a modified version of vertical
estimates.

2. Properties of Discrete Shock Profiles

We are concerned with the finite difference schemes (consistent and conser-
vative)
+1 _
Ul =G U Uire)s (2.1a)

approximating (1.1). We assume that (2.1a) is a first-order scheme and satisfies

t
K(u) = lk(u)E i2 Ci(u) re(u) —| Adi(u)|> >0 (2.1b)
where C;(u) = 8,,G(u_r,...,u)|, =
ing-wave solution of (2.1) satisfying

¢j—p = Gq(¢j—rq’---9¢j+tq)9 qu_)ud: as J—>j:00 (22)

We recall that p and g are integers that satisfy As = p/q. The existence of
discrete shocks for (2.1) has been proved by Mama & Rarston [18] using a
center manifold theorem. In this section, we refine the center manifold con-
struction, show the strict monotonicity of the principal eigenvalues at the
discrete shock profile, and discuss some asymptotic properties of the profiles.

u,—u- The discrete shock is a travel-

.....

Theorem 2.1 (MaipA & Rarston [18]). Let u_ and u, be the left and right
states of a k-shock (1.2) with. shock speed s. Suppose that the shock strength
e=\uy —u_| is small and that s At|Ax = p|q, p, q € Z. Then there is a family
of discrete shock profiles &; satisfying (2.2).

Maipa & RALsTON proved this theorem by applying a center-manifold theorem
(Proposition 2.1 below) to the marching map

T: R(r+t)mq = R(r+t)mq

given by
L)
Uy .
T : = u(r+t)q , (2.3)
u(r+t)q H(ul,... N u(,+t)q
in which
¢'tq =H(¢j—rq’--- ’ ¢j+tq—1) (2'4)

is a traveling-wave profile which is equivalent to the standard form
¢j—p = Gq(d)j—rq;' LI ) ¢]+tq)

One can verify that the marching map T belongs to the class of operators
defined below (Lemma 3.1 in [18]).



224 Jian-Guo Lu & ZHOUPING XIN

Let T:RY > RY be a smooth map and x, € R be a fixed point of T so
that the following conditions are satisfied.

() There are neighborhoods % and %’ of xq in R¥ such that 7 maps %
diffeomorphically onto 7%”.

(ii) T fixes a smooth m-dimensional manifold 2 containing x,.

(iii) The algebraic eigenspace of dT(xy) associated with the eigenvalue 1 is
the span of the tangent space of £, ZO(Q), and a vector y satisfying

dT(xg) x =x +r (2.5)

where r € 7, (2) and r =+ 0.

(iv) dT(x,) has no eigenvalues in the set {z:]z| =1, z =+ 1}.

(v) Hypotheses (ii) and (iii) imply that, given 6’ > 0, there is a J > 0 such
that, when x € 2 and |x — xo| < J, the eigenvalues of dT(x) lying in
|z — 1| < ¢’ are 1 with multiplicity m and f(x) with multiplicity 1 where
B(x) € C*(Q).

We assume that
7 V(xg) <O0. (2.6)

We summarize the center manifold constructions for such an operator in
[18] in the following proposition.

Proposition 2.1 [18]. Assume that the map T satisfies conditions (1)—(v). Then
there is an € > 0 such that, if x_ € Q, B(x_) > 1 and |x_ —xy| < &, then
(1) there is a C! segment y, beginning at x_ such that T7ly, Cy, and
ij_jYJc__ ={x—}’ .

() for any x € y,_, x £ x_, the sequence T'x, j =0, 1,... converges to x, € Q2
with B(x,) <1,

(3) if the limit of T'x in (2) does not depend on x, then U ,_g Ty, =TI, is
a C! curve segment beginning at x_ € Q, B(x_) > 1, and ending at x, € &,
Blxi) <1

We remark here that in this proposition /. is a C* curve provided that
the map T e C* To study the structure of discrete shock profiles, we need
some additional estimates.

Proposition 2.2. Suppose that x . in Proposition 2.1 satisfy |x. —xo| = O(1) &.
Then, for any x €I, , x +x.,

|B(x) — 1| = cy8, (2.7a)
clx — Tx| = B(x) — B(Tx) = c3|x — Tx|, (2.7b)
|T% — 2Tx + x| < cse| Tx — x|, (2.7¢)

where ¢q,..., cy are constants independent of x and €.

Proof. It has been shown in Proposition 4.1 of [18] that there is a center
manifold M, of m + 1 dimension, M, C {x:|x —xq| = O(1) ¢} which is in-
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variant under 7. Furthermore, there are coordlnates of RY, (n1,..., flms T,
§m+2’ . fN), such that
Xp = (01 Os O)T,

r=(r,0,0)T, reR",
Q={n,0, O)T:ﬂER”’}

My={(n,7,0)T:n€R" nfx:|x —xq| 2 O() &},
dT(n, 7, 0) = (dTo(”’ ) *) 2.8)
0 *

where T is the restriction of 7 on M,. In these coordinates, T, can be written

as
n+tr+1g(n, 1)
To(n, 7) = 2.9
o7, 7) ( o+ th(n, 7) ) 2.9

where h, g € C!, (0, 0) = g(0, 0) = 0. Clearly, for all (%, t) € My,
lg(n, )] =0M)ye, |h(n, 1) =00 e. (2.10)
Computing the Jacobi matrix for 7 directly from (2.9), we get
(g, h
a0 = (o 20N D) L R
0 1+4h(n,1) an, 1)

It follows from (2.8) and condition (v) that, on the center manifold M,, the
eigenvalues of d7T lying in |z — 1| = &’ are the same as those of dT;, and
these eigenvalues are 1 with multiplicity m and B(#, t). The sum of the eigen-
values is equal to the trace of the Jacobi matrix dT,(n, 1), ie.,

, h
m+ B(n, T) =trace dTy(n, t) =m+ 1 + h(y, ) + 7 trace %%g_))
n,t
or, equivalently,
(g, h
BLn, 1) =1+ h(ny, ) + Ttrace ﬁ—l .11)
a(n, 1)
Consequently,
a(g, h)
r-v sT)=r-V,h(n, 1) +1r-V, trace ———=~.
2B, T) 2201, T) n a(n. )

The entropy condition (2.6) now imf)lies that
r-Vah(n, ) =r-VB(xy) + 0(e) < 0. 2.12)
Direct computation using (2.9) yields
Toln, ©) = (n, D =7(lr| + O(e)),
B(Io(n, ©)) — B(n, ©) =t(r- VB(xo) + O(e)), (2.13)
|T3(n, ) = 2To(n, ©) + (1, T)| = O(1) ex,

which in turn gives estimates (2.7). [
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Proposition 2.3. Suppose that x . in Proposition 2.1 satisfy |x,. — x| = O(1) €.
Then, for any x €I, , x+x,, and j=0, £1,...,

c €228 < B(Tix) — BTV %) = cyee el (2.142)
csee el < |T'x —x.| = cree el (2.14b)
where ¢1,..., cg are constants independent of & and j.

Proof. It is shown in [18] that there is a surface patch 2 in the center manifold
M, such that k(#, v) =0 on 2. The curve I, joins two points x_ and x,
and pierces 2; see Figure 1. We denote the intersection point of I, with 2
as (7o, 79), and set

(77]3 Tj) = TJ(”O; TO)'

T

I~

j 2= 4{h=0}
L (o, 7) ;= Tj(rlo: To)

0 ()

x=m,0 QO 0 (€) n
x,=(n.,0)

Figure {. Center manifold construction.

Rewriting (2.9) as

w1 =1+ 75r+7,8(1, 7)), (2.15)

Tj+1 = Tj -+ Tjh(ﬂ], T]’),

we first show that

|75] = O(1) €2 (2.16)
By the uniqueness and symmetry of I, , it suffices to show that for the in-
itial point x = (19, 7o) € =2 with 19 = O(1) &2, T{(no, 7o) hits 2 on the
positive #-axis at a distance of order O(g) 1 from the origin (i.e., x, = (7., 0)
and r-n, =O0(1)¢&). Since h(n;, 1;) <0 for j= 1 and |A(n;, ;)| = 0() &,
we have

Tz — 0 e =1 — 0() €.

N _10Q)
=l ome| | e |7

- 3 _ 11
T, 2T —Jo O() & =17 —5 7o =7 To.

Defining

we get

Taking the scalar product of r with (2.15) leads to
r-g=r-n+ (] +0()).
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Summing from 1 to j, yields
ez g+ 0 joty, 2 11 + 5 0D joto = 0(1) e
Since r-n; is increasing, by using the invariant region, we obtain
re j]irg n;=0()e, 2.17)

which proves (2.16).
Now, we use (2.16) to derive (2.14a,b). Summing (2.15) from 0 to j gives

J

(5 T) = (0> ) = Y (1, 0) + 0(1) ). (2.18)
i=0
This, together with (2.17), implies that for j = j,,
(5> 7)) = (M6, ) = O(1) £(r, 0) + O(1) €2 (2.19)

Consequently, for j = j, we have

h(ﬂ]: T]) = h(ﬂO! TO) + Vh(ﬂ*, T*) ((77]’ Tj) - (77()3 TO))
=0()er-V,h(0,0) + O(1) e =—0(1) e. (2.20)
In (2.20), the constant O(1) is positive due to the entropy condition (2.6).
Plugging (2.20) into (2.15) gives
Tiv1 = T](l — 0(1) 8).
Therefore,

T = Tjoe—O(l)eU—jol = 0(1) e2e—0Welil (2.21)
Direct computation using (2.15) leads to

B0 Tr1) — By, 7)) =7;(r- VB(x0) + 0(8)),
SO
B(Tix) — B(T/*1x) = O(1) e2e~OWelil (2.22)

This proves (2.14a). Next, letting j tend to + o, we have
(74,0) = (1, 1) =Y, 1, ((,0) + O(1) &) =0(1) e =DM ((£,0) + O(1)¢)
i=j ’
or ,
| (14, 0) = (n;, 7;)| = 0(1) geOWelil, (2.23)

which yields (2.14b). The proof of Proposition 2.3 is complete. O

Now, we use the refined center manifold theorems and Propositions 2.2 and
2.3, to show the strict monotomnicity of the principal characteristic speed at the
discrete shock profile and the asymptotic behavior of the discrete shock pro-
files. These properties are crucial to our stability analysis.
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Theorem 2.2. Under the assumption of Theorem 2.2, the discrete shock profiles
¢; of (2.2) also satisfy, for all j =0, x1,...,

Ai($;) > M(dje1) (2.24a)

|2p(d)) — 5| = cr 8, (2.24b)

el — dji1l = (@) — Ae(dj1) = 3l — D], (2.24¢)
V(D)) ($j41 — &) =5(djp1 — ¢5) + 0(&) [¢j41 — &5, (2.244)
|41 — 205 + 1] S catldjur — &5, (2.24¢)

cse?e " < A(¢) — Ae(dy41) = o €2e %, (2.241)
coge il < ¢ —u, | < ¢y ge el (2.24¢)

where cq,..., cip are positive constants independent of € and j.

Proof. Note that the derivation of the equality (3.25) in [18] implies that
0= (s — L) 2 + § grc(u) In B(w) + g1 (w) In? B(u) + g2 () (s — 4 ()

where g; and g, are smooth functions and x(#) is given by (2.16). Taking u
first as ¢; and then as ¢;_; in this equality and substracting the resulting
equations, we arrive at

1
A(B)) — Mi(Pj41) = ﬁ K(®;) (In B(¢;)) —In ﬂ(¢j+1)) + O(e) |<i5j - ¢j+1|

1
= (1+ 0(¢)) o 1(d0) (B(d)) —B(dj11)) + O(&) | ¢ — b1

1
= (14 0(¢)) 0 (o) (B(9) — B(¢511)), (2.25)

where (2.7a) has been used in the last equality. From (2.7a—c) and (2.14a,b),
we know that ¢, satisfies (2.24a—g). This completes the proof of the
theorem. [

Corollary 2.1. Let ¢] be the discrete shock profiles (1.6) of the Lax-Friedrichs
scheme (1.5) connecting u_ and u.. Suppose u, satisfy (1.2), e =|u_ —u, | is
suitably small, and As = p|q for some relatively prime integers p and q. Then for
all j=0, =1,... and n=0,1,..., the ¢ satisfy

i (@]) > A D41) s (2.262)

|4 (0) — 5| = c1€, (2.26b)

0| — ¢fu1l = () — M(bf11) S 3]0 — b7 ], (2.26¢)
V() (6741 — &) = s(dfy — 1) + 0(e) |61 — 0F |,  (2.26d)
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|67 —20] + 0] 1| S cogldfi — o], (2.26¢)
cs e e A < Qi (9F) — A(dfh1) S cpetemsE Al (2.061)
Cy ge_closlj_;tsn‘ él(bj" —u. | s oy ge_c1za‘j_lsnl (2'26g)

where cy,..., Cio are positive constants independent of &, j and n.

Proof. Since the hypotheses of Theorem 2.2 hold in Corollary 2.1, we know
that d)jo satisfies (2.26). Directly from (1.6), one can easily verify that, for
n=0,...,q—1, ¢ satisfies (2.26). Since qS}”lH = gb}_np we know that ¢/
also satisfies (2.26a—g) for all n=0. [J

3. L2-Stability Analysis for Single Shocks

In this section we prove the first part of Theorem 1.1, the L?-stability of
single discrete shocks. We first reformulate the problem as follows. Let u]' be
a solution of the Lax-Friedrichs scheme (1.5a) with initial data u]Q satisfying
(1.7a), which is assumed to exist up to n =n; <+oo. Denote by ¢/ the
single discrete shock profile in the k-field whose existence has been proved in
Section 2.

Setting

J
=Y - o), G.1)

subtracting (1.6a) from (1.5a), summing the resulting expression from —oo to
J» and using some manipulations we obtain

~n 5 A n —n ot (3 l —n =1
ot — o+ 2 Vi(97+1) (0] — 9]) + Py V(o) (vf —07-1)

+ g Q(djt1, 074y —9f") + % 0o/, 0] —vj_y) = % (D701 — 20 +0]_y)
(3.2
where
Q(o, u— @) =f(u) —f(o) — Vf(d)(u—¢) (3.3)
satisfies the estimate
106, u—¢)| =0 [u— ¢ (3.4)

for u on any bounded set. Using the notations
Ljn =L(¢]l1)’ A]ﬂ =A(¢jn)a Rjn =R(¢jn)9 HJZ" = Q(quﬂ, 17]?1 - 17]"1—1)3 (35)
we rewrite equations (3.2) in terms of characteristic variables

ol = Lol 3.6)
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as

A A
1
of -0l + 5 Al (Wi =) + 5 Al —vl_q) — — (v} — 20] +v]y)

2

n A R n
= (L;H_1 L + E /1 (L]_H Jr'l_l)) Rj ’U]n + e]- . (37)
where
e]n — (L]{z+1 n) Rn+1( n+1 ,an) + (Ljn+l _L]n) (RJ{’L+1 _RJ(z) ,an
n AP L n,n A R n n n
+ By (Afer — )(L,+1 L) R v} — 7 L LR}y —RP) Afp (vip — o))

l
+ 2 Lf(Rfs = R) Afey (L — L) Rf o]

v
—— AP (L] = Li_1) Rf_(v] —v]_y)

2
l n n n n n n
5 AML} —Liq) (R} = R}-q) v} + LI'(R7y — R (visy — )
.
2 LIRS~ RIL) (0f =vf) + Y LI(RIy —2RF 4R} o]
A n
-5 L LI'(07 +60). (3.8)

Thus, to prove the first part of Theorem 1.1, we need to derive a basic a priori
L*-estimate on the solution of (3.7). Taking the scalar product of equations
(3.7) with 2v/ and using summation by parts, we obtain

ZE u "H'”J)”E”J (47 - AJ+1)U]ﬂ+vE|U]"1+I-UJn|2

J j

A
=22v}"'<Lj"+1 L} + - Af(Lfs — ,1))R" +2Zv el. (3.9
J

Using the identity
t n+1}2 |1)] |2—21} (v ”+1—’U]) +|v”+1 Ujﬂz (3.10)

in (3.9), we arrive at

El o P - Ziv,"lzﬂzv] (Af = ARy) of + v Y o] —of |2
j

yl
= 22 of- (L;’“ —L!'+ 5 AP(LEy —L;‘_l)) RI' v}

n E ],an+1 _ vjnlz + 22‘ vl ef. .10
j ’ j
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Set

/2
M(ny) = sup (E v > (3.12)

nsn,
and assume a priori that M(n;) is small. Clearly we have

sup v} | = M(ny). (3.13)

Gyn)sn=mny

We now estimate each term on the right-hand side of (3.11). It follows from
(1.6) and Corollary 2.1 that
As
LI — L + (L]+1 Lt 1) = (14 0(e)) VL(o))

A
(¢"+l o7 + Es (¢,’-’+1—¢,’-’_1))

= 0(&) (AF; — A j+1)- (3.14)
Using the identity
n+l1 n A L"?
L™ —Li'+ A (L]+1 Li )
n+1 n As n n n n
=L oL (L ) - (AP —s)(LF — LT ),

and (3.14), we obtain

2
207" (L;Hl —Lf+ D AN - ;'_1)> R v}

IIA

oo | >

(Af; = ) GRNP+ 0 A, =270 ), ()% (B.15)

k
It follows from equation (3.7) that -

|0t — P =2 (A A| e + v + O(e) + M) (|vf1 — o | + o] — v}

+ O | (28— A% 41 o7, . G419
where we have used the bound
|6]l1| éo(l)(|”]ﬂ-v;l+1‘2+ (Ak Ak]+1) ] | ) (3-17)

(see 3.3)). Consequently
A
E |”n+1 < g E (A%; — A% j+1) |”}1|2
J

+ (M)A 1=+ V)2 +0(e) + O(1) M(ny)) E |v}y —vf]?
g (3.18)
where we have used Corollary 2.1.
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Next, using (3.8), (3.17) and Corollary 2.1, we get after some detailed
manipulations that

n._n A n n o 7 4
Y e s 8 Yo iy =280 [0 P+ 0(e) Y5 o™ = of|?
- - 7 (3.19)

+ (0(e) + 0(1) M(ny)) E |74 “vjn‘z'
J

In fact, two typical terms involved in establishing (3.19) can be estimated as
follows:

|'U]n ' (Ljn+1 —Ljn) R]'n-|—1(vj'n-|-1 _1;;‘)‘ = 0(1) (Az,] - z,j—l-l) |1);1 : (v]ﬂ—H - v]n)‘

A
= R (AZ,J- _w,jﬂ)]Uf|2+0(8)lﬂjﬂ+l —an}z,
|oP - LIOF| < O() |0 | |oF — vl |? +0(e) (AL — A% 1) |of |2
< 0(1) M(ny) |v] — o1 |* + O() (AF; — Af j41) 0] | %

Estimates (3.15), (3.18) and (3.19), together with (3.11), vield
A
E IU;L+1 |2 _ E I’UJ."IZ + Z E (kz,] - A’z,j-lhl) "UZ’J'
j J j
+ (v = (AAl= + V)2 = 0(8) —=0() M(ny)) Y [0}y —v}'|?

=0 E (Akj; — A% j+1) E |”Z,j
J

u=k

2

j
2, (3.20)

The waves in the transversal directions are bounded by the last term on
the right-hand side of (3.20), which is estimated by the following proposition.

Proposition 3.1 (Estimate on the transversal waves).

2 (A%, = Ak,j+1) 2 (Uﬁ,j)z

jnsn, uxk
=0 Y, [P +0(e) Y, (A;—AR) (Wh)?
j Jsn=n,
+0(e) Y, v}y — o> (3.21)
J.n=En,

We prove Proposition 3.1 at the end of this section. Since v < 1, by taking
¢ and A suitably small and applying Proposition 3.1, we prove the following
basic a priori estimate.

Proposition 3.2 (A priori estimate). Let v/ be a solution of (3.7) for
n = ny. Then there exists a positive constant C independent of ny and & such



Discrete Shocks 233

that

Zlv”2|2+ PIRDEEE SV ikd+1Hvk]|2<C2|vo 12 (3.22)

Jj.nsn, Jnsn,

for all ny < ny, provided that &, A and M(n;) are suitably small.

In Proposition 3.1 and in what follows, for simplicity of presentation we

use the notation
X=X

Jjinsn, j n=sny

Since (3.7) is a discrete uniformly parabolic system, it fol.lows from Prop-
osition 3.1 and the standard continuity argument [23] that the following prop-
osition holds.

Proposition 3.3. Assume that € and M(0) are suitably small. Then problem (3.5)
has a unique global solution v} satisfying

sgpz [of |2 + 2 lof = vfar]? + E 1AL — ARl |vf ;17 = CM*(0)  (3.23)

for any n =0, where C is a positive constant independent of n and j.

With Proposition 3.3 at hand, we can obtain the L?-asymptotic stability
result quite easily.

Proof of the First Part of Theorem 1.1. First we show that condition (1.7) im-
plies that M(0) is small. Here we give a proof under the condition that

Lo

Y 0+ =)< e

j=—o

for any given constant « > 1. The proof for the case o = 1 requires a discrete
version of a weighted Poincaré inequality; for details, see [9]. Applying the

Holder inequality to .
J

7=3, @ - e
gives i =
=Y A+l ¢l|22 (1+lz)°‘<cE(1+12)°‘
Therefore, - 0 - -
2 < 1+i%)eg 2 3.24
£ Z ,_‘2( IR TR TE

Similarly, applying the Hélder inequality to

7 -3

=3, Wl =) ==Y ) -9

j=—o0 i=j+1
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and using (1.7a), we get

o 9]
; §2(a—1)

Combining this with (3.24) yields the desired result:

E I’U = 1)

j=—o

/2
M(0) —< Y o7 2)1 = 0(1) Vey.

]——OO

or, equivalently,

Thus the hypothesis in Proposition 3.3 is fulfilled under the conditions (1.7).
It follows from Proposition 3.3 that there exists a unique global solution ;'
to the Lax-Friedrichs scheme (1.5) by virtue of the relation

uj = of +of —vj_y,
which follows from (3.1).

Next, we study the asymptotic behavior of the solution u/ to (1.5). It
follows from Proposition 3.3 that

Z <E of = 77?+1|2> <A+,
n=1 j
which implies

Tim Y (57 — o |* =
J
Using (3.1) again, we have

: n_ A2 - SR = 2 _
7}1_1};102 luf — &f'| 31_{1;102 |9} ~ 5741

j j
which is exactly the estimate (1.8). The proof of the first part of Theorem 1.1
is complete. [

Finally we prove Proposition 3.1. As we remarked earlier, the estimates on
transversal waves are technically quite involved due to wave interactions and
the fact that our shocks are non-stationary. We employ a modified version of
the ““vertical estimate’’ [5]. The main idea is to relate a sum along time-like
discrete segments to a sum over all the grid points in a strip in the space-time
plane.

Proof of Proposition 3.1. Suppose that u > k (the case u < k can be treated
similarly). To simplify the presentation, we introduce some notations here. For
any fixed space index j,, we define the k-th time-like grid line originated at
(fg, 0) to be

J(o) ={m j) | jn=jo+ U=1p for (I-D|pi=n<lip|, I=12,...}.
(3.25)
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Figure 2. Time-like grid line J(j,).

See Figure 2. We now prove estimate (3.21). Let N be any given positive integer
and j, a given space index. For any integer n, 0 < n = Ng — 1, multiplying
the u-th equation in (3.7) by 2v; ; and summing by parts over j from —oo
to j,, we obtain

Jn
U (R = 0h?) + 0 )P+ A, =9 ()7

j=—
jn 2 jn 2
n n n
=AY, Gh= 40 W) =v Y W~ 1)
j=—°° j:—oo

Jn -
+1 2
+ ), @lofeef] o = o 1)+ (v = A0 v, (0 — )

j=—o
=0() Y, A=A PP +0) Y o]y —of |2
Jm=—oo j=—co
+ v = AL+ Vg, W e — U,)
which, when summed from 0 to Ng — 1, yields

Ng—-1 j, Ng-—-1 Ng—1

n n p n n
Y X (@D = i) + = Yo, P+ 2 Y gy, =) ()7
n=0 j=—oo q n=0 n=0
Ng-—1 = Ng—1 oo V
o) Y, ¥ Gh—a) P +om Y Y v — o)
n=0 j=—o n=0 j=—o
Ng—1
+0Q) E Vi (W o1 — Vg ). (3.26)

n=0
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We now assert that

Ng—-1 j, Nq 1
E E ((U’H—l ]) ) + - E (v/,t ]n)Z
n=0 j=—o0 n=0

jO+Np Jo—P 0(1) Ng—1 %

N-1
= Y ()2 - V(- Y Y kv P =6 Y, (u)?

j=me j=m= =0 j=me "=0(3.27)

where J > 0 will be determined later.
Assuming for a moment that (3.27) holds, we find that for suitably chosen ¢

Ng—1 Ng—-1 o
E (o, )2 =0() 2| 2rom Y Y G = Ak o
j=—o n=0 j=-—oo
" Ng-1 Ng—1
+0M Y, Yok —of P+ 0 Y vk, (0, — i)l
n=0 j=-o n=0 . (3.28)

Applying Cauchy’s inequality to the last term on the right-hand side of (3.28)
gives

Ng—1 Ng—-1 o
Z (v;)2 = 0() E 12+ oMY, Y (A — A o]
j=—c0 n=0 j=—0o
Ng—1 o
+oMY; Y lofn —of|? (3.29)
n=0 j=—o0

We now multiply both sides of (3.29) by /12,1'0 —AZ’J-OH and sum over jo from
—oo to o to obtain

®© Ng—1
Y Gy = ARy Y Wh)?
Jp=—0° n=0
Ng—-1 o
= 0(e) E W2 +0@ Y, Y GF =2k v’
Jj=—o0 n=0 j=—o
Ng—1 oo
+0@© Y, Y v - (3.30)
n=0 j=—o

Noting that
Ng—1 o o Ng—l

Y ¥ Ok )@t = Y Y Ok, = e ()

n=0 j=—oo Jo=—% n= 0 Ng—1

< (1+0()) 2 (AL, =2 ) Y Whi)%

Jo=—0° n=0
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we conclude from (3.30) that

Y Gal@f ) — Ao j+0) (v )

jn.
=0(e) Y, W12+ 0©) Y, A=Ak [of |2 Y] (v —of |2 (3.3D)
j=—o i i

Similar analysis shows that (3.31) is still true for 4 < k. Therefore, summation
over u yields

E (lz,j_/llrcl,jJrl) E (UZ,j)Z

Jn uxk

=0(e) Y 10712+ 0(e) Y, Ak, =) 9] 2+ 0(8) Y] ofur — v
J

jn j.n
- It follows that
Y QE=AkaD Y, )P0 Y [0)12+0(e) Y, (AR =21 41 (0h,)?

u*k J in
+0() )] (v — o] |2
j.n
To complete the proof of Proposition 3.1 we must verify (3.27): Using (3.7)
we compute that

Ng—-1 j, qu—l
Y Y (@ =) + = ) )
n=0 j=-o q n=0
jo+Np N—-1 q- )
N 2 +a
“T - @0 [ T (L@ -0k @)
j=—oo j=—x q n=0 a=0 £=1

The last term on the right-hand side of this equality can be estimated as
follows:

N—-1

p
”‘I+01 2 nq. N2
E ( E (u]nq QE (UHanq+]))
=0 =
N—-1.g-1 . q=—
— ngra ng+o
=p (2, sng ’fnq) +2PE E (v Haing U” an)U” Jng
n=0 «a=0 n=0 a=0
N-1 p - p
— _ 2 _
q E (vu! ngti ”u,an) 2q E E ”/unq+ﬂ v.u]nq) ﬂ]nq
n=0 j=1 n=0 fg=1

lIA

T E ('U,u,] v,u,j+1)2 +0 Z (”,u,] q) =

J.n n=0
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0(1) gty
= E (v, —vp, J+1) +9 E E (v u,g,;
Jsn n=0 a=0

0 1) Ng—1
= ( E (Vi) = Vi ju1) + 0 E (Uﬂ]n)Z
Jin n=0

by the Cauchy inequality. This yields the desired inequality (3.27). O

4. L'-Stability Analysis for Single Shocks

We now turn our attention to the L'-stability of single discrete shocks. As
we remarked in the introduction, L' is the natural norm for the stability of
shock waves, but in contrast to scalar conservation laws where L!-stability is
a simple consequence of the entropy condition, for systems it is quite difficult
to obtain an L'-estimate due to the interactions of waves from different
characteristic families. The main idea of achieving an L'-estimate is to exploit
the fact that the Lax-Friedrichs scheme is essentially monotonic in each
characteristic direction and to employ a carefully chosen weight based on the
internal structure of the discrete shock profile. We note that here the char-
acteristic decomposition is essential.

To obtain the L'-estimate (1.9) on the solution uj to the Lax-Friedrichs
scheme, we work on the characteristic decomposition introduced in Section 3.
We first rewrite (3.7) as

A A
ot — ol + By Al (vi —vf) + 5 AP (v} —vi_) — — (vjp — 20/ +vjy)

J
2
=APv] + Bl (v —vP) + CH! —vly) + DI (of T — o) +&F (4.1)

where A, B/, C}' and D/ are matrices given by
A
AP = (Lj"“ —Lj+ S AL - ;?_1)) R!
B]ﬂ = %‘ LJ(L(R_},L+1 - R]ﬂ) (V - /'{’Ajn+l) »
=1 (v+ 24} LFR! —REY),
Df = (L}*' —L}) R},

and &} is a vector given by ;
ef = (LfT =LY RIT =R of + - (A = AD) (Lfsr = L)) Rf o}

A’ - A’ n n n n
- 5 L} (Rfsy = R) Afr (Lfa = LY R o = AF(LF = Li-0) (R} =R}_)]

A
+ L LBRI, —2RF 4+ RI_) vF — & L} O+ 6)). 4.2)
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It follows from (4.1) that
(I =D (vf ' =) = 5 (v — AAJy +2B]) (0]41 — v}
—-— (v + A4} =2C7) (vf —vi_y) + 4] 7+ el

This, together with (4.1), gives

A A A
ot =l + A (0] =) + B Af(vf —viq) — 5 (viy1 — 207 +vjp)
= EPol + F (vl — o) + Gl —vly) + HP e, @.3)
where

E'=A!+D}I~-D}) A},
F'=Bl+1DrI—D})""(v—AA}4 +2B]),
G!=Cr—1DII—-D)7 (v +Ad4] —2C]),

— n ny—~1
H!=I+D}(I-D/. 4.4)

In the rest of this section, abusing notation slightly we denote by |4 | the
matrix (vector) whose components are the absolute values of the corresponding
components of a matrix (vector) 4, and by diag(A4) the diagonal matrix con-
sisting of the diagonal elements of matrix 4, i.e.,

|[A| = (la;;|), diag(4) = diag(ays,..., Gpuy) for 4= (a;;). (4.5)
We now rewrite (4.3) as

vP — L (v + AA] —2diag GI) v}y — } (v — A4}y + 2diag F}') o]y
A’ 1 n n
- (1 —v+ 5 (A} — A — diag(F}' — Gj )) o)
= El'v]' + (F]' — diag F}") (v}4q —vf") + (G} — diag G]') (v/' —vj_,) + Hf &}
(4.6)

By the definition of the matrices A/,..., Gf', each component in these
matrices has a bound of order O(1) ¢ due to Corollary 2.1; consequently, all
the matrices on the left-hand side of (4.6) are diagonal and positive for small
¢ and A. This immediately implies that

Juf =L (v + AA] = 2diag GF) |vf_i| — 3 (v — A4}y + 2diag F}) 0]y |
yl .
- (1 -y +E (A}sy — A — diag(F] —G”) |vf

<|E}| o] +|F} — diag F]'| |v]4y — ]|
+ |G — diag G}'| |vf' —vj_i| +[H}||&]]. @.7
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The principal part of (4.7) can be rewritten in the conservation form

A A
IUJ+1‘_1UJR|+ J+1(i”]+1‘ \an))+‘2‘A]&(‘”ﬁ—|7f?—1l)
—guv;uli 2[of | +0f1])

— diag F'(|v}41| —|v]']) + diag GI'([v]'] —|v}_(])
< |EP||of| +|F] — diag F}'| (Joju1| +][0]])
+ |G — diag G7'| (|v]'| +|v}1]) +|H]||&]]. 4.8)

Here and in what follows, the vector inequality is to be understood com-
ponentwise. Summing (4.8) by parts over j we obtain

Yo (ot - |>+AE (A} —Af) o] | s IP|vP| +|HP | 8] (4.9)

where
II' = diag (F}_, — F}') + diag(G}; — G') + |E}'| +|F}-, — diag F]_; |
+|F]' — diag F'| +|G}’ — diag G| + |G}y, — diag G}, |. (4.10)
In order to control waves in transversal directions, we multiply both sides of

4.9) by a constant diagonal matrix W = diag(wy,..., w,) with w, =1, to
obtain

Y, (Wt = wet)) +AZ W(A] — A} v}
j
= Y wIF[oP| + ), WIH?| & (@10
j j
We now estimate each term on the right-hand side of (4.11). From (4.2), (4.4)
and Corollary 2.1 it follows that

diag (F}_; — F}') + diag(G}4, — G}') = 0(&) (Af; — A% j+1) »
A
El = (L;’“ ~Lf AL~ L;?_l)> RI'+ O(e) (A} — A% j+1).

Following the argument in (3.14) and (3.15), we can show that the (%, k)-th
element of the matrix
A
L — L + o AL} —L}y)

is of order O(e)(Af; — Af,;+1) and the remaining elements are of order
o) (Ak; — Ak j+1)- Therefore

|WIEF o] || = O Gy — 2541) (( +Y wu) ok, + Y 1 |)- (4.12)

n+k uxk
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As a consequence of (4.11), (4.12) and the fact that the diagonal elements of
_ the matrix

|F7_y — diag F}_,| +|FF — diag F'| +| G} — diag G7| + |Gy, — diag G}, |

are zero and the remaining elements of the matrix are of order O(1) (1%; —
Ak,j+1), we have

1571 1971] 500 ¢y =t (e + T we) ekl + K 1eil). @19

Uk ¥k
Direct computation using Corollary 2.1 shows that

el = 0(e) (A% — ALj+0) [v]] + O [uf — @7 |
Therefore,

Yo (woptt =W |) +,12 W(A] — A}) [oF]

<O Y (Af,~iksen) ((e+2 wu) o1 +% |v,”|)+o<1> Y luf - 672
i uk uEk i (4.14)
For suitably small ¢, w,u + k, we have

E (IW n+1| IanD +_ E (/Vl,j An,]+1)lvk1|

Il/\

1)2(1,” M) Y 10l +OM) [wf = ¢ 1% (4.15)

uxk
The first term on the right-hand side of (4.15) is estimated by the following
proposition which will be proved at the end of this section.

Proposition 4.1 (Estimate on the transversal waves). For suitably small € and
A the following estimate holds:

E (A%; = ALj+1) E 07,7

Jnghn, nxk

<0(£)E (o[ +190 1) +0() Y ;= 2L |vh]. (4.16)

Jinsn,

Assuming this proposition, we have from (4.15) and (4.16) that
E MJJnZI + Z (/1”,] lk,]+l) Ivk,]

Jjinsn,

=oY (vl +pf [ +0M) Y (uf—¢r% (417

7 jinZEn,
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But Proposition 3.2 shows that the last term on the right-hand side of (4.17)
is bounded above by O(1) M(0)% Thus we have shown

Proposition 4.2, Assume that ¢ and M(0) are suitably small. Then the problem
(4.1) has a unique global solution v} satisfying

sng]v}’l+EM’,§J- ’,;,j+11|v]|<0(1)2(| Yl +|v2|?  for any nz0.
J ' (4.18)
This immediately vields the desired Ll-stablhty estimate.

Proof of the Second Part of Theorem 1.1. As in the proof of the first part
of Theorem 1.1, we can show that (1.7a) and (1.7d) imply that

E 157 ] < oe.
4 J
Thus Proposition 4.2 and (3.1) show that

E uf —¢fl = 22 |of | <eo,

j J
which yields the desired estimate (1.9). This completes the proof of Theo-
rem 1.1, [

It remains to derive the estimate (4.16) on the transversal waves. As in the
proof of Proposition 3.1, we employ a modified version of the “‘vertical
estimate’”. However, in the L'-estimate, the dissipation terms do not produce
terms with a favorable sign, in contrast to the previous case (see (4.15)); addi-
tional care is needed to relate a sum along a time-like grid segment to a sum
along a space grid segment (see the proof of (4.22)).

Proof of Proposition 4.1. Fix u > k and assume that p = 0 (the case p £ 0 can
be treated similarly). Let N be any given positive integer, j, a given space in-
dex, and J(j,) the time-like grid line originating at (jo, 0) and defined by
(3.25). For any integer n € [0, Ng — 1], summing the u-th inequality in (4.8)
by parts over j from —eo to j,, and using known estimates we obtain

in
Z (I HH\ lv[l]l)_'_ ‘”u] |+A(A SH”ZJJ
j=- .
Jn
= E (1}1\”}11)” +% (v — /HZ ;n+1) (WZ,j,,HI - I”Z,jn‘)
j=—c
+ (AL, = M) o, | + ((dlag F}, +|F} — diag F} D) [vf 1),

JIn
- ((dlag G]n+1 +1G] +1 _diag G}ln+ll) ij’flni)ﬂ + E (|Hn‘ lenl)u

j=—o
=0 Y, (k= AL) [of] + 0 Y [uf — of|?
j J

+ % (v — )L)LZ,J-"H) (W;'i,jnﬂ\ _I’U,Zajn\)'
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Summing this inequality over n from 0 to Ng — 1 gives

Ng—1 j, Ng -1 Ng-—1
YYD+ 2 Y e A Y G ) 0]
n=0 j=-—oo q n=0 n=0
Ng-—1 % Ng—1 3
s0M Y, Y1k — 4kl + 0O Y Y luf =67
n=0 j=-oo n=0 j=-o
Ng—
el 2 =32y (¥ | =0 ). (4.19)
Since
Ng—1  j, p Nl
Z E (|v,7‘}'1| = o, E |0, |

n=0 j=-co
Jot+Ng Jo—p N-1 - 0
+
G EIEAEES WO EETD ML)}
j=—o j=—x n=0 a=0 B=-p+1

it follows from (4.19) that
Ng—1

AE gy = ) [0

Ng—1 o
<E|Uu1’+0(1) Y Y A=Akl lof
n=0 js=—oo
Ng—1 o Ng—1
+ O(1) E Z luf — o7 * + 4 E v = A+ Qv 1| =log; )
n=0 j—-oo n=0
1 N-1 q—
E ( E I M,‘JZ:,;O(I ) Z I u]nq+ﬁj> (4-20)
a= f=—p+1

We now multlply both sides of (4.20) by A9 . Jo -9 k.j,+1 and sum over j, from
—o0 to oo to obtain

o Ng—1
A O =) Y Gy, =) o |
Jo=7 n=0 Ng+1 =3
=0@ Y, (ol +l! P +o@ ), Y 14, - AWH l
j n=0 j=—oo
o Ng—1
+3 ) Ay = M) Yy V=240 1) (0 sr] =100 |)
Jo=—0 n=0
RS _— ;
~ Y (ig,jo"/lle,joﬂ)( E| u;]:; ~a ) IUZ?jnqwi)’
n=0 Jp=—0

f==p+1 (4.21)
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where the L?-estimate (3.23) has been used. We now estimate the last two
terms on the right-hand side of (4.21). First we assert that

(A2, —/12,1'0+1)< E 11)"(,1:;&1 —q Z v anq+ﬁ|>

pf=—-p+1

N-1
=0(e) Y, ), Gk =)ol +0e) Y [uf —¢f |2 (4.222)
n=0 ] j’n
Next, summation by parts shows that

R Ng—1
% 2 (Al(g,jo _/ll(c),jo—I—l) E (v —Adyj +1) (1”Z,j,,+1[ _‘”Z,jn[)

Jo=—00 n=0

o Ng-1"
S0(e) Y, (=40 Yy Gy, — ) [yl (4.22b)
Jo=—o n=0
In fact,
® Ng-1

Z (Alj, — AR j,+1) Z v =A%+ Uviy s1l —lvi; D

Jo=—ce n=0

o
-+ nq+a
= Z Ak, ng kJ (v = MLZqJnﬂl)(l”ZqJn:H' ~|v Vitsjng b

=— 2 ((ikj,,q Affage1) (v = AN +1)
— (8, = M Y5 = A0 [

o
g+a
z (}'Z?] }"k ]nq+1) kv,u,]nq l

@ Ng~1
=0(e) Y, (A=A Y, Gy =9 vl

Jo=—ce n=0

Assuming for a moment that (4.22a) holds, we find that

@ Ng—-1
0 4]
> ARy = Al Y 1vh ]
Jo=—o n=0

Ng—1 -
= 0(e) E (o[ +lf) +0@ ), Y Gh =20 0] (4.23)

n=0 j=-c
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Noting that

Ng-— o0
Z Y Gk =230 v
o

©  Ng—1
Y Y iy = A Vi
j = n=0

Ng—1

(1+0(e)) 2 = A0 Y 10|

Jo= n=0

IIA

we conclude from (4.23) that

Y Gki=Ak0 v =0 Y (197 497 1%) + 0Ce) Y] (22 =2k j4)]0] |
pn == Jn (4.24)

Similar analysis shows that (4.24) is also true for i < k. Therefore, summation
over u yields

Y Q= Ak Y o] = 0(e) 2 (7] +197%)
J.n u=*k
+ 0(8) E (Akj = Akj+0) |91,
Jjin
which is the desired estimate. It remains to show that (4.22a) is true. We first
rewrite the left-hand side of (4.22a) as

N~1 g-1
Lnd ng+ay | .ng
PT T X G, (olf 1, )
n=0 a=0 =

0

N-1 p o
—_ — g n —_
¢y, Y X G -8 (i ] =1 ])
n=0 i=1 jy=—oo
N-1 g-1 «a-1 o
— +14+1 I
=p D S = ARG ) (g = opgt T )
n=0 a=0 [=0 jy=—o0
N-1 i—1

-]
Z Pkl = 2850 (vl | =038 D)

But

E (A2% = 225 0) (Vi | = 3% )

]——OO

=Y G ps1 = 2285+ 215 _120) [V}

]———Cﬁ

=< 0(¢) E (AF% — 275 0) [vp% ]

]_—00
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This leads to
I | = O(e) E (A% — Ak j+1) |”jn‘ .
j.n

Using inequality (4.8) and summation by parts, we verify that

o
+1+1 +1
Yo O =A%) (o™ = |opd*t))
j=—
A oo
+1 +1 I
== Y, ARG = A3%) 255t (opgth | = updth )
j:—oo

[><]
;
= 2 L OBy = AT AT Q0| - 2|+t D

j=—oo

+0(e) Y (ARG = A3%0) A4 (oL +]of 7| + ot

j=—e

+‘0(6) E Iujnq+l _ ¢]nq+l|2

j=—o

=0(e) Y, (A5 =A%) [0/ + 0(e) ) [uf?*! — gpa*! |2,

j=—c j==o0

This leads to
IIZ| = 0(8) E (}'Z,] _)’Z,j+1) l/’)]ﬂl + 0(8) E }M](l - ¢jn|2’

j.n j.n

which vields the desired inequality (4.222). [

5. Stability Analysis for Multiple Shocks

In this section, we carry out the L2-asymptotic stability analysis of multi-
ple discrete shocks for the Lax-Friedrichs scheme. The main idea is as follows.
Since weak waves propagate essentially with characteristic speeds, it follows
that waves produced by interactions of shocks from each family are relatively
small. This enables us to adapt the ideas developed in previous sections to ob-
tain the desired stability theorem.

We begin by reformulating the problem. Let ¢/ be the discrete multiple-
shock given by (1.12), ie.,

m m—1
¢er = E ¢Z,j+5u - E ﬁ;u (51)
pu=I1 pu=1

where ¢, is the discrete single-shock profile (1.5) connecting #,_; and u, with
shock speed s, satisfying As,=p,/q, (for p,,q,€Z and g, even and positive),
and J, is an integer denoting the phase shift determined by the initial pertur-
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bation. By renormalizing and renaming variables, if necessary, we can assume
without loss of generality that g, =¢ and 6, =0 for all u=1,..., m. An
easy computation shows that ¢/, given by (5.1), satisfies the Lax-Friedrichs
difference equations (1.5a) approximately:

A
Of =6+ (F(6]40) ~F(S]-0) = (&fs1=26] +6]1) .l > O —nj)
(5.2)
where the error # is given by

m m—1
=f(e)) =), f(¢i) + Y F(@). ¢.3)

u=1 pu=1

Let u]' (n = n; <) be a solution to the Lax-Friedrichs scheme (1.5) with in-
itial data satisfying (1.13). To estimate this solution, as in Section 3, we work
with the characteristic variables for a summed error equation. We set

J
=Y o), of =L}, (5.4)

j:—oo

where a notation such as L = L( ¢/) has the same form as in Section 3, but
with ¢/ defined by (5.1), unless otherwise stated. It follows from (1.5) and
(5.1)~(5.4) that

1 A
0Pt — oyl + 2 Al (Wi — o) + — A (v —vj4) = (1}1“ — 2 +vi)

A A
= (L]"“ —Lf 4 AT (L = ;_1)> Rfvf +ef + 2 Li(nfa+nf)  (5.9)

where e/ has the same form as in (3.6). Taking the scalar product of (5.5) with
2pf" and summing by parts over both the space and time indices, we obtain

E|U]nz|2+l 2 2 (Ak((ﬁj) —ik((bj_,_l))(vkd)z +v 2 ]v]+1_y

jnsn, k=1 jin=n,
A
=Zlv]§)|2+ Z 21]].”. <L](l+1 Ln+ E /1 (L]+1 ;—1)) Rj”’UJﬂ
J Jnsny
+ D (Qufef + 20 LIty + 1) + [Pt — ol ]2). (5.6)
jinzn,

We now estimate each term in (5.6) separately. The results are stated in the
following five lemmas and a proposition, whose proofs will be given in detail
later. In what follows, we assume a priori that M(n;), defined in (3.13), is
bounded, and that & is suitably small.
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Lemma 5.1. Let e be given by (3.6). Then

A
Z 0] = ry Z (A(92.)) — A(DF j41)) |an|2

Jin=sn, Jjsngn,

+0) (e+ M(n)) Y [vfi—vf 2 +0(e) Y, |of —of |2
j,nsn, Jim=n,

(5.7

Lemma 5.2. The error ni in (5.3), due to the linear superposition of single
shocks from each family, is in L' in both space and time; more precisely,

‘77]!1| = 0(1) 826—0(1)6(11'\"'11)’ (5.8)
which implies that ~

N oo L P =&t Y [of — vl P+ 0 eV (5.9)

Jjsn=n, Jn=n,
Lemma 5.3. The time difference admits the bound
Y jort —of 2= (A A= +9) 2 +0 () + 0(1) M(n)) Y, |0f —2f|?

j’”énz Jihsn,

YN (Geloh ) — Alf ) [0] 12+ 0(1) e
Jmsm k=1 (5.10)

oo | >

+

Lemma 5.4. The principal waves can be estimated by

YN (o) —idf)) Wi 2 D, X (MlSk ) —2ul@F 1)) (0] ))?

jomsn, k=1 Jjansn, k=1
—oM) Y, Y (u(er) —A(@f)) Y, ()P
Jjsnsn, k=1 pkk
— e Y o — v |2 -0 gV (5.11)
J.n=En,
Lemma 5.5.
A
Z vj' (L;th —Lj+ Py Af (L _L}q—l)) Rf v}
JjnZn,
A - n n n 2
= Y Z (A (1)) — Me(DF 54+1)) (VE,)
j.nsn, k=1

+oM A Y Y (k) — A(6f40) X, W )? (512
Jj.n=n, k=1

uxk
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Proposition 5.1. The transversal waves can be estimated by

Y () — M(E,00)) Y (v )2

j.onsn, k=1 uxk

<0(e)2|v° Z+0(e) Y, Z (A (B7) =2 (F j41)) (V7))

JjnEn, k=1

+0(e) Y |vf —of >+ 0(1) &’ (5.13)

Jin=n,

Assuming that Lemmas 5.1—3.5 and Proposition 5.1 hold, we continue our
energy estimate. It follows from Lemmas 5.1~5.3 that

Z (207 &f + Aof - LP(nfy +1f) 0T = of )

jinsn,

é E (Ae(DF)) — (b7 4 1)) |vE|?

<

+ (A A= + 92+ 0" + o) M(n) Y |0fq — o[>+ O(1) e'/*
J

This, together with Lemmas 5.4 and 5.5, leads to

A m
Yo+ XY (@l = 2ahe) (0,
i

Jsnsn, k=1

+ (v = (AA]= + )2 =0 — 0D M(ny)) Y [vfhy — ]|

Jinzn,

= ZlvO 2+omi Yy 2 (ia($%)) = M (BF141)) Y, (Wi )2 +O(1) 'l

Jjnsn, k=1 u*Ek

Combining this inequality with Proposition 5.1 yields

Z]v 2J2+ =D Z (L (D)) — A(DF 40)) (W] )?

]n<nz k=1

+ (v — (A A= + V)2 = 0" — 0Q) M(ny)) Z |vfy —of|?
jin=n,
=Y [P+ o't (5.19

J

We thus have demonstrated the following basic a priori estimate.
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Proposition 5.2 (A priori estimate). Let v/ be a solution of (5.6) and (3.7) for
n = n;. Then there exists a positive constant ¢, independent of n; and &, such that

2|v}’212+ PIREHET I RIEE Y Z(Ak(qsm Ae(B7 41)) (0] )2

Jin=sn, jnsn, k=1
= C(M(0)% + &l/%), (5.15)
Jor all ny < ny provided that ¢ and M(n,) are suitably small.

Having proved the a priori estimate (5.15), we deduce the desired global
existence and estimate for the solution to (5.5) just as in Section 3.

Proposition 5.3. Assume that ¢ and M(0) are suitably small. Then the problem
(5.5) has a unique global solution v} satisfying, for any n z 0,

Z Z 1vﬁ|2+2 [of — vl l®+ )] E (A (7.) = M0k j41)) (WE)°
jn o k=1
< C(M2(0) + &%), (5.16)

Proof of Theorem 1.2. With Proposition 5.2 at hand, we can prove Theo-
rem 1.2 in the same way as Theorem 1.1. The proof of Theorem 1.2 is con-
sidered complete. [

The remaining task is to prove Lemmas 5.1—35.5 and Proposition 5.1,
which occupies the rest of this section. We begin with Lemma 5.1.

Proof of Lemma 5.1. By direct computation using the expression for e,
(3.6), we can verify that

E o el = 0(1) ).E O] = dfuil|of [T =]
j J
+0M) Y] [¢F — kil o] of1 — o]
J

+0() Y] (671 =20 +¢]1[[0f 2 +0() M(n) Y [of — vjy)?
J J
+0() Y of —ofu o]
j
where we have used the facts that

167] = 0) |0l — o7y |2+ O(1) |¢] — & 14 |*] 0] )?
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and |v]'| = M(n;). Since

|o] —of| = E |oF; — ok +1] = O E (Ae(BF ) — A(F j+1)) 5
k=1

k=1

|l —26] —¢71| = O(e) E (A(DF.)) — A% +1)) >
’ k=1
as follows from Corollary 2.1, the Cauchy inequality leads to (5.7). This com-
pletes the proof of Lemma 5.1. [

Proof of Lemma 5.2. First we show (5.8). By the strict hyperbolicity, there are
constants Gy,..., 0,_1, such that ‘

—0 =g <5 <0< < Op1 <8y < Gy = 0,

On the cone {(j, n): Aoy_; <j/n = Agy}, we rewrite (5.3) as

m—1
u=1

u*k

k—1 m
=Y (Fn) =f@w)) = Y, (F(op) —fliy-p).  (5.17)

u=1 u=k+l1
The Taylor expansion of the right-hand side of (5.17) and Corollary 2.1 lead to

k~1

1= VFE) X By — ) + V(&) X (S~ Tu-)
u=1 u=k+1
k—1

= Y VFEN (L — ) — Y VF(E) (B — )

p=1 u=k+1

=~

1

(Vf(E) =V ED) (b ;=) + . (Vf (&) =V (E) (b —Tu—1)

u=1 u=k+1

— 0(1) 82 E e—O(I)an—Asun\‘
U=k

To prove (5.8), we note that for u <k,
e ~OWelj=Asgnl — ,—0Wepli=dsyn| ,—0We(—p)|j=As,n|

e —-0(1) aﬁ(ak_1~s”)ne —-O0ye(1-5) (|j| —A]sﬂ} n)

IIA

— o~ OMef(op_y—s5)— (1=F) A5, n , —O W) el

= ¢~ 0We(il+m

a similar estimate holds for u > k. Thus the estimate (5.8) follows.
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Next, we prove (5.9). Using the Sobolev and Young inequalities, we have

¥ lof-nfl = Y 0 e2e 00U sup o = 0(1) ee =D sup |of |
J J

1/4 1/4
0(1) g'516 e—O(l)sn(Z ol — vl Iz) gl/16 (E mﬂ)z)
J J

81/42 l'”jn —Uf+112 + o) g3l4 g —0Wen
j

IIA

1A

where we have used the a priori bound on M(n;). Summing this inequality
over n leads to

Y lorenpl s Y Jof =P+ 0Q) &',

jmzn, jsn=m,

which yields (5.9). [

Proof of Lemma 5.3. It follows from (5.5) and (5.8) that
l'”jnH —of| = 3 (AlAlz= + v+ 0(&) + M(ny) (|v]41 = v | +[v] —v]4])

+0()Y] (alf)) = Ae(@F o0)) o] | + 0(1) e2e~OWedil+n,

k=1
Therefore,

Y [of = o P = (A A= + v + 0(e) + M(n1))? Y |0]e1 — 0] |?
J m J
+0)Y] Y (8] ) (8% 54| vf |2+ O(1) gPe” 0D
j k=l
m
+ O(1) E E (lk(qb;’i,j) _/lk(¢z,j+1)) |of || vfy — ’anl
j k=1
+0() Y] eZe 0WelilFm pn|, (5.18)
i
We handle the last term on the right-hand side of (5.18) in the same way as

in the proof of Lemma 5.2 to obtain

0(1) Y e2e0Wetilam yr| < gl/4 N Jof — o2 |7 +0(1) &% (5.19)
J Jjsn=n,

Applying Cauchy’s inequality gives

oM Y, Y ek = 4loku)) 0] ] [0f41 — v} |

i k=1
A, m
= — E E (MR ) — A j+1)) |0 12 + O(e) E lvf — o] (5.20)
j o k=1 j

Estimating (5.18), together with (5.19) and (5.20), yields (5.10). [
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Proof of Lemma 5.4. First, as in the proof of Lemma 5.2, we have

(o)) = A (d%;) + E Alén ) + 01) gle—O0Welil+n

w+k

so that the left-hand side of (5.11) becomes

m

E (M) = A (@] WE 2 =Y (M(8F)) — A(8F j41)) (v )

k=1 k=1

+ Y Y ulE) = 2u(8F;00) (v, )7 + 0Q1) &7 e~ OWellrm [yr 2

k=1 u=%k

= E (A (BF ) — Ae(DF 1)) (7)£,]')2
k=1

- 0(1)2 E (A(DF ) — M(DF11)) (v )?

k=1 u=k
— 0(1) g2 0Welil+m |yn|2, (5.21)
This, together with the estimate
Z O(1) g2e=0Weljl+m) lof'|2 < 2 o) g2~ 0Welj|+n) |07 |

j,n§n2 jﬁn§"z

<ell* Z Ivj”—1)1’-‘+1|2+0(1)81/4

j»nénz

leads to (5.11). U

Proof of Lemma 5.5. We first estimate each element of the matrix on the lefi-
hand side of (5.12). A Taylor expansion yields

L (O] ™) = Lew(0]) = Vi (&)Y (87T — 01 + 0(&) | 6] — 741 .
Using Corollary 2.1 and (1.6), we have

n+1 E (¢n+1_¢ﬂ1) Z (¢ﬂ,+1 o5 i-1) +0(e) |6 =M.

Therefore,

A
Low(OF ™) = Lew (88) + = 2(6]) (i (]41) — L u(0]-1))
2

=0(1) AE (Ae(@f) = su) (D51 541 — D j-1) + O(e) |@) — T 1| =

pu=1
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= 0(&) 1|k j41 = Okj-1] +OM) Y] 1) 41— bp 1] +O(&) |6 — dJ4i]

uxk
= 0(&) A(4(88,)) = 2(6f;+1)) + O) Y (Uu(dp ) — A9 41))-
Consequently, uk
A
Z v (L_J'n+1 L+ 5 AP (L _L}l—l)) Rfvf
Jsngn,

0@ A Y Y (M(8h) — il@f j41)) (] ))°

jnsn, k=1

+0M A Y Y Ouef) = 4(750) [0k, Y 1ol ]

jinsny k=1 u*k

A

oo | >

k

3 Y (@F) — 2 (0F j40)) (07 )
Jj.nzEn,

=1
+O0M A Y Y (M(oh) — i) Y, (wh D% (5.22)
jsnsn, k=1

u£k

This is the desired estimate. [l

Finally we derive estimate (5.1) on the transversal waves. This can be done
as in Proposition 3.1. For completeness, we sketch it here.

Proof of Proposition 5.1. Let k& be fixed, and let the u-th (u + k) time-like
grid line originating at (jo, 0) be defined by (3.25) with p replaced by p,. In
exactly the same way as in the proof of Proposition 3.1, we can show that

3 (A(2) — A(dh 20 Y, (05 )2

Jjinsn, u=xk
=0(e) Y [0 1*+0(e) Y, 6] —ofullvfI*
j Jir=En,
+0(e) Y, vk —of 2+ 0) &',
jn=n,
This inequality holds for each k£ (1 = k< m). Summation over k yields

3 Y (Aloh) — Ml@f o) Y, (vh)?

jnsEn, k=1 uFk
=0(e) Y |02+ 0(e) Y, |of — dfil V]|
J Jsn=n,

+0(e) Y, v} —of|2+0(1) e,

J>”§"2
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On the other hand, we have

Y ler—okallvfP= oM Y Y (Mloh) — Ak(f 41)) (0], )7
jnsn, k=1

j»nénz

+00) Y. Y (M) — M 141)) D, (Wi )2

Jjnsn, k=1 U=k

It follows that

Y Gu(oh) — (k) Y (o)

Jjnsny k=1 pk

=0@e) Y 10012+ 0() Y, Y, ((dh) — 4ldF 1) (0] )7

jE—o jon=ny k=1

+0(e) Y |vfy —of |2+ 0(1) &

j,nénz

This completes the proof of Proposition 5.1. [J
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