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A GENERALIZED DEFINITION OF CAPUTO DERIVATIVES AND
ITS APPLICATION TO FRACTIONAL ODES*
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Abstract. We propose a generalized definition of Caputo derivatives from t = 0 of order
~ € (0,1) using a convolution group, and we build a convenient framework for studying initial value
problems of general nonlinear time fractional differential equations. Our strategy is to define a
modified Riemann-Liouville fractional calculus which agrees with the traditional Riemann-Liouville
definition for ¢ > 0 but includes some singularities at ¢ = 0 so that the group property holds.
Then, making use of this fractional calculus, we introduce the generalized definition of Caputo
derivatives. The new definition is consistent with various definitions in the literature while revealing
the underlying group structure. The underlying group property makes many properties of Caputo
derivatives natural. In particular, it allows us to deconvolve the fractional differential equations
to integral equations with completely monotone kernels, which then enables us to prove the general
comparison principle with the most general conditions. This then allows for a priori energy estimates
of fractional PDEs. Since the new definition is valid for locally integrable functions that can blow
up in finite time, it provides a framework for solutions to fractional ODEs and fractional PDEs.
Many fundamental results for fractional ODEs are revisited within this framework under very weak
conditions.
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1. Introduction. Fractional calculus in continuous time has been used widely
in physics and engineering for memory effect, viscoelasticity, porous media, etc. [25, 8,
18, 21, 27, 7, 1]. Some rigorous justifications of using Caputo derivatives in modeling
can be found, for example, in [15, 3]. Given a function ¢(t), the fractional integral
from ¢ = 0 with order v > 0 is given by Abel’s formula,

(1) Jyo(t) = ﬁ/o o(s)(t —s)7"tds, t > 0.

Denote by 6(t) the Heaviside step function; then the fractional integral is just the
convolution between the kernel g, (t) = %t"‘l and 6(t)¢(t) on R. By this fact,
it is clear that the integral operators J, form a semigroup. The kernel g, is com-
pletely monotone if v € (0,1]. A function g : (0,00) — R is completely monotone if
(=1)"g™ >0 for n = 0,1,2,.... The famous Bernstein theorem says that a function
is completely monotone if and only if it is the Laplace transform of a Radon measure
on [0,00) (see [28, 6]).

For the derivatives, there are two types that are commonly used: the Riemann-—
Liouville definition and the Caputo definition (see [25, 18]). Letting n — 1 < v < n,
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where n is a positive integer, the Riemann—Liouville and Caputo fractional derivatives
(from t = 0) are defined, respectively, as

@) DYo(0) = oy | s £ 0.
b L) (s
3) DY) = = | (tfs)fjl_nds, £> 0,

When v = n, the derivatives are defined to be the usual nth order derivatives.

Both types of fractional derivatives mentioned do not have the semigroup property
(i.e., D®D? does not always equal D**5; see Lemma 3.5). Because the integrals can
be given by convolution, we expect the fractional derivative to be determined by the
convolution inverse, and the fractional calculus may be given by the convolution group,
and therefore we desire the fractional derivatives to form a semigroup too. In [11,
Chap. 1, sect. 5.5] by Gel’fand and Shilov, integrals and derivatives of arbitrary order
for a distribution ¢ € Z’'(R) supported on [0, 00) are defined to be the convolution
a—1
+

) — N
©* gy  Galt): T(a)’ aeC.

ol

Here ¢t = max(¢,0) = 6(¢)t and ?F(T) must be understood as distributions for Re(a) <
0 (see [11, Chap. 1, sect. 3.5]). (Note that we have used different notation here from
that of [11], so that they are consistent with the notation in this paper.) Clearly
if @ >0, o(® = J,p is the fractional integral as in (1). When a < 0 , they call
so-defined p(®) to be derivatives of . As we discuss below, these derivatives are the
Riemann—Liouville derivatives for ¢ > 0 but may be different at ¢ = 0. The calculus
(integrals and derivatives) {p(®) : o € R} forms a group.

In this paper, we will find more convenient expressions for the distributions
Jga(t) = % when o < 0 and then extend the ideas in [11, Chap. 1, sect. 5.5]

to define (in Definition 2.8) fractional calculus of a certain class of distributions
ET C P'(—00,T), T € (0,00] (equation (13)):

o= I,oVoe&T aeR.

The alternative expressions for g, enable us to find the fractional calculus more easily
and motivate us to extend the Caputo derivatives later. If T' = oo and supp ¢ C [0, 00),
I, is just ©(®) as in [11]. We then make the distribution causal (i.e., zero when t < 0)
by, roughly, multiplying 6(¢) (see (20) for more rigorous treatment) and then define
(in Definition 2.14)

Jop = 1,(0p), a € R.

We use the same notation J, as in (1) because this is exactly Abel’s formula for
a > 0. Jyp agrees with the Riemann—Liouville fractional calculus for ¢ > 0, but
includes some singularities at ¢ = 0 (see section 2.2.2 for more details). This means
that we only need to include some singularities at t = 0 to make Riemann-Liouville
calculus a group. These singularities are expected since the causal functions have
jumps at ¢ = 0. Hence, we call J, the modified Riemann—Liouville calculus, which
then places the foundation for us to generalize the Caputo derivatives.

Although the Caputo derivatives do not have group property, they are suitable for
initial value problems and share many properties with the ordinary derivative, so they
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see a lot of applications in engineering [25, 18, 7]. In the traditional definition (3),
one has to define the yth order derivative (0 < v < 1) using the first order derivative.
This is unnatural since intuitively it can be defined for functions that are “yth” order
smooth only. In [1], Allen, Caffarelli, and Vasseur introduced an alternative form of
the Caputo derivative based on integration by parts for v € (0, 1):

1 o(t) — ¢(0) folt) —¢(s)
0 w( Rl (t—s>~+1d)

t

Die(t) =

(4)

r
T

AR OR O
(=7) Jooo (E=s)rtt 7
where
v Je(s), s>0,
Ple) = {@(O), s <0.

In this definition, the ¢ derivative is not needed, but the integral can blow up for those
t where the function fails to be Holder continuous of order 7. There are many other
ways to extend the definition of Caputo derivatives for a broader class of functions.
For example, in [18, sect. 2.4], Caputo derivatives are defined using the Riemann—
Liouville derivatives. In [14], Gorenflo, Luchko, and Yamamoto used a functional
analysis approach to extend the traditional Caputo derivatives to certain Sobolev
spaces. In [2], the right and left Caputo derivatives were generalized to some integrable
functions on R through a duality formula.

In this paper, one of our main purposes is to use the convolution group {g.}
to generalize the Caputo derivatives from ¢ = 0 of order v € (0,1) for initial value
problems. The strategy here clearly applies for any starting point of memory, not
just t = 0. Our definition reveals explicitly the underlying group structure (one can
do similar things for v ¢ (0, 1) without much difficulty, but we do not consider this

in this paper; see the comments in section 3). The idea is to remove the singular
©o0(t)
L(1-7y)
if p(t) = 0 for t < 0), from the modified Riemann-Liouville derivative J_,¢ (see
Definition 3.4):

term t~7, which corresponds to the jump of the causal function (¢ is causal

o(t)

Tt = J-le— w0, 1),

Dlp:=J_yp—¢o
In general, ¢y can be any real number, and this then allows for the generalized def-
inition. If ¢ = 0 is a Lebesgue point on the right and ¢¢ = ¢(0+), by removing the
singularity, the memory effect is then counted from ¢ = 0%, and this is probably why
Caputo derivatives are suitable for initial value problems. Counting memory from
t = 07 is physical. For example, in the generalized Langevin equation model derived
from interacting particles (the Kac—Zwanzig model) [10, 29, 19], the memory is from
t = 0 (a simple derivation can be found in [19, sect. 4.3]). If the fractional Gaussian
noise is considered, one will then have a power law kernel for the memory [19], which
might possibly lead to fractional calculus.

Definition 3.4 unifies all the current existing definitions, providing a new frame-
work to study of solutions of fractional ODEs and PDEs in a very weak sense, and
the underlying group structure makes the properties of Caputo derivatives natural.
For example, the definition covers the traditional definition (3) (see Proposition 3.6)
and (4) used in [1] (see Corollary 3.12). Our definition shares similarity in spirit with
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the one used in [18], but ours is based on the modified Riemann—Liouville operators
and recovers the group structure. The definition in [2] defines the Caputo derivatives
through a duality relation which is valid for L{ (R) functions satisfying

loc

lo(t)]
— T2 dt .
/R NI E

Indeed, the definition defines Caputo derivative from ¢t = —oo. If ¢(t) = ¢(0) for all
t < 0, with some work one can show that our definition agrees with theirs (up to a
negative sign). If ¢ is causal (¢(t) = 0 for ¢ < 0), the Caputo derivative in [2] is
indeed the Riemann-Liouville derivative from ¢ = 0. However, since our definition
counts memory from ¢ = 0%, the values on (—o0,0) do not matter; the derivative in
[2], however, clearly depends on the values on (—o0,0), which is the desired feature
for initial value problems. More importantly, compared with the derivative in [2],
Definition 3.4 is able to define the Caputo derivative for functions that go to infinity
in finite time, which is suitable for fractional ODEs where the solution can blow up
in finite time. Another contribution of our definition is that the group structure
brought by J, reveals the natural properties of Caputo derivatives. For example,
using J,, we can clearly see how D*D? is related to D**# (see Lemma 3.5); as
another example, one can deconvolve the fractional differential equations with Caputo
derivatives to integral equations with completely monotone kernel %t”‘l, which is
the fundamental theorem of fractional calculus, without asking for extra requirements
on the regularity of ¢(t) (Theorem 3.7).

Another main contribution of our work is to build a convenient framework for
studying general nonlinear time fractional ODEs and PDEs. Fractional ODEs with
various definitions of Caputo derivatives ((3) or the one defined through Riemann—
Liouville derivatives) have already been discussed widely. See, for example, [8, 7].
With the new definition of Caputo derivatives (Definition 3.4), we are able to prove
many results for the fractional ODEs under very weak conditions. For example,
we are able to show the existence and uniqueness theorem in a particular subspace of
locally integrable functions and prove the comparison principles with the most general
conditions. We believe these results with weak conditions are useful for the analysis
of fractional PDEs in the future.

The organization and main results of the paper are listed briefly as follows. In sec-
tion 2, we extend the ideas in [11, Chap. 1, sect. 5.5] to define the modified Riemann—
Liouville calculus for a certain class of distributions in 2’(—o0, T'). Then we prove that
the modified Riemann-Liouville calculus indeed changes the regularity of functions
as expected: J, : H*(0,T) — H*t*(0,T) (s > max(0,—a)). (Roughly speaking,
H $(0,T) is the Sobolev space containing functions that are zero at ¢ = 0; the reader
can refer to section 2.4 for a detailed explanation.) In section 3, an extension of Ca-
puto derivatives is proposed so that both the first derivative and Hoélder regularity
of the function are not needed in the definition. Some properties of the new Caputo
derivatives are proved, which may be used for fractional ODEs and fractional PDEs.
Especially, the fundamental theorem of the fractional calculus is valid as long as the
function is right continuous at ¢ = 0, which allows us to transform the differential
equations with orders in (0,1) to integral equations with completely monotone ker-
nels (Theorem 3.7). In section 4, based on the definitions and properties in section 3,
we prove some fundamental results of fractional ODEs with quite general conditions.
Particularly, we show the existence and uniqueness of the fractional ODEs using the
fundamental theorem (Theorem 4.4) and also show the comparison principle (The-
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orem 4.10). This then provides the essential tools for a priori energy estimates of
fractional PDEs. Then, as an interesting example of fractional ODEs, we show that
the fractional Hamiltonian system does not preserve the “energy,” which can decay
to zero.

2. Time-continuous groups and fractional calculus. In this section, we
generalize the idea in [11] to define the fractional calculus for a particular class of
distributions in 2’(—o0,T) and then define the modified Riemann—Liouville calculus.
We first write out the time-continuous convolution group in [11, Chap. 1] in more
convenient forms and then show in detail how to define the fractional calculus using
convolutions. The construction in this section then provides essential tools for us to
propose a generalized definition of Caputo derivatives in section 3.

2.1. A time-continuous convolution group. In [11, Chap. 1], it is mentioned

a—1
that {if(—a) T € (C} can be used to define integrals and derivatives for distributions

supported on [0, 00). If a € R, these distributions form a convolution group where the
convolution is well defined since all the distributions have supports that are one-side

a—1
if(—a) with a < 0 is not convenient for us to use.
The alternative expressions for g, enable us to find the fractional calculus more easily
and motivate us to extend the Caputo derivatives later.

Recall that 6(t) represents the Heaviside step function. We note that

bounded. The expression g, (t) =

- . IO
(5) (ng T {gawga(t)_l—\(a)aaERv a>0
forms a semigroup of convolution. This is because
1 P - B(a, B) -
w*gs(t) = = [ 52T (1t —8)PTlds = et Bl — g s(t),
g0+ 95(0) = ey N o g1

where B(-,-) is the Beta function. We now proceed to finding the convenient ex-
pressions for the convolution group generated by %;. For this purpose, we need the
convolution between two distributions. By the theory in [11, Chap. 1], we can con-
volve two distributions as long as their supports are one-side bounded. This motivates
us to introduce the following set of distributions:

(6) &:={ve 2'R):3IM, € R,supp(v) C [-M,,+00)}.

Z'(R) is the space of distributions, which is the dual of Z(R) = C*(R). Clearly, &
is a linear vector space.

The convolution between two distributions in & can be defined since their supports
are bounded from the left. One can refer to [11] for a detailed definition of the
convolution. For the convenience, we mention an equivalent strategy here: pick a
partition of unity for R, {¢; : i € Z} (i.e., ¢; € C°; 0 < ¢; < 1; on any compact set
K, there are only finitely many ¢;’s that are nonzero; > . ¢; = 1 for all z € R). The
convolution can then be defined as follows.

DEFINITION 2.1. Given f,g € &, we define
(7) (fxg.0) = (f*(dig),p) Vo€ =CF,
icZ

where {¢;}52 is a partition of unity for R and f x (¢;9) is given by the usual

1=—00

definition between two distributions when one of them is compactly supported.
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The following lemma is well known.

LEMMA 2.2. (i) The definition is independent of {¢;} and agrees with the usual
definition of convolution between distributions whenever one of the two distributions
is compactly supported.

(ii) For f,ge &, fxg € &.

(iif)

(8) frg=gxf,
(9) fr(gxh)=(f*g)*h

(iv) We use D to mean the distributional derivative. Then, letting f,g € &, we
have

(10) (Df)*g=D(f*g) = f*Dg.

Also well known is the following lemma.

LEMMA 2.3. go = 0(t) is the convolution identity and for n € N, g_,, = D" is
the convolution inverse of gy,.

For 0 < 7 < 1, inspired by the fact £(g,) ~ 1/s”, where £ means the Laplace
transform, we infer that £(g_,) ~ s7. Hence, the convolution inverse is guessed
as ~ D(0(t)t~7), where D is the distributional derivative. Actually, some simple
computations verify this.

LEMMA 2.4. Letting 0 < vy < 1, the convolution inverse of g, is given by

(11) g (t) = ﬁD (Ot

Proof. We pick ¢ € C°(R) and apply Lemma 2.2:
(DO * [0(6)7 1], ) = —=(0()t 7 % 6(t)t" ", Dyp)

= —(B(1—7,70(t),¢") = —B(1-7,7) /Ooo ¢ (t)dt = B(1 —,7)¢(0).

This computation verifies that the claim is true. ]

For n < v <n+1, we define g_, := D"J * g,_. We have then written out the
convolution group.

PROPOSITION 2.5. Let € = {go : & € R}. Then € C &, and it is a convolution
group under the convolution on & (Definition 2.1).

Proof. Using the above facts and Lemma 2.2, we find that for any v > 0, g_ is
the convolution inverse of g,. Given the fact that ¢ forms a semigroup, the commu-
tativity and associativity in Lemma 2.2 imply that ¢€_ = {g_,} forms a convolution
semigroup as well.

The group property can then be verified using the semigroup property and the
fact that g, * g_, = 9. |

2.2. Time-continuous fractional calculus. In this section, we use the group
% to define the fractional calculus for a certain class of distributions in Z'(—o0,T)
and the (modified) Riemann-Liouville fractional calculus.
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2.2.1. Fractional calculus for distributions. In [11], the fractional deriva-
tives for distributions supported in [0, 00) are given by g, * ¢. This can be easily
generalized to distributions in &.

DEFINITION 2.6. For ¢ € &, the fractional calculus of ¢, I, : & = & (o € R), is
given by
(12) 1,0 := g4 * .

Remark 1. Tt is well known that one may convolve the group ¢ with ¢ ¢ &,
but some properties mentioned may be invalid. For example, ¢ =1 ¢ &, g1 = 0,
g—1 = D¢. Both (0% D§) x 1 and 6 x (Dd = 1) are defined where 6(¢) is the Heaviside
function, but they are not equal. The associativity is not valid.

By Definition 2.6, the following lemma is clear.

LEMMA 2.7. The operators {I, : « € R} form a group, and I_,¢o = D¢ (n =
1,2,3,...), where D is the distributional derivative.

To get a better idea of what I, is, we now pick ¢ € C°(R). If a € Z, I, gives
the usual integral (where the integral is from —oo) or derivative. For example,

t
Li(t) = 0% 6(t) = / o(s)ds,
I 1¢p=(D6)*xdp=06+xDp=¢".
For a = —v,0 <~y <1, and ¢ € C2°, we have
1 At e 1 b8
Lo =ty |G = e L

Hence, I_. gives the Riemann-Liouville derivatives from ¢ = —oo.

In many applications, the functions we study may not be defined beyond a certain
time 7' > 0. For example, we may study fractional ODEs where the solution blows
up at t = T. This requires us to define the fractional calculus for some distributions
in 9'(—o00,T). Hence, we introduce the set

(13) &1 i={ve P'(~c0,T):IM, € (—00,T),supp(v) C [M,,T)}.

&7 is not closed under the convolution (which means if we pick two distributions from
&7, the convolution then is no longer in &7). Hence, we cannot define the fractional
calculus directly, as we do for 2'(R). Our strategy is to push the distributions into
& first and then pull it back.

Let {xn} C C°(—00,T) be a sequence satisfying (i) 0 < x, < 1, and (ii) x, =1
on [-n,T — 1) (if T = oo, T — 1/n is defined as c0). We introduce the extension
operator K1 : &7 — £ given by

(14) (Kxv,0) = (Xnv,9) = (v, Xn®) Yo € C°(R),

where the last pairing is the one between 2’(—o00,T) and C°(—o00,T). Denote R :
&> — &7 as the natural embedding operator. We define the fractional calculus as
follows.

DEFINITION 2.8. For ¢ € &7, we define the fractional calculus of ¢ to be IL :
ET — T (e R):

(15) Io6 = lim RT(I.(K,9)).

n— oo
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We check that the definition is well given.

PROPOSITION 2.9. Fiz ¢ € &T.

(i) For any sequence {xn} satisfying the conditions given and ¢ > 0,M > 0,
there exists N > 0, such that for alln > N and all ¢ € C°(—00,T) with supp ¢ C
[-M,T — €,

(Kn ¢.0) = (6. 9).

(ii) The limit in Definition 2.8 exists under the topology of 9'(—c0,T). In par-

ticular, picking any partition of unity {¢;} for R, we have

and the value on the right-hand side is independent of choice of the partition of unity
{i}.

Proof. The proof for (i) is standard, which we omit. For (ii), we pick ¢ €
C°(—00,T). Then, for all n > 0,

(RT (I (K 9))s0) = (9o * (K 9)),9) = Y _((di9a) * (K ), 0).

K2

There are only finitely many terms in the sum. Then, for each term,

((Giga) * (K 9)), ) = (K1 6, Ci * 0),

where (;(t) := (¢iga)(—t) is a distribution supported in [— Ny, 0] for some Ny > 0. As
a result, ¢; % ¢ is C°(—o00,T). By (i),

(I36,0) = lim > ((6iga) * (K0)), ) = 3 (G x ¢).

K2

Note that according to Lemma 2.2, the convolution is independent of the choice of
partition of unity, and hence the value on the right-hand side is also independent of

{:}. a
LeEMMA 2.10. IT (o € R) is independent of the choice of extension operators
{K,}. For any T, T5 € (0,00] and T} < T,
(16) RN = [TiRT1 g Y € T2,
Proof. Let ¢ € C2°(—00,T1). Then we need to show
lim (go * (K20),¢) = lim (go * (K R™¢), ).
We use the partition of unity {¢;} for R, and the equation is reduced to

Jim D ((6iga) + (K20), ) = Tim > ((diga) * (KR ), ).

(2 3

Since there are only finite terms that are nonzero for the sum, we can switch the
order of limit and summation and consider the limit of each term. Denote (;(t) =
(¢iga)(—t), which is supported in (—o0,0). Then it suffices to show

lim <KZQ¢7 Ci * <P> = lim <K3:1RT1¢7 C’L * 90>
n— 00 n— oo

By Proposition 2.9, this equality is valid. 0
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Lemma 2.10 verifies that if T = oo, then I agrees with I,, in Definition 2.6.
LEMMA 2.11. {IT : o € R} forms a group.
Proof. By the result in Lemma 2.10, for all o, 8 € R,

IgIf¢) = lim RT(Lo(R"(Is(K, ) = lim RT(lops(K;9))) = Lo g6 O

DEFINITION 2.12. If ¢ € &7, we can define the convolution between g, : o € R
and ¢ as

(17) Jaxp:=1 ¢ Vo c &T.

It is easy to check that if ¢ € &7 is in L'[M, T) for some M < T and a > 0, we have
in the Lebesgue sense that

Jo ¥ O(t) = / ot — 8)p(s)ds, t <T.

— 00

By Lemma 2.11, we have
(18) 9o * (g5 * @) = (9o * g8) * & = Ga+p * ¢.
From here on, when we fix T' € (0, 00], we can drop the superindex T for convenience:

&7 is denoted by &; IT is denoted by 1.

2.2.2. Modified Riemann—Liouville calculus. Definitions in section 2.2.1
give the fractional calculus starting from t = —co. We are more interested in fractional
calculus starting from ¢ = 0, because the memory is usually counted from ¢ = 0 in
many applications, and initial value problems are considered. In other words, for
p € & (with T € (0, 0] fixed), we hope to define the fractional calculus from ¢t = 0.
Inspired by [11, Chap. 1, sect. 5.5], we need to modify the distribution to be supported
in [0,7).

Consider causal distributions (“zero for ¢ < 07):

(19) 4. ={pe&CP(~0,T):suppo C [0,T)}.

We now consider the causal correspondence for a general distribution in &. Let
up € C°(=1/n,T), where n = 1,2,... is a sequence satisfying (1) 0 < u,, < 1, (2)
up(t) =1fort € (—1/(2n), T —1/(2n)). Introduce the space

(20) ¥ :={pe&:3p €Y, unp — ¢ in P'(—c0,T) for any such sequence {u,}}.

For ¢ € ¢, the corresponding distribution ¢ is denoted as ¢, where 6 is the Heaviside
step function. Clearly, if ¢ € L{ (—o0,T), where the notation L{. (U) represents the
set of all locally integrable functions defined on U, 6y can be understood as the usual

multiplication.
LEMMA 2.13. Y. C 9. Forallp € 9., 0p = ¢.

This claim is easy to verify, so we omit the proof. This then motivates the
following definition.
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DEFINITION 2.14. The (modified) Riemann—Liouville operators Jo : 4 — 9. are
given by

(21) Jap 1= I1a(0p) = ga * (0p),
where g, * (6¢) is understood as in (17).

PROPOSITION 2.15. Fizp € &. Foralla, B € R, JoJgp = Jaypp and Jop = Op.
If we make the domain of them to be 9. (i.e., the set of causal distributions), then
they form a group.

Proof. One can verify that supp(J,p) C [0,T). Hence, 8J,p = Jop. The claims
follow from the properties of I,. If ¢ € 4., then ¢ is identified with 6(t)¢. ]

We are more interested in the cases where ¢ is locally integrable. We call them
modified Riemann—Liouville because, for good enough ¢, they agree with the tradi-
tional Riemann-Liouville operators (equation (2)) at ¢t > 0, while there are some extra
singularities at t = 0. Now, let us illustrate this by checking some special cases.

When « > 0 and ¢ is a continuous function, we have verified that (21) gives Abel’s
formula of fractional integrals (1). It would be interesting to look at the formulas for
a < 0 and smooth ¢:

e When —1 < a < 0, we have for any ¢t < T

Tag(t) = 0(t) )D/O (W(S) ds

N(l—« t—s)Y
(22) = T OO+ (O + 80 (0)
1 L, o)
a0
where v = —a. This is the Riemann—Liouville fractional derivative.
e When a = —1, we have
(23) Jap(t) = D(6(0)e(1)) = 0(1)¢ (1) + 6(1)(0).

We can verify easily that J_1J1po = J1J_1p = ¢. Traditionally, the Riemann—
Liouville derivatives for integer values are defined as the usual derivatives.
J_1p(t) agrees with the usual derivative for ¢ > 0, but it has a singularity
due to the jump of 8(t)¢ at t = 0.

e When a = —1 — 7. By the group property, we have for ¢t < T

Jag(®) = Jr(J-9) = s D(00D [ 2 as)

_ mD(a(t)D/o W@(s)ds).

This is again the Riemann-Liouville derivative for ¢ > 0.

We then call {J,} the modified Riemann—Liouville operators. Clearly, J,¢o agrees
with the traditional Riemann-Liouville calculus as distributions in 2'(0,00) (i.e.,
they agree for ¢ > 0). However, at ¢t = 0, there is some difference. For example, J_;
gives an atom ¢(0)d(t) at the origin, so that J;J_1 = J_1J1 = Jy. The singularities at
t = 0 are expected since the causal function 6(t)p(¢) usually has a jump at t = 0. (If
we use the Riemann—Liouville calculus from ¢ = —o0, it forms a group automatically,
and a Riemann-Liouville derivative with order n (n € Ny ) agrees with the usual nth
order derivative without singular terms.)
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2.3. Another group for right derivatives. Now consider another group 2
generated by

- 0(—t -
21 in(®) = 1200 aso.
For 0 < v <1, g_4(t) = —ﬁD(G(—t)(—t)’”) (D means the derivative on ¢
and DO(—t) = —4§(t)). The action of this group is well defined if we pair it with

distributions that have supports on (—oo, M] or on functions that decay faster than
rational functions at co.
This group can generate fractional derivatives that are noncausal. For example,

if ¢ € C°(R),

N .

This derivative is sometimes called the right Riemann—Liouville derivative (see, e.g.,
[18]). The derivative at ¢ depends on the values in the future and is therefore non-
causal.

This group is actually the adjoint of € in the following sense:

(25) (G- * 9)(t) =

(26) (9o * D, 0) = (B, o * ¥),

where both ¢ and ¢ are in C°(R). (If ¢ and ¢ are not compactly supported or do
not decay at infinity, then at least one group is not well defined for them.) This dual
identity actually provides a type of integration by parts.

It is interesting to explicitly write out the case a = —~:

| serswetya= [ ] " (- ) Do(s) ds o(t) de

—oo e T =) J_o
= - /JO ml_wgs : (t—35)"p)dt ¢(s)ds = [m Ga * ©(8)p(s) ds.

Remark 2. Alternatively, one may define the operator I, by (In®, p) = (), o *p)
for ¢ € Z’'(R) and ¢ € Z(R) whenever this is well defined. This definition, however,
is also generally only valid for ¢ € &. This is because g, * ¢ is supported on (—oo, M]
for some M. If ¢ ¢ &, the definition may not make sense.

2.4. Regularities of the modified Riemann—Liouville operators. By the
definition, it is expected that {J,} indeed improve or reduce regularities as the or-
dinary integrals or derivatives do. In this section, we check this topic by considering
their actions on a specific class of Sobolev spaces.

Let us fix T' € (0, 00) (we are not considering T' = o0). Recall that H§(0,T) is the
closure of C2°(0,T") under the norm of H*(0,T) (H*®(0,T) itself equals the closure of
C*°[0,T]). We would like to avoid the singularities that may appear at t = 0, but we
do not require much at t = T. We therefore introduce the space H #(0,T), which is the
closure of C°(0,T] under the norm of H*(0,T). (If ¢ € C°(0,T], suppy C C(0,T]
and ¢ € C*[0,T]. ¢(T) may be nonzero.)

We now introduce some lemmas for our further discussion.
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LEMMA 2.16. Let s € R,s > 0.
e The restriction mapping is bounded from H*(R) to H*(0,T), i.e., for all
v € H*R), then v € H*(0,T), and there exists C = C(s,T) such that
lollz= 0.1y < 10y
o Forv e H*(0,T), there exists v, € C(R) such that the following conditions
hold: (i) suppv, C (0,27). (i) |lvnllas®) < Cllonllaso,r), where C =
C(s,T). (iil) v, — v in H*(0,T).
We use 2'(0,T) to denote the dual of 2(0,7) = C(0,T). Recall Definition
2.14.

LEMMA 2.17. If v, — f in H5(0,T) (s > 0), then Jyv, — Jof in 2'(0,T) for
all o € R.

Proof. Since v, f are in H?, then they are locally integrable functions.
Let ¢ € 2(0,T). Let {¢;} be a partition of unity for R. By the definition of J,,

(ga * (0(D)vn), 0) = D ((9adi) * (0(t)vn), 0) = Y _(B(t)vn, by * o),

[ 7

where hi,(t) = (ga¢:)(—t). Note that there are only finitely many terms that are
nonzero in the sum, since ¢ is compactly supported and g, is supported in [0, 00).
Since the support of g,¢; is in [0,00), then the support of hi * ¢ is in (—oo,T).
Further, k¢, * ¢ € C>°(R). Hence, in the distributional sense,

T T
(0(t)vn, h, * ) = /0 Un (8) (h * @) ()t — /0 F(&)(hg, ) (t)dt
= (0(t)f, h, * ) = {(gas) * (O(8)f), ).

This verifies the claim. 0

We now consider the action of J, on H*(0,T), and we actually have the following
theorem.

THEOREM 2.18. If min{s,s + a} > 0, then J, is bounded from H®(0,T) to

Hst(0,T). In other words, if f € H*(0,T), then Jof € H*T*(0,T) and there
ezists a constant C' depending on T, s, and o such that

(27) 1 Tafll s,y < Clf sy Vf € H(0,T).

Concerning this topic, some partial results can be found in [18, 17, 13].

Proof. In the proof here, we use C' to mean a generic constant, i.e., C' may rep-
resent different constants from line to line, but we just use the same notation.

a = 0 is trivial, as we have the identity map.

Consider o < 0 first. For o = —n (n = 1,...), let v € CX(0,00). J_,v €
C2°(0,00) because in this case, the action is the usual nth order derivative. It is clear
that

[J—nvllgs-n@) < Cllvllm:®)-

Take a sequence v; € Cg° and suppv; C (0,27) such that ||vs|| =) < Cllvill ms (0,1,
and v; — f in H*(0,T). It then follows that ||.J_,v;||gs-n®) < Cllvil|gs(0,r). Since
the restriction is bounded from H* "™(R) to H*~"(0,T), J_,v; is a Cauchy sequence
in H5="(0,T). The limit in H*~™(0,T) must be J_, f by Lemma 2.17. Hence, J_,,
sends H*(0,T) to H*~™(0,T).
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By the group property, it suffices to consider —1 < « < 0 for fractional derivatives.
Let v = |a|. We first pick v € C2°(0,2T"). We have

1 d [t 1 ’ S
J,Wv(t):m£/os v(t—s)ds-m/o(t—s) v'(s)ds.

Since J_ v = ﬁ(@(t)t‘”)*(v’) and v' € C¢°(0,2T), J_,v is C*° and supp J_,v C

(0,00). Note that the last term is the Caputo derivative. The Caputo derivative equals
the Riemann-Liouville derivative for v € C2°(0,2T).

Since |F(O(t)t=7)| < ClE7L, we find |[F(J_,v)| < Cl[7]6(€)|. Here, F repre-
sents the Fourier transform operator, while ¢ is the Fourier transform of v. Hence,

/(1 + €3 TVNF (o) P < C/(l +1E[?)71o(6) I de,
or | J_qv|lgs-vm) < Cl|v]| g+ (r). By Lemma 2.16, the restriction is bounded:

[J-rvll s (0,7) < Cllv||ms()-
Take v; € C2°(0,2T) such that v; — f in H*(0,T) and ||vi| g=r) < Cllvillms(0,1)-
Then ||J_vi|l s (0,7) < Cllvill=(0,r) and J_,v; is a Cauchy sequence in H*(0,T) C
H*(0,T). The limit in H*(0,7) must be J_.f by Lemma 2.17. Hence, the claim
follows for —1 < a < 0.

Consider o > 0 and n < a < n + 1. Note that .J,, sends H*(0,T) to H**"(0,T)
since this is the usual integral. We therefore only have to prove the claim for 0 < a < 1
by the group property.

For0<a<l1, Jyv= ﬁ f(f s Ly(t — s)ds € C>°(0,0) and supp J,v C (0,00)
for v € Cg°(0,2T). We again set v = |a| = a. Note that we have |F(g,)| < |£]77.
There is singularity at £ = 0 because g,(t) = ﬁtj:l goes to infinity as ¢ — oo.
Since we care about the behavior on (0,7T), we can pick a cutoff function ¢ = 8(z/T),
where 8 =1 on [—1,1] and zero for |z| > 2. ¢ is a Schwartz function.

Noting |F(¢Jyv)| < |¢+ 0l¢| 77 < [C# [€]7[[[0]loc < Cl0]|oc, we find

0| 2 eramy < | (L€ TV (0]€] 7)) 2de = < Oo)%
1Ty /R< LIEPY Y Ex (b)) P /|£|<R+ /QR ol +/Ig

>R

For |¢] > R, we split the convolution (f*(f)|§|_7) into two parts and apply the inequality
(a+b)% < 2(a® + b?). Tt then follows that

2
/ <C dg(1 + §I2)S“< (/ (€~ n)llﬁl(n)lnl”dn>
€1=R €1>R Inl=lel/2

+ ( / é(f—nnm(n)mrwn) ):hm.
Inl<|€1/2

For the I; part, by the Holder inequality and Fubini theorem,

n<c [ agurigyr [ e mlloePl
[€I=R [nl=>1€1/2

<c / dnfo(m) 21|~ / (6 — 1L+ [€2)de
In|>R/2 £

<C dn|o(n) |77 (1 + )7 < Cl|v]|Fs w)-
In>R/2
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Here, C depends on R and (. R .
For the I, part, we note that |((¢ —n)| < C|¢|~N if R is large enough, since ( is
a Schwartz function.

[ 1= manlinldn < Clallelel™ [ lal 7y < Cloflcle]
[nl<I€l/2 Inl<1€l/2

Hence, Iy < C||9]|%.
Overall, we have

¢TIy vl etr @) < Cll0llo + V)l e ®)) < Cllvllas ®)-

Note that v is supported in (0,27") and |[|9]|oc < ||v[/£1(0,27), Which is bounded by its
L?(0,2T) norm and thus H*(R) norm. The constant C' depends on T and (. Using
again that the restriction map is bounded, we find that

[Ty 0l et 0,7) < CNCT vl st ®) < Cllvllars (m)-

The claim is true for Cg°(0,27). Again, using an approximation sequence v; €
C2(0,27), |Jvill gs ) < Cllvill g+ 0,7y implies that it is true for H*(0,T) also. d

Enforcing ¢ to be in H*(0,T) removes the singularities at ¢ = 0. This then allows
us to obtain the regularity estimates above, and the Caputo derivatives will be the
same as Riemann-Liouville derivatives. If v € H°(0,T) = L?(0,T), then the value
of Jyv at t = 0 is well defined for v > 1/2, which should be zero (see also [17]),

because the Holder inequality implies fot(t — 5)7 lw(s)ds < C(v)t7~1/2. Actually,
HY(0,T) C C°0,T] if v > 1/2.

3. An extension of Caputo derivatives. As mentioned in the introduction,
we are going to propose a generalized definition of Caputo derivatives without using
derivatives of integer order as in (3). Observing the calculation like (22), the Caputo
derivatives DY (7 > 0) (equation (3)) may be defined using J_, and the terms like

©(0)

I'(1—7)
exist in some sense, where [y] means the largest integer that does not exceed . We
then do not need to require that p("1+1) exist. In this paper, we only deal with
0 < 4 < 1 cases as they are mostly used in practice. (For general v > 1, one has
to remove singular terms related to ¢(0), ..., (0), the jumps of the derivatives of
0(t)e, from J_-p.) We prove some basic properties of the extended Caputo derivatives
according to our definition, which will be used for the analysis of fractional ODEs in
section 4, and may possibly be used for fractional PDEs.

Recall that L] [0,T) is the set of locally integrable functions on [0,7); i.e., the
functions are integrable on any compact set K C [0,T). We first introduce a result

from real analysis [24].
LEMMA 3.1. Suppose f,g € Li [0,T), where T € (0,00]. Then h(z) = [; f(x —

loc

y)g(y)dy is defined for almost every x € [0,T) and h € L _[0,T).

loc
Proof. Fix M € (0,T). Denote Q = {(z,y) : 0 <y <z < M}. F(z,y) =
|f(x—19)||g(y)| is measurable and nonnegative on €. Tonelli’s theorem [24, sect. 12.4]
indicates that

=7, and hence may be generalized to a function ¢ such that only (™ m < [4],

//D F(z,y)dA = /OM lg(y)] /yM |f(z —y)|dzdy < C(M)
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for some C(M) € (0,00). This means that F(z,y) is integrable on D. Hence, h(z) is
defined for almost every = € [0, M] and fOM |h(z)|dz < oo. Since M is arbitrary, the
claim follows. 0

Now, fix
T € (0,00], v € (0,1).

Note that we allow T' = co. As mentioned before, we will drop the superindices T" in
&T and IT. Suppose f is a distribution in 2(—oco, T) supported on [0, T). We say f

is a locally integrable function if we can find a locally integrable function f such that
(f,0) = [ fedt for all p € C°(—o0,T). The following lemma is almost trivial.

LEMMA 3.2. Lety € (0,1). If f € L{ [0,T),

loc

@) L0 =0+ ONO = 75 [ = s, tep.T)

where the integral on the right is understood in the Lebesque sense.

We introduce
1 [t
(29) X = {(p € Li]0,7) : Jpp € R, lim 7/ | — woldt = O} .
t—0t t 0

The space X is indeed the space of locally integrable functions, with ¢ = 0 being a
Lebesgue point from the right (with the value at ¢t = 0 defined as ¢g). Clearly, X is a
vector space and C[0,T) C X C L .[0,7). The value ¢y is unique for every ¢ € X.
We denote

(30) ©(0+) = wo.

The notation ¢(0+) is understood as the right limit in a weak sense, and we do not
necessarily have a Lebesgue measure zero set .4 such that lim,_,+ ;¢ 4 [¢(t)—p0o| = 0.
For convenience, we also introduce the following set for 0 < v < 1:

dt:o}

/ (- sy f(s)ds

T—0+

(31) Y, = {feL}oc[o,T): lim 1/T
0

and also
(32) X, = {gp;acmlza,fey7 s.t.cp:C’+J7(f)}.

Recall that for ¢ € [0,T), we have

I (F)(E) = g, (01)(8) = ﬁ / (t— )71 f(s)ds,

where the integral is in the Lebesgue sense by Lemma 3.2.
By the definition of Y., it is almost trivial to conclude the following.

LEMMA 3.3. Y, and X, are subspaces of L{, [0,T). If f € Y., then J,f(04+) =0
and X, C X.

Remark 3. If f > 0 almost everywhere, lim;_,o+ %fot | Jo (T —s)7" f(s)ds|dr =0
is equivalent to lim;_, g+ % fg(t—s)Vf(s)ds = 0. Hence, Lllo/:[O, T)CY,(eg,t77 €Y,
while t =79 € Y, for all § > 0.)
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Now, we introduce our definition of Caputo derivatives based on the modified
Riemann-Liouville operators by removing the singularity due to the jump at ¢t = 0.

DEFINITION 3.4. Let 0 < v < 1 and ¢ € L. _[0,T). For any ¢o € R, we define

loc
the generalized Caputo derivative associated with g to be

(33) DY :¢o—= Dlp=J_y0—pogi—y =J_~(@— o) €E.

If o € X, we impose @y = (0+) unless explicitly mentioned, and in this case we call
DY the Caputo derivative of order ~.

Note that if ¢ does not have regularities, D) is generally a distribution in &
If 9 = 0, it is clear that the generalized Caputo derivative is the Riemann—Liouville
derivative. We impose ¢o = ©(0+) whenever ¢ € X to remove the singularity in-
troduced by the jump at t = 0, and to be consistent with the traditional Caputo
derivative (3) (see Proposition 3.6). This convention is convenient for studying the
initial value problems in section 4. We also point out that this generalized definition
can be applied for Caputo derivatives from any time point ¢t = a (if a = —o0, we just
remove the limit at —oo0). One only uses operators I, (6(- — a)p) to replace J.

Recall that J_,¢ = g_, * (0¢), and in the case T' < oo, it is understood as in
equation (17). Note that we have used explicitly the convolution operator J_. in the
definition. The convolution structure here enables us to establish the fundamental
theorem (Theorem 3.7) below using deconvolution so that we can rewrite fractional
differential equations using integral equations with completely monotone kernels.

LEMMA 3.5. By the definition, we have the following claims:
1. For any constant C, DJC = 0.
2. DY : X — & is a linear operator.
3. Forallpe X,0< v <1, and v > v1 — 1, we have

D’Yl_wap Yo < "
J, Dl = & »
" 4 { Ty (o = ©(04)), 72 > 1.

4. Suppose 0 <y < 1. If f€ Y, , then D> J f = Jy v, f for 0 <y < 1.
5. If Do € X, then for 0 < v <1,0< v+ <1,

DD} ¢ = D¢ — DI (0+)g1—r,-

6. Jy_1DYp = J_1p — ©(0+)6(t). If we define this to be D!, then for ¢ €
C0,T), Dlp=¢'.

Proof. The first follows from g_~ *6(t) = g_ * g1 = g1—~. The second is obvious.
The third claim follows from J,,D)'¢ = Jy,(J_y, 0 — ©(04+)g1—v,) = Jyoermr —
©(04)g1—~,4+2, Which holds by the group property. For the fourth, we just note that
J+, f(0+) = 0 and use the group property for J,. The fifth statement follows easily
from the third statement. The last claim follows from J,_1(J_y¢ — @(04)g1—y) =
J_1¢p — p(0+)go and (22). O

Now, we verify that our definition agrees with (3) if ¢ has some regularity. For
@ € L _(0,T), we say ¢ is a version of ¢ if they are different only on a Lebesgue

loc
measure zero set.

PROPOSITION 3.6. For ¢ € X, if the distributional derivative of ¢ on (0,T) is
integrable on (0,T1) for any Ty € (0,T), then there is a version of ¢ (still denoted by
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) that is absolutely continuous on (0,Ty) for any Ty < T, so that

1 " P(s)
34 DY ds, t<T
(34 o0 =y ), ot <
where the convolution integral can be understood in the Lebesque semse. Further,
DYy € L [0,T).

Proof. The existence of the version of ¢ that is absolutely continuous on (0,7}),
Ty € (0,T), is a classical result (see [24]). Consequently, the usual derivative ¢’ is the
distributional derivative of ¢ on (0,T).

We first consider T' = oo.

Define ¢¢ = ¢ x 1, where n. = 2n(%) and 0
supp(n) C (=M, 0) for some M > 0 and (i) [

we have in 2'(R )
D(0(t)¢°)(t) = 0(t)“(0) + 0(£) D(¢°),

Which can be verified easily. Now, take € — 0. Let g = ¢(0+). Then |¢°(0) — ¢o| =
Me
| fy n(=a)p(ew)dz—po| < sup [n| [ [o(ex)—poldw = sup | 3 [ l(y) —poldy —

0. Hence go (0) — ©p.

Since 0(t)¢® — 0(t)p in Li (R), D(0(t)¢) — D(6(t)¢) in 2'(R). For 6(t)D (),
by the convolution property we have D(¢¢) = (D¢)¢ in 2'(R). Since ¢’ is integrable
on (0,T1) for Ty € (0,00), we can define its values to be zero on (—o00,0], and then
it becomes a distribution in 2’(R). We still denote it by ¢’. If supp(n) C (—M,0),
then 0(¢)(Dp)¢ — 0(t)¢’ in Z'(R). (Take special notice that if ¢ is a causal function,
Dy as a distribution in 2'(R) generally has an atom §(t), but 8(¢)¢’ does not include
this singularity.) This then verifies the distribution identity:

D(6(t)¢(t)) = (1) (0+) + 0(1)¢'(2).

By the definition of J_, (Definition 2.14) and applying Lemma 2.2,

<n § 1 satisfies (i) n € C°(R) with
ndt = 1. ¢° is clearly smooth. Then

D (0(t)t™7) = (8(t)p) = ﬁ (6(t)t=7) = D(0(t)p)

1 i ,
=t POF) = G100+ + (1))

Jyp(t) = T1—7)

The first term gives F((loty))ﬁ 7.

Consider now (8(t)t~7) = (0(¢)¢’). It is clear that

)
O@)7) * (0(t)¢") = lim (

O(t)t " x(t < M)) = (0(t)¢"x(t < M)) in 7',

where x(E) is the indicator function of the set E. With the truncation, the two
functions on the right-hand side are in L!(R). The convolution hy; = (0(t)t= 7 x(t <
M)) % (0(t)¢'x(t < M)) € LY(R) and

hM(t):/Ot (tw/(z))vds, 0<t< M,

where the integral is in the Lebesgue sense. Hence, as M — oo, we find that (6(¢)t~7)*
(0(t)¢’) is a measurable function, and for almost every ¢, (34) holds and the integral
is a Lebesgue integral. By Lemma 3.1, DY¢ € L{ [0, 00).
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Then, by Definition 3.4, we obtain (34). This then finishes the proof for T' = oco.
For T < oo, consider Ko = x,¢ is absolutely continuous on (0,00). By the
result just proved, we have

1 " Xoe + Xng'
DY (KL p)(t) = / n T ds.
En @)D= 503y Jy ~(t—sp

It follows that for t < T — %,

1 Loy
DY) (1) = / ds.
P =) Jo (t—5)7
Hence, in ¢ € 9'(—00,T), DY¢ = lim,,_, o, RT DY (KT ) is given by the formula listed
in the statement. O
Regarding the Caputo derivatives, we introduce several results that may be ap-

plied for fractional ODEs and fractional PDEs. The first is the fundamental theorem
of fractional calculus.

THEOREM 3.7. Suppose ¢ € L [0,T) and denote f = DY¢ (0 < v < 1) to be

loc

the generalized Caputo derivative associated with ¢q, supported in [0,T). Then, for
Lebesque a.e. t € (0,T),

(35) o(t) = o + Jy(f)(1)-

If f € LL _[0,T), we have for Lebesgue a.e. t € (0,T) that

loc

(36) o(t) = go + ﬁ / (t— s f(s)ds,

where the integral is understood in the Lebesgue integral sense.

Proof. By the definition (equation (33)), f(¢) + o F(Gl(i)v)tfv = J_,(¢(¢)). Then
the convolution group property yields

0(0p(0) = o, (£ + g st ) = I ot [ ot

Since fg(t —8)7"ts77ds = B(,1—7) = T'(y)I'(1 —7), the second term is just 6(t)po.
Since J,, f = 0(t)p(t) —0(t)po € Li..[0,T), the equality in the distributional sense

implies equality in L _[0,7) and thus almost everywhere. Further, if f € L{ _[0,7),

loc
the second part is obvious by Lemma 3.2. ]

This theorem is fundamental for fractional differential equations because this
allows us to transform the fractional differential equations to integral equations with
completely monotone kernels (which are nonnegative). Then we are able to establish
the comparison principle (Theorem 4.10), useful for a priori estimates of fractional
PDEs.

Using Theorem 3.7, we conclude the following.

COROLLARY 3.8. Suppose p(t) € Ll [0,T), » >0 and py = 0. If the generalized
Caputo derivative DY (0 < v < 1) associated with g is locally integrable, and
DYy < 0, then o(t) = 0. (The local integrability assumption can be dropped if we

understand the inequality in the distribution sense as in section 4.)
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Now, we consider functions whose Caputo derivatives are L [0,7). Recall the
definitions of X in (29), X, in (32), and Y5 in (31).

PROPOSITION 3.9. Let f € L _[0,T). Then D)y = f has solutions ¢ € X if and

loc

only if f € Y,. If f € Y,, the solutions are in X, and can be written as

= i t —$)" f(s)ds
w(t)C+F(’y)/0(t )77 f(s)ds VC € R.

Further, for all p € X, D}p €Y,

Proof. Suppose that D)o = f has a solution ¢ € X. Since f € L. _.[0,T), by
Theorem 3.7, we have

1 t 41
o) = 2(04) + 7 / (t— s)7 i (s)ds,

and the integral is in the Lebesgue sense. Since ¢ € X, we have limy_,o 7 fOT lp(s) —
©(04)|ds = 0. Tt follows that

1 (7

),
Hence, f € Y,. This implies that there are no solutions for D) = fif f € L] _[0,T)\
Y,. (For example, D) = t~7 has no solutions in X.)

For the other direction, now assume f € Y,. We first note D) ¢ = 0 implies that
¢ is a constant by Theorem 3.7. One then can check that .J,f, which is in X, by
definition, is a solution to the equation D)y = f. Hence any solution can be written
as Jyf + C. The other direction and the second claim are shown.

We now show the last claim. If ¢ € X, by definition (equation (32)), there exist
feY,, C€R such that

t
/ (t—s)""fi(s)ds|dt — 0, T — 0.
0

pt)y=C+ ﬁ/o (t —s)"" 1 f(s)ds.

Since f €Yy, J,f(0+) = 0 by Lemma 3.3. This means C' = ¢(0+). Now, apply J_,
to both sides. Note that J_,C' = Cg_, x g1 = Cg1—y = C%f”. By the group
property, we find that
DZ‘:D:J—“/J'yf:f O

Motivated by the discussion in section 2.4, we have another claim about the
equation D)y = f where the solutions are in C°[0,T).

PROPOSITION 3.10. Suppose f € L'[0, T)NH*(0,T). If s satisfies (i) s > 0 when
v > 1/2 or (ii) s > & — v when v < 1/2, then there ezists ¢ € C°[0,T) such that
D)y =f. If T = oo, we can also ask for f € Li _[0,00) N H{ (0,00).

Let us focus on the mollifying effect on the Caputo derivatives. Let n € C°(R),
0<n<1,and [ndt =1. We define n. = Ln(t). Consider ¢ € L'[0,00), it is well
known that

(37) ¢ =px*n. € C7(R)

and that supp(¢°) C supp(¢) + supp(n.), where A+ B={x+y:x € A,y € B}.
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PROPOSITION 3.11. Suppose T = oo. Assume supp(n) C (—o0,0).
(i) For all p € X, DY(¢°) = D) in 2'(R) as e — 0. Also,

(38) Dz‘pe(t):ml—y)/o ()1s) 4

(t—s)
1 () =¥(0) Fet() — ot(s)
F(l—v)( t +7/0 (t —s)7! d>'
(i) If E(-) is a C* convex function, then
(39) DIE(¢) < E'(¢°)Dl¢"

If there exists a sequence €y, such that D) ¢ converges in LlOC[O, 00), then the
limit is DY and D)y € L [0,00). Moreover, in the distributional sense,

(40) DIE(p) < E'(¢)Dlp.
(iii) If p € C[0,T1] N C(0,T4] for some Ty > 0, we have for all t € (0,T4]
(41) DYE(p)(t) < E'((t))DIe(t).

Proof. (i) For any ¢ € X, it is clear that 6(t)p° — 6(t)¢ in Li [0, 00) and hence
in the distributional sense. Using the definition of .J, and the definition of convolution
on &, one can readily check J_,p® — J_ ¢ in Z'(R).

For ¢¢(0) — ¢(0+4), we need supp(n) C (—o0,0). There then exists M > 0 such

that n(t) = 0 if t < —M. Let pg = ¢(0+). Then |<p — o] = |f0 olex)dr —
ol < sup|n| f," li(er) — poldw = sup n] 5 ;" Iw(y) poldy — 0. Hence, #(0) =
o. This then shows that the first claim is true.

For the alternative expressions of DY, we have used Proposition 3.6 and inte-
gration by parts. These are valid since ¢¢ € C°.

(i) Multiplying E’(¢(t)) on M + ’yfo % ds and using the in-
equality

E'(a)(a —b) > E(a) — E(b)

since E(-) is convex, we find

r(1 =B ()Y e) > DT o [N D,

Since E is C' and ¢° is smooth, the second integral converges for almost every t.
Further, E(¢°) = E’'(¢°)(¢°)" almost everywhere. Then the right-hand side must be

fot 5(“‘2)7 ds. By Proposition 3.6, we end the second claim.

The last claim is trivial by sending e — 0 in (39) and using the L]  convergence
of the Caputo derivative (the inequality will be preserved under the limit even in the
distributional sense).

(ili) We extend ¢ such that it is in C[0,00) N C*(0,00). Then ¢ is absolutely
continuous on any closed interval. It is not hard to see that D)¢“* converges in
L .[0,00) to DYy using Proposition 3.6 and the regularity of ¢. Hence, by (ii) we
have

D)E(p) < E'(¢)D}p

in the distributional sense. However, by Proposition 3.6, all the functions here are in
C(0,00). Noticing that the extension does not change the derivatives on (0,77], the
result follows. O
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Remark 4. 1t is interesting to note that we have to choose a mollifier 1 such that
supp(n) C (—o00,0). Using other mollifiers, we may not get the correct limit. This
reflects that Caputo derivatives only model the dynamics of memory from ¢ = 0™, and
the singularities at ¢ = 0 for Riemann—Liouville derivatives are removed totally. It
is because of this characteristic that Caputo derivatives share many similarities with
the ordinary derivative and thus are suitable for initial value problems.

Now, as a consequence of Proposition 3.11, we verify that our definition of Caputo
derivatives can recover (4) as used in [1] by Allen, Caffarelli, and Vasseur. We use
C*[0,T) to mean the set of functions that are a-Hélder continuous (see [9, Chap. 5])
on [0,T). We have the following.

COROLLARY 3.12. Suppose T € (0,00]. If there exists § > 0 such that ¢ €
C71910,T), then DYy € C[0,T), and for all t € [0,T),

NN | p(t) — »(0) b o(t) — p(s)

Proof. We show the claim for T' < co. The proof for T' = oo is similar but easier.
Asin (14), we define ¢, = KL o = xnp. ¢n € L1[0,00) and ¢,, = ¢ in [0,T—1/n] and
©n, is also v + 6-Holder continuous. Pick the mollifier  such that supp 1 C (—o0,0)
and @t = 1. * ¢,. Then supp ¢S, C (—o0,T). By Proposition 3.11,

1 o5, (1) — 5, (0) Log () — o5 (s) .
ruv>< " *74 (t— sy d)‘

By the v + §-Hoélder continuity, DY @S converges uniformly on [0,7 — 1/n] to

1 on(t) — pn(0) ! on(t) — n(s) s
ru—v>< F2 e | d)’

which must be D)y, since ¢, — ¢, uniformly by Proposition 3.11. The uniform
limit must be continuous too. By the definition of K1, for any t < T — 1/n,

N 1 o(t) — ¢(0) L o(t) = o(s)

Therefore, since the limit of DYy, in 2'(—00,T) is D), DY must be given as in
the statement. |

DIg(t) =

Lastly, we consider the Laplace transform of the generalized Caputo derivatives
in the case T' = oo. The generalized Caputo derivative DYy associated with ¢¢ is
only a distribution. Recalling that its support is in [0, c0), we then define the Laplace
transform of DY ¢ as

(42) L(Dlp) = (DY, Cue™™),

lim
M —o0

where (pr(t) = Co(t/M). (o € C, 0 < (p < 1, satisfies (i) supp(p C [-2,2], and
(ii) o = 1 for t € [—1,1]. This definition clearly agrees with the usual definition of
Laplace transform if the usual Laplace transform of function ¢ exists.

We introduce the set

43)  E(L) = {(p € Liel0,00) : 3L > 0 5.t Tim e ] ot o) = 0} .
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PROPOSITION 3.13. If ¢ € E(L), then for any given ¢o € R and the generalized
Caputo derivative D)o associated with po, L(DYp) is defined for Re(s) > L and is
given by

(44) L(DYp) = L(p)s” — posT .

Proof. {yre™ %t € C°. Then it follows that

(D26, care™) = (g 00)9) - S0 cure)
B _ﬁ«e(ﬂtﬂ) «(0(t)g), Chre " — SCMe_St> B ﬁ /0 t~7Cpre” S dt.

Note that supp ¢}, N[0, 00) C [M, 2M]:

t —7) (1)dr¢h e tdt

- Sup |Co\ / 1L oo dre (Re) =D .
By the assumption, there exists Ty such that |e"L7¢(7)| < 1 almost everywhere if
7 > Ty. Hence, if M > 2Tp, the inner integral is controlled by Tj ” fOTO lo(T)|dr +
f;o (t—7)77dr < C(1+t'77). Since limps—s o0 féM(l +t177)e"dt = 0 for any € > 0,
we find that the term associated with (}, tends to zero as M — oo.

For the second term,

<(9(t)t_7) *(0(t)p), Care™ St / / (t—7) Vo(r)dr¢pr (t)e *tdt
— [ eme / - )ty

As M — oo, one finds that

/ T (t+ T)e dt — T(1 — )87t
0

for every 7 > 0. Since Re(s) > L, the dominate convergence theorem implies that the
first term goes to L(p)s?Y
Similarly, the last term converges to —pps? 1. |

To conclude, there is no group property for Caputo derivatives. However, the
Caputo derivatives remove the singularities at ¢ = 0 compared with the Riemann—
Liouville derivatives and have many properties that are similar to the ordinary deriva-
tive, so that they are suitable for initial value problems.

4. Time fractional ordinary differential equations. In this section, we
prove some results about time fractional ODEs using the Caputo derivatives, whose
new definition and properties have been discussed in section 3. Compared with those
in [8, 20, 7], the assumptions here are sufficiently weak and conclusions are general.

Consider the initial value problem (IVP) for v: U — R :

(45) Dlu(t) = f(t,0(t), ©(0) = vo,
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where U C R is some interval to be determined and f is a measurable function. The
initial value vy is understood to be the initial value used in the generalized Caputo
derivative DYv. (If v € X, we impose vg = v(0+) as in (30).)

DEFINITION 4.1. Let T > 0. A function v € L{ _[0,T) is called a weak solution
to (45) on [0,T) if f(t,v(t)) € D'(—00,T) and (45) holds in the distributional sense.
If (i) v is a weak solution and v € X with v(0+) = vg and (ii) both DYv and f(t,v(t))
are locally integrable such that (45) holds almost everywhere with respect to Lebesgue

measure, we call v(+) a strong solution on [0,T).

It is clear that a solution on [0,7") is also a solution on [0,T7) for any 77 € (0,T).
Making use of Theorem 3.7, we have the following equivalence claim.

PROPOSITION 4.2. Suppose f € LS ([0,00) x R;R). Fiz T > 0. Then v(t) €

LL [0,T), where initial value vy is a strong solution of (45) on (0,T) if and only if
v € X and it solves the following integral equation:
1 t
(46) v(t) =vo + —/ (t —s) " f(s,0(s))ds Yt € (0,T).
() Jo

The “=" direction follows from Theorem 3.7. For the other direction, if the
integral equation holds, then fg (t — 8)Y 71 f(s,v(s))|ds < oo almost everywhere by
the definition of Lebesgue integrals. Since (¢ — s)7~! > #7=! on [0,¢], we therefore
know f(s,v(s)) is integrable on [0, ¢] for almost every ¢t € [0,T"), which further implies
that f(s,v(s)) is indeed integrable on [0, T —§] for any § € (0,T). The group property
of J, ensures that the equation holds in the distributional sense. Hence, v € X is a
strong solution to (45).

We start with a simple linear fractional ODE.

PROPOSITION 4.3. Let 0 < v < 1, A # 0, and suppose b(t) is continuous such that
there exists L > 0, limsup,_, ., e X*|b(t)| = 0. Then there is a unique strong solution
of the equation

Dlv=Xv+b, v(0)=nuv

in E(L) (see (43)) and is given by

(47) v(t) = voey A (t) + % /0 b(t — s)el, \(s)ds,

s

where e \(t) = E,(A\tY) and

(48) Ey(z) = nz:;) T +1)

is the Mittag—Leffler function [16].
Proof. For v € (0, 1), we have by Proposition 3.13
L(D)v) = 7V (s) —vps? !

and V(s) = L(v).
By the assumption on b(t), the Laplace transform B(s) = £(b) exists. Hence, any
continuous solution of the initial value problem that is in £(£) must satisfy

771 n B(s)
ST =X sT—X

V(s) =g
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Using the equality (see [21, Appendix])

(49) /OOO e " B, (s72t7)dt = 3(17172)

and denoting e, »(t) = E,(At"), we have that

st , A
Ley ) = o L(el, \) = TN
Taking the inverse Laplace transform of V'(), we get (47). Note that though e/ |
blows up at ¢ = 0, it is integrable near ¢ = 0 and the convolution is well defined.
Further, by the asymptotic behavior of b and the decaying rate of e’% . the solution
is again in £(L). The existence part is proved.
Since the Laplace transform of functions that are in £(£) is unique, the uniqueness
part is proved. ]

Remark 5. For the existence of solutions in X (where T' = o), the condition
limsup,_, ., e Z¢|b(t)| = 0 can be removed, since for any ¢t > 0, we can redefine
b beyond t so that limsup,_,. e Lt[b(t)] = 0. The value of v(t) keeps unchanged
by the redefinition according to formula (47). Hence, (47) gives a solution for any
continuous function b in X. The uniqueness in X instead of in £(L) will be established
in Theorem 4.4 below.

We now consider a general fractional ODE when f(¢,v) is a continuous function.

THEOREM 4.4. Let 0 < v < 1 and vg € R. Consider IVP (45). If there exist
T > 0,A > 0 such that f is defined and continuous on D = [0,T] X [vg — A, v + A]
such that there exists L > 0,

sup |f(t,v1) — f(t,v2)| < Llvy —va| Vi, v2 € [vg — A, v + 4],
0<t<T

then the IVP has a unique strong solution on [0,T1), and Ty is given by

. M
(50) T} = min {T, sup {t >0: thEV(Lt’Y) < A}} > 0,

where M = supg<,<r | f(t,v0)| and

By(z) = nz:;) I(ny+1)

is the Mittag—Leffler function.

Moreover, v(-) € C[0,T1]. Further, the solution is continuous with respect to the
initial value. Indeed, fix t € (0,11) and ¢o < T1 —t. Then for all € € (0,¢), there
exists 09 > 0 such that for any || < 0o, the solution of the fractional ODE with initial
value vy + 8, v0(-), exists on (0,Ty — €y) and

(51) |00 () — v(t)| < e

Proof. The proof is just like the proof of the existence and uniqueness theorem
for ODEs using Picard iteration.
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Consider the sequence constructed by

v (t) = vo+ gy x (0C) 0" O, n = 1,

(52) v2(t) = vp.

where t € [0,71]. Recall that the convolution in principle is understood as in (17),
and it can be understood as the Lebesgue integral ﬁ fot(t —8)771f(s,v""1(s))ds by
Lemma 3.2.

Consider E™ = |[v™ — v"~!|. We then find, for ¢t € [0, T1],

T{Y =: MT

L.

M
EY(t) = (0 f(t, )] < =——
(6= Loy = OOF ) < 7

One can verify that My, < A by the definition of T;.
Now, we assume that Z;_:ll E™ < A so that [v" 7! — 1| < A. We will then show

that this is true for E™ as well. With this induction assumption, we can find that for
t €[0,71) and m = 2,3,...,n it holds that

E™(t) < Lgy = (0E™)(1).
Note that 6(t) = ¢1(t), and by the group property we find on [0, T1]
E™ < MTle_lglJr(m,l)v, m=12,... n.

It then follows that

STE™(t) < Mr, > L™ giy(m-1)y(t) = My, Ey (L"),
m=1 m=1

where E, is the Mittag—Leffler function. By the definition of Ty, Y _, E™(t) < A
for all t € [0,T1]. Hence, by induction, we have (¢,v™(t)) € D for all ¢ € [0,71] and
n > 0. It then follows that > |v™ —v™"!| converges uniformly on [0,7}]. This shows
that v — v uniformly on [0,77]. v is then continuous. Hence, taking n — oo,

v(t) = vo + gy % (00)f (- v()(®), ¢ [0,T1].

This means that v(-) is a solution.
We now show the uniqueness. Suppose both v1, v are strong solutions on [0, T}).
Then vy (t) and vo(¢) fall into [vg — A, vy + A] for ¢ < Ty because f is defined on D.
Let w = v; —vy. Then, by the linearity of D7, we have in the distributional sense
that
D’cyw(t) = f(t7vl(t)) - f(t7’()2(t)).
Since f is Lipschitz continuous and both vy,ve € Li _[0,TY), f(-,v1(-)) — f(-,v2()) €

loc

L} .[0,Ty). By Theorem 3.7, we have in the Lebesgue sense that for ¢ € (0,7})

1 ' v—1 —
w(t) = ﬂA (t =) (f(s,v1(s)) — f(s,v2(5)))ds.
For all t < T7,
L t —8)" Hw(s)|ds = * (0w
lw(t)| < o) /O (t — )" |w(s)|ds = Lg, * (0w])(¢).
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Since go > 0 when a > 0 and 0g, = g, we convolve both sides with g,,, and have
O()wi (1) < Lrgy + (Buwn)(1),

where Ow; = gy * (0)w]|) > 0. Since gn,~ (t) = C1t™7 71 if ng is large enough, wy is
continuous on [0, T}].
Then, by iteration and the group property, we have

n

O(t)wi(t) < L"gny * (Bw1)(t) sup \w1|(t)/0 (t —s)"ds.

S -
L(ny +1) o<t<

Since T'(ny 4+ 1) grows exponentially, this tends to zero. Hence, w; = 0 on [0,7}].
Then, convolving both sides with g_,, on w1 = gnyy * (0(t)|w|) = 0, we find |w| = 0.
Hence, fv, = Ovg in P'(—00,T1), and therefore v1 = v9 on [0,T}).

For continuity on the initial value, we make a change of variables u = v — a for
a € (vo — dp, Vg + dp) with suitable dp > 0. Since the Caputo derivative of a constant
is zero, the equation is reduced to

DYu(t) = f(t,u(t) + a), w(0)=0.

For this question, once again, construct the sequence u™ as in (52). One first shows
that the nth one u™ is continuous on a € (vy — dg,vo + 0g). Performing a similar
argument, u"*1 — v uniformly on [0, T} — ¢y]. Then the limit u is continuous on a. O

COROLLARY 4.5. Suppose f is defined and continuous on [0,00) x R. If for all
T > 0 there exists Ly such that

sup |f(t,v1) — f(t,v2)| < Lr|vr —wva| Vur,v2 €R,
0<t<T

then the strong solution exists and is unique on [0,00).

Proof. Using the same techniques as in the proof of Theorem 4.4, one can show
that the strong solution (not just locally bounded strong solution) is unique. Fix
T > 0. By the definition of 73, for any given vy, A in Theorem 4.4 can be chosen
arbitrarily large so that 73 = T. Hence, the solution exists on [0,7"). Since T is
arbitrary, the claim follows. ]

Now, we establish the following global behavior of the fractional ODE.

PROPOSITION 4.6. Let —oo < a < f§ < o0. Assume f : [0,00) X (a, ) — R is
continuous and locally Lipschitz in the second variable. In other words, for all A > 0
and K C (o, ) compact, there exists La x > 0 such that

(53) sup |f(t,v1) — f(t,v2)] < La k|vn —v2| Yoi,vs € K.
0<t<A

Let 0 <y <1 and vy € (v, B). Then the IVP
(54) Diu(t) = [t 0(t),  v(0) = vo,
has a unique continuous solution v(-) on [0,T}), where

T, = sup {h > 0: The solution v € C[0,h), v(t) € (o, B) Vt € [O,h)}

is the largest time of existence satisfying Ty € (0,00]. If T < 0o, then lim inft_>be v(t) =
a or lim SUpy_, 7~ u(t) = S.
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Proof. By Theorem 4.4, the strong solution with [lim inf, o+ v(¢), limsup,_,¢+ v(t)]
C (a,B) is unique. This solution exists locally and is continuous. Hence, we have
T, > 0. To finish the proof, we only need to show that if T}, < co and

a < liminfo(t) <limsupwv(t) < 5,

=Ty t—T,

then the solution can be extended to a larger interval, and therefore we have a
contradiction. For convenience of notation, let k; = liminf, ., v(t) and ky =
b
lim sup;_, .- v(t); then [k1, k2] C (v, ) is compact.
Pick 6 > 0 so that [k1 — d,ke + 0] C («,3). Define another function f(t,v) so
that it agrees with f(¢,v) on [0,Ty + 6] X [k1 — 0, k2 4+ ¢] and globally Lipschitz. For
example, one can choose

£t 0), (t,0) € [0, Ty + 8] x [k1 — 5, ks + ],
f(t, ka4 9), t<Ty+d,v>ka+9,
f(tv)* f(Tb+5,k2+5), t>Ty+0,v > ko + 0,
T f(Tb+(5,v)7 tsz+6,ve[k1—6,k2+6],
F(t k1 — ), t<Ty+ 6,0 < by — 0,
f(Tb+(5,kJ1—5), t>Ty+0,v <k —0.

By Corollary 4.5, the unique continuous solution to the time fractional ODE D}v =
f(-,0) exists on [0,00). Since f and f agree on [0, Ty 4 6] X [k1 — 6, ko + 6], v(-) solves
D% = f(-,0) as well on [0,T}). Hence & = v on this interval. Tt follows that there
exists 61 € (0,9) such that (¢,0(t)) € [0,Tp + 0] X [k1 — 9, ko + 6] for any ¢t < Tj, + ;.
Hence, on [0, T}, + 61], 0 solves D)v = f(-,v) as well, which contradicts the definition
of Tb. 0

Remark 6. Note that we cannot apply the standard continuation technique of
ODEs for fractional ODEs, because time fractional ODEs are non-Markovian. In other
words, suppose v1 (t) solves the time fractional ODE on [0, 7] and v2(t) solves the time
fractional ODE with initial value v2(0) = v1(T71) on [0, d]. Then the concatenation of
vy and vy is not a solution to DYwv(t) = f(t,v(t)) on [0,T + 4].

Before further discussion, we introduce the notion of inequalities for distributions.

DEFINITION 4.7. We say f € 9'(—o0,T) is a nonpositive distribution if for any
© € CX(—00,T) with ¢ > 0, we have

(55) (f,o) <0.

We say f1 < fo for fi, fa € P'(—00,T) if f1 — fa is nonpositive. We say f1 > fo if
fa — f1 is nonpositive.

The following lemma is well known, so we omit the proof.
LEMMA 4.8. If f € LL_[0,T) C & is a nonpositive distribution. Then f < 0

loc
almost everywhere with respect to Lebesgue measure.

LEMMA 4.9. Suppose f1,f2 € 9. for T € (0,00]. If f1 < fo (meaning f1 — fo
is a nonpositive distribution) and both h1 = Jyf1 and ho = J,f2 are functions in
L _[0,T), then

loc

hl < h2 a.e.

Proof. By the definition of ¢4,, supp(f1) C [0,T) and supp(f2) C [0,T).
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Suppose that this conclusion is not true. Then by Lemma 4.8 there exists ¢ €
C(—00,T), ¢ > 0, such that

T
/ (hl — hg)gﬁdt > 0.
0

Also, we are able to find € > 0 such that supp¢ C (—o0, T —€).
This means

(Jyf1.0) > (Jy fa, 0)-
By Proposition 2.9, we can find an extension operator K so that
(v * 1, 0) > (g5 * for ),
where f; = KT f; and fy = KT f,, while
(fir @) = (fi @), i =1,2, ¥ € CF (=00, T), suppp C (—00,T —¢].

Let {¢;} be a partition of unity for R. Then, by Definition 2.1, we have
> (<(¢ig’y) * f1, 90> - <(¢ig’y) * f27¢>> > 0.

There are only finitely many terms that are nonzero in this sum. Hence, there must
exist 79 such that

((6109) % fr0) = ((61082) % far ) > 0.
Denote C’io (t) = (¢mg’y)(_t) Then

(f1 = fa, Giy ¥ @) > 0.

(i, 1s a positive integrable function with compact support and ¢ > 0 is a compactly
supported smooth function. Then (;, * ¢ > 0 and is C°(—o0,T') with the support in
(—00,T — €]. This then means

(f1 = f2,Gig ¥ ) > 0,

which is a contradiction since we have assumed f; < fs. 0

Now, we introduce the comparison principle, which is important for a priori energy
estimates of time fractional PDEs. This is because the energy E of a time fractional
PDE usually satisfies some inequality DYE < f(E), and we need to bound E.

THEOREM 4.10. Let f(t,v) be a continuous function, locally Lipschitz in v, that
for allt > 0, x < y implies f(t,x) < f(t,y). Let 0 < v < 1. Suppose vi(t) is
continuous, satisfying

Dlui(t) < f(t,vi(t)),

where this inequality means DYvy — f(-,v1(+)) is a nonpositive distribution. Suppose
also that vy is the continuous solution of the equation

Dva(t) = [f(t, v2(t)), v2(0) = v1(0).

Then v1 < vy on their common interval of existence.
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Correspondingly, if
Dlvi(t) = f(t, vi(t))

and the continuous function vy solves
Dlva(t) = f(t,va(t)), v2(0) < wv1(0),

then vy > vy on their common interval of existence.

Proof. Fixing T} € (0,T}), we show that v1(t) < vo(¢) for any t € (0,71]. Then,
since T is arbitrary, the claim follows. By Theorem 4.4, we can find ¢y > 0 such
that the continuous solution of the equation with initial data v2(0) + €, denoted by
v§, exists on (0,7}] whenever € < €.

Define T¢ = inf{t > 0 : v§(¢) < v1(¢)}. Since both v; and v§ are continuous and
v5(0) > v1(0), T¢ > 0. We claim that T* = Tj. Otherwise, we have v§(T*) = vy (T™)
and v1(t) < va(t) for t < T*. Note that f(¢,v1) is a continuous function. By using
Theorem 3.7 and Lemma 4.9,

v1(T*) = v1(0) + ﬁ/o (T* — 5)""'DYvi(s) ds < v1(0) + ﬁ /0 (T* —s)7!

—
x f(s,v1(s))ds < v2(0) + €+ W/ (T — )Y  f(s,v2(8))ds = vS(T*).
0

(The first integral is understood as J,DJvi. However, the obtained distribution is a
continuous function, and Lemma 4.9 guarantees that we can have the first inequality.)
This is a contradiction. Hence, vy (t) < v§(¢) for all ¢ € (0,T}]. Taking € — 0, using
the continuity on the initial value yields the claim. Then, by the arbitrariness of 77,
the first claim follows.

Similar arguments hold for the second claim, except that we perturb v3(0) to
v2(0) — € to construct v5. 0

We now show another result that may be useful for time fractional PDEs.

ProposITION 4.11. Suppose f is nondecreasing and Lipschitz on any bounded in-
terval, satisfying f(0) > 0. Then the continuous solution of DYv = f(v),v(0) > 0, is
nondecreasing on the interval [0,Ty), where Ty is the blowup time given in Proposi-
tion 4.6.

Proof. Tt is clear that f(v) > 0 whenever v > 0. We first show that v(t) > v(0)
for all t € [0,Ty).

Let v be the solution with initial data v(0) 4+ € > v(0). Fix T} € (0,T3). There
exists €g > 0 such that for all € € (0,¢€p), v is defined on (0,T3]. Define T* = inf{t <
Ty ve(t) < wv(0)}. T* > 0 because v¢(0) > v(0). We show that T* = T;. If this is
not true, v(T™*) = v(0) and ve(t) > v(0) > 0 for all ¢ < T*. Applying Theorem 3.7
for t = T* gives v°(T*) > v(0), a contradiction. Hence, v¢ > v(t) for all ¢ € (0,T1].
Taking € — 0 yields v(¢) > v(0) for all ¢ € [0, T}], since the solution is continuous on
initial data by Theorem 4.4. The arbitrariness of 77 concludes the claim.

Now, consider the function sequence

DYv" = f(v™ 1Y), v"™(0) = v(0), v° =wv(0)>0.

All functions are continuous and defined on [0,00). Since v(t) > v% on [0,T}), then
f(v) > f(@°), and it follows that v > v! on [0,7}) by Theorem 3.7. Doing this
iteratively, we find that v > v™ for all n > 0 and all ¢ € [0, Ty).
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Theorem 3.7 shows that

1 f(v(0) 0
v (t) =v(0) + S——=t7 > 0.

(1) =000) + {1 ot =
By Theorem 3.7 again, it follows that vy > v; and hence v™ > v~ ! for all n > 1.
Therefore, v™ is increasing in n and bounded above by v on [0,T}). Then v™ — ©
pointwise on (0,73) and ¥ is nondecreasing. Taking the limit for

o (t) = v(0) + ﬁ / (s (8)) s,
and by monotone convergence theorem, we find that ¢ satisfies

~ 1 ! —1 p(~n—1

o(t) = v(0) + W/o (t—8)7" f(0" " (s))ds.

Since ¢ is bounded by v on any closed subinterval of [0,7}), ¥ is continuous by this
integral equation. Since the continuous solution is unique on [0,T), it must be v.
This said, now we show that v™ is nondecreasing in ¢. This is clear by induction if
we note the following fact: “If h(¢) > 0 is a nondecreasing locally integrable function,
then g, * h is nondecreasing in ¢,” which can be verified by direct computation. v, as
the limit of nondecreasing functions, is nondecreasing. 0

Clearly, for functions valued in R™, m € N, the fractional derivatives are defined
by taking derivatives on each component. The results in Theorem 4.4 and Propositions
4.6 and 3.11 can be generalized to R™ easily, and we conclude the following.

PROPOSITION 4.12. Suppose E(-) € CY(R™,R) is convex and that VE is locally
Lipschitz continuous. Let v € LS ([0,T3), R™) solve the fractional gradient flow prob-
lem
(56) D)v=-V,E(v),
and Ty, is the largest existence time. Then

E(v(t)) < E(v(0)), t €[0,Tp).
Similarly, under the same conditions, except that the equation is of the form
(57) D)v = JV,E(v),
where J is an anti-Hermitian constant operator, we obtain

E(o(t)) < E(u(0), ¢ € [0,T3).

Proof. Consider the time fractional gradient flow problem first. Since V,E(v) is
locally Lipschitz, by Theorem 4.4, v is continuous. By the equation, we find that D) v

is continuous.

We now take a mollifier ¢ € C°(R™) and define

- (36()
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Let v¢ be the solution to the corresponding fractional ODE with E replaced by E*°.
Using the techniques in the proof of Theorem 4.4, v¢ exists on [0,7] when € is small
enough and v¢ — v in C([0,T]) as € — 0. v satisfies

1 t
ve(t) = v(0) — —/ (t — )"V, B (vS(s)) ds
L'(v) Jo
by Proposition 4.2. Using [22, Thm. 1], we have v¢ € C[0, T|NC*(0, T for € sufficiently
small. By Proposition 3.11,
DYE(v) < V,E(v°) - DIv = —|V,E(v9)|?.

C

Since T € (0,Ty) is arbitrary, taking € — 0, we have in the distributional sense that
DYE(v) < —|V,E(w)|* <0.
By Theorem 4.10 (the function is f(t, E(v)) = 0), we conclude that
E(u(t)) < B(u(0)).
For the second case, we have similarly in the distributional sense that
DYE(w) < VyE(W)-D)u=V,E-(JV,E)=0.

Theorem 4.10 again yields
E(v(t)) < E(v(0)). 0

We have the following straightforward corollary.

COROLLARY 4.13. If lim,|00 £(v) = 00 and the conditions in Proposition 4.12
hold, then the solutions exist globally. In other words, Tj, = oco.

The fractional Hamiltonian system DYv = JV,E(v) can be found in [23, 26,
5]. These equations were introduced for systems of nonconservative forces with La-
grangian containing fractional orders. We introduced these systems here only for
mathematical study without claiming the physical significance. The fractional Hamil-
tonian system can be rewritten as v(t) = v(0) + J,(JV,E(v)) by Theorem 3.7, which
is of the Volterra type vy € v(t) + b % (Av). The general Volterra equations with
completely positive kernels and m-accretive A operators have been discussed in [4],
and the solutions have been shown to converge to the equilibrium. In the fractional
Hamiltonian system, —JV, E(v) is not m-accretive, and it is not clear whether or not
the solutions converge to one equilibrium satisfying V,E(v) = 0. However, for the
following simple example, the energy function E indeed dissipates and the solutions
converge to the equilibrium (this example is also discussed in [26]).

Ezample. Consider E(p,q) = 1(p* + ¢*) and

oE
Dlig=— =
Cq ap p’
oE
Tp= ——— = —
c dq q,

where we assume v < 1/2, and the initial conditions are p(0) = po, ¢(0) = qo.
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Applying Theorem 4.4 for v(t) = (p,q) and Corollary 4.5, we find that both
p and ¢ are continuous functions and exist globally. By Lemma 3.5, D)(D2q) =
D?7q — pog1—~. Applying D] on the first equation yields

D¥'q —pogi— = D]p = —q.
By Proposition 4.3, we find

q(t) = qoBay(t) — Pogi—~ * (B5,)(t) = qoBay(t) — poDI Bay (1),

where B (t) = Ea,(—t*") is defined as in Proposition 4.3. Note that gi_ * (85,) =
D7} By, is due to Proposition 3.6.
Using the second equation, we find

p(t) = po + Jy(—q) = poBay(t) — qoJ Py (t).

Actually, from the equation of p, D*'p = —p — ¢(0)g1_~, we find

p(t) = pOﬂQ'y (t) + qu’cyﬂQ'y (t)

Since (2, solves the equation D¥Yv = —v, we see D) B2y = —JyB2y. Those two
expressions for p(t) are identical. Hence, we find that

(58) B(t) = B(0)(B3,(t) + (JyB27)*(2))-
(Note that 82, and J, B2 are the solutions to the following two equations, respectively:

D*y = —v, v(0) =1,
D¥v=—v+g1_, v(0)=0.
Unlike the corresponding ODE system where the two components are both solutions

to v = —v, here, since D?Y = —v only has one solution for an initial value, the two
functions are from different equations.) By the series expression of Eay = Ea, 1 (see

[16]),

Bay(t) = Eay(—t*7) = > (=1)"g2ny11(1),
(59) o n=0
ToBoy(t) =Y (=1)"gant1)741(£) = £ Bay 41 (—77).
n=0

According to the asymptotic behavior listed in [12, eq. (7)],

p 1 k:t—2’yk:
(60) Eay o(— Z pEraE 0<y<l1.
=1

As examples, B} o1 (—t1/2) = et (1 — f fo exp §%)ds) ~ 1/t1/2. By (—t) = et
decays exponentially, while in (60), ['(1—k) = oo for all k = 1,2,3,.... Note that one
cannot take the limit v — 1 in (60) and conclude that Fs 1(—t%) and tEs »(—t?) both
decay exponentially. Actually, B2 = Es1(—t?) = cos(t) and J1B2 = tEyo(—t?) =
sin(t). The singular limit is due to an exponentially small term Cy exp(Ca(y — 1)t) in
Eory p-
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If v < 1/2, then T'(8 — 27) # oo and the leading order behavior is t=27. Hence,
Jy B2, (t) ~ t=7 and E(t) decays like t~27. Following the same method, one can use
the last statement in Lemma 3.5 to solve the case v = 1/2 and find that the v =1/2
case is still right: 8; = Fy1(—t) = et decays exponentially fast, while ¢}/2Fy o(—t)
decays like t=1/2. Since F(t) decays to zero, the solution must converge to (0, 0).

Whether this is true for 1/2 < 4 < 1 is interesting, which we leave for future
study.

Remark 7. According to Theorem 4.4, the system has a unique solution for any
(p(0),¢(0)) € R? and 0 < v < 1. We have only considered 0 < v < 1/2 here just
because we can find the solution easily for these cases. If one defines the Caputo
derivatives for 1 < o < 2 (a0 = 2y) consistently, we guess that the expressions above
are still correct.

Acknowledgments. L. Li is grateful to Xianghong Chen and Xiaogian Xu for
discussion on Sobolev spaces.
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