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ABSTRACT. In this paper, we discuss error estimates associated with three
different aggregation-diffusion splitting schemes for the Keller-Segel equations.
We start with one algorithm based on the Trotter product formula, and we show
that the convergence rate is CAt, where At is the time-step size. Secondly,
we prove the convergence rate CAt? for the Strang’s splitting. Lastly, we
study a splitting scheme with the linear transport approximation, and prove
the convergence rate C At.

1. Introduction. In this paper we will consider the following Keller-Segel (KS)
equations [8, 15] in R4 (d > 2):
dp=20p—V-(pVe), zeRY t>0,
—AC:p(t,{E), (1)
p(0,2) = po().
This model is developed to describe the biological phenomenon chemotaxis. Here,
p(t, z) represents the bacteria density, and ¢(¢, x) represents the chemical substance
concentration.
The most important feature of the KS model (1) is the competition between the
aggregation term —V - (pVc¢) and the diffusion term Ap. In this paper, we develop

three classes of positivity preserving aggregation-diffusion splitting algorithms for
the Keller-Segel equations to handle the possible singularity. And we provide a
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rigorous proof of the fact that the solutions of these algorithms will converge to
solutions of the Keller-Segel equations at a certain rate. The precise convergence
rate will be given in Theorem 1.1 and Theorem 1.2 stated below after these algo-
rithms have been defined. The convergence analysis for our aggregation-diffusion
splitting algorithms are analog to that of the viscous splitting algorithms for the
Navier-Stokes equations.

In fluid dynamics, the smooth solutions to the Euler equations are good approxi-
mations to the smooth solutions of the Navier-Stokes equations with small viscosity.
This idea provides a method to approximate a solution to the Navier-Stokes equa-
tions by means of alternatively solving the inviscid Euler equations and a diffusion
process over small time steps. Such approximations are called viscous splitting al-
gorithms because they are forms of operator splitting in which the viscous term
vAwv is split from the inviscid part of the equations [12, Chap.3.4], where v is the
viscosity. In 1980, Beale and Majda [1] first proved the convergence rate CvAt? of
the viscous splitting method for the two-dimensional Navier-Stokes equations.

Generally speaking, there are two basic splitting techniques. The first one is
based on the Trotter product formula [18, Chap.11, Appendix A] and the conver-
gence rate has been showed to be CvAt. The second algorithm is based on the
Strang’s splitting [17], which has the advantage of converging as CvAt? with no
additionally computational expense. These two basic splitting methods were con-
sidered for linear hyperbolic problems by Strang [17] in 1968. He deduced the order
of convergence by comparing a Taylor expansion in time of the exact solution with
the approximation. Operator splitting is a powerful method for numerical investi-
gation of complex models. Fields of application where splitting is useful to apply
include air pollution meteorology [2], fluid dynamic models [9], cloud physics [14]
and biomathematics [4]. Lastly, we refer to [13] for theoretical and practical use of
splitting methods.

For the KS equations (1), the splitting methods can be done as follows. Discretize
time as t, = nAt with time-step size At, and on each time step first solve the
aggregation equation, then the heat equation to simulate effects of the diffusion
term Ap. We will define this algorithm formally as below.

Denote the solution operator to an aggregation equation by A(t), such that
u(t,x) = A(t)ug(x) solves

du= -V -(uVe), zeR: t>0,
— Ac =ul(t,x), (2)
u(0,z) = up(x).

By using Lemma 7.6 in Gilbarg and Trudinger [5], if we define the negative part of

the function u as u_ := min{u, 0}, then one can easily prove that
d
— u%dmz/ u? dr <0, (3)
dt Jan .

which leads to that u is nonnegative if u( is nonnegative.
Also denote the solution operator to the heat equation by H(t), so that w(t,z) =
H (t)wo(z) solves

dw=Aw, zeR? t>0,
(4)

w(0,x) = wp(x).
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Similarly, we can prove that

d
— w? dxz—/ |Vw_|*dx <0, (5)
dt R’H n
which also leads to that w is nonnegative if wq is nonnegative.
Then we can define the first order splitting algorithm by means of the Trotter

product formula [18]:
P (@) = [H(AL)A(AD]"po (), (6)

where p() (x) is the approximate value of the exact solution at time ¢, = nAt.
Furthermore, there is a second order splitting algorithm follows from Strang’s
method [17]:
R At At
§ () = [H(S)AQOH(S)] po(a) ”)
From the results of (3) and (5), we know that the splitting schemes (6) and (7)
are positivity preserving.
Since the error estimates are valid when the solution of the KS equations is
regular enough, we assume that

d
0 < po € L'n H*RY), with k > 2
then the KS system (1) has a unique local solution with the following regularity

ol oo (0,750 (rt)y < C(llpoll Lramk ray),

where T' > 0 only depends on ||po|| 1 g+ ®e). The proof of this result is a standard
process and it is provided in [7, Appendix A]. As a direct result of the Sobolev
imbedding theorem, one has

o1l oe (0,750 (RYy < Clllpollr s wey)s

for k > d/2.
The convergence results of our splitting algorithms (6) and (7) can be described
as follows:

Theorem 1.1. Assume that 0 < po(z) € L' N H*R?) with k > ¢ + 5. Let
p(t,x) be the regular solution to the KS equations (1) with initial data po(x). Then
there exist some Cy, T, > 0 depending on ||pol|pinmgr, such that for At < C and
(n+ 1)At < T, the solutions to splitting algorithms

At At

JA(AL H(—)]"po (),

P (x) = [H(A)AAD]"po(a);  p™(x) = [H( 5 5

are convergent to p(t,,x) in L?> norm. Moreover, the following estimates hold

o Jnax, 19" = p(tn, )2 < C(Ts, ||poll prmar ) AL; (8)
s 10— p(tn, Yo < O ol s ) A 0

Next, we will set up an aggregation-diffusion splitting scheme with the linear
transport approximation as in [6] and provide the error estimate of this method.



3466 HUI HUANG AND JIAN-GUO LIU

First, we recast c(t, z) = ®*p(t, x) with the fundamental solution of the Laplacian
equation ®(x), which can be represented as

|C;‘l_2, ifd> 3,
a(w) =4 1T (10)
- gln|a:|, ifd=2,
1 7Td/2
where Cy = A= 2ag’ ag = T2 1) i.e. agq is the volume of the d-dimensional
unit ball.

Furthermore, the ®(x) in (10) is also called Newtonian potential, and we can
take the gradient of ®(z) as the attractive force F(z). Thus we have

F(z) =V®(z) = —f;]ff, Ve RN\{0}, d>2, (11)

where C, = I;(ﬂdd//? and Ve = F x p.

Suppose that 0 < s < At and solve (2) in t € [t,, tn41]. If we denote v := Ve =
F * u, then u(t, + s, X(x, s)) satisfies

us + V- (uv) =0,
with flow map
dX
% :U(X(SC,S),S); X(l’,O) =, (12)
s

which leads to
dX (z,s)

dz

By using Euler forward method, we have the linear approximation of (12)

X(z,s) = x+sv(z,0) =z + sF *xu(ty, ).

u(ty + s, X (z,s)) det = u(ty,x).

Then, one has
% = Fxu(ty,z) = V(X(x,s),s).
Let L(t, + s, X (z, s)) satisfying
Ly +V - (LV)=0,

with flow map

X
% =V(X(x,s),s); X(z,0)=uz,
which leads to IxX
L (tn + s, X(l‘, S)) det # = L(tnv I)

Then we can propose the following aggregation-diffusion splitting method with
linear transport approximation:

G (x) = Fx 5" (), (13)

L) (2 + AtG™ (2)) = det ™ (I + At DG™ (2)) 5™ (), (14)

P () = H(AH LMD (1), (15)

And here we require that At < to make sure det ™! (I +AtDG™(z)) is

non-singular.
The motivation of this scheme comes from the random particle blob method for
the KS equations. As a future work, the results obtained in this article will be

1
DG
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used to establish the error estimates of the random particle blob method for the KS
equations.
One can write (13) to (15) in the symbolic form

P (x) = [H(ADAAL)]" po ), (16)

and it is obvious that this scheme also has the positivity preserving property.
Moreover, we also prove the convergence theorem of the splitting algorithm (16)
as below:

Theorem 1.2. Assume that 0 < po(z) € L' N H*R?) with k > 4 + 3. Let
p(t,x) be the regular solution to the KS equations (1) with initial data po(x). Then
there exist some C., T, > 0 depending on ||pol|pinmgr, such that for At < C’ and
(n+ 1)At <T., the solution to the splitting algorithm

P () = [H(A)A(AD)]" po (),
is convergent to p(t,,x) in L? norm. Moreover, the following estimate holds

oax, 17" = p(tn, )|z < C(TL, ool p1nmn ) At. (17)
In this article, we only present and analyze these semi-discrete splitting schemes
and the spatial discretization is not considered. When the solution is regular,
the standard spatial discretization such as finite element method, finite difference
method and spectral method can be directly applied here and the numerical analy-
sis for these three spatial discretization in the splitting schemes are standard, which
is omitted here. However, for the KS equations, solutions can develop singular-
ity. Computing such singular solutions is very challenging, and we refer to [11] for
numerical results, where authors prove that the fully discrete scheme is conserva-
tive and positivity preserving. Another natural approach in spatial discretization
is using the particle method. Actually, the main motivation of current paper is
to develop a splitting scheme to analyze the random particle blob method for KS
equations.

Notation. For convenience, in this article, we use || - ||, for L? norm of a function.
The generic constant will be denoted generically by C, even if it is different from
line to line.

To conclude this introduction, we give the outline of this article. In Section 2,
we establish the error estimates of the first and second order aggregation-diffusion
splitting schemes through three steps: stability, consistency and convergence. Sim-
ilarly, we provide the error estimate of a splitting scheme with the linear transport
approximation in Section 3.

2. The convergence analysis of the aggregation-diffusion splitting algo-
rithms and the proof of Theorem 1.1. Like always, we follow the Lax’s equiv-
alence theorem [16] to prove the convergence of a numerical algorithm, which is
that stability and consistency of an algorithm imply its convergence. Therefore, we
break the proof of Theorem 1.1 up into three steps.

Step 1. The first step is to prove the stability, which ensures that the solution of
the splitting algorithm (6) is priori controlled in an appropriate norm. The following
proposition shows that our splitting method is H*(R?) stable.
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Proposition 1. (Stability) Suppose that initial density 0 < po(z) € L' N H*(RY)
with k > &. There exists some Ty > 0 depending on ||po||L1nmw, such that for the
algorithms (6) and (7), we have

P N[ < C(TY, ool Lrnms), ¥ 0 < nAt < Ty (18)

1A zx < C(T1, lpollLanmn), ¥ 0 < nAt < T, (19)
Proof. We will only prove (18) in detail and the proof of (19) is almost the same.

Suppose that 0 < s < At, and we define
u(s + ta-1) i= As)p™ D,

and

P54+ tn_1) == H(s)u(s + tn_1) = H(s)A(s)p" 1.
Notice that when s = 0, p(t,_1) = p"~ ) and that when s = At, p(t,) = p™. The
standard regularity of heat equation gives that

15(s + 1)l x = [1H(5)A()p™ V[ < (| A(5)p" ™ e (20)

In order to give the estimate of ||A(s)p" V)| g+, we need to solve the hyperbolic
equation (2).
Multiply (2) by 2u and integrate over R?, then for k > %, we have

d
<l = / V(u?)Veds = / Wi < fullsollul2 < lullalullZ
Rd R4

where —Ac = u and the Soblev imbedding theorem have been used.
Now we multiply (2) by 2D?™u with 1 < |m| < k and integrate over R, then
one has

i||Dmu|\§ = 72/ V- (D™(uVe))D™u dx
dt Rd
=-2[ V-[D™(uVc)— D"uNVc]D™udx
R4
- 2/ V- (D"uVe)D™udx
R
= Il + IQ.

Estimate Iy first, then we have

|I;] < 2/ |V - [D™(uVe) — D"uVe| D™ u| dx
]Rd

zz/Rd vy (’Z)Db(vc)Dau]Dmu da

a+b=m,b>0
<C Y ID™ul||V - [D*D;(Ve) Dl (21)
lal+|b]=|m[-1
where we have used the same notation in formula (3.23) [19, Chap.13, P.11].
Now, we compute each component of ||V - [D’D;(Ve)D®ul||, with |a| + [b] =
|m| — 1:
| D:i[D*D;(Ve) D ul|,
=||D’D;D;(Ve)D*u + D' D;(Ve)DDy(u)],
<CID;(Vo)llssllull it + CID; (V)| grimi [l oo
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<CID; (Vo) llull g + ClID; (V) [ [l < ClullFpe

by using Taylor [19, Proposition 3.6], Soblev imbedding theorem and —Ac = u.
Hence we have
1] < Cllull%s. (22)

For I, one has

I, =2 [ D™uV(D™u)Vedzr = /
R4 R

Combining (22) and (23), it follows that

(DM uPude < ullfplulleo < flullfp. (23)

d\m
prie ull3 < Cllullfpe, 1<|m| <k,
which leads to J
£IIUII§NC < Cllullp-

Thus we have )

luoll i — Ct’

and there exists some T; > 0 depending on ||ug||p1~g*, such that for 0 < ¢ < Ty

[ull e < C(T, uoll Lrams)-

l[ull e < (24)

Moreover, one has

1
1A(s)p "l v < - . 0<s<AL (25)
lp =V = Cs
Hence it follows from (20) and (25) by taking s = At

1
lp =D g — CAL

1™ | e <

Recasting (26), one has
1P Ik = 1"Vl h — CAL

By induction on n, we concludes that

1P e < 1;

ool — CnAt

Until now, we have finished the proof of (18) and we can prove (19) almost the
same way. O

Step 2. In this step, we will prove our splitting algorithms (6) and (7) are consistent
with the KS equations (1) by using the H* stability in Proposition 1.

Proposition 2. (Consistency) Assume that the initial data 0 < po(z) € L' N
H*R?) with k > & + 5. Let p(t,x) be the regular solution to the KS equations
(1) with local existence time T and Ty is used in Proposition 1. If we define Ty :=
min{T,T1}, then the local errors

rn(s) = H(S)A(s)p(”_l) —p(s+(n—=1)At), 0<s <At nAt <Ty; (27)

Pu(s) = H(G) AW H(

5 1P —p(s+ (n—1)At), 0<s<At, nAt <T,,
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satisfy
Irn(s)ll2 < €“*([lra(0)]l2 + Cos?); (28)
17 (8)ll2 < e“* (|70 (0)]l2 + Chs®), (29)
where Cp, Co, C1, C% depend on T, ||pollrrnm*-
Proof. We start with proving (28). Recalling the definition of F in (11), we define
the bilinear operator B as
Blu,v] := =V - (uF *xv), with — V- (Fx*v) =,
and p(s +t,_1) = H(s)A(s)p™ 1. Considering the time interval 0 < s < At, it
follows that
557 = AH(s)A(s)p!" ™) + H(s) BIA(s)p" ™, A(s)p!" V)]
s
= Ap+ Blp, ol + H(s)B[A(s)p™ ™, A(s)p" ]
— BH(3)A(s)p" D), H(3)A(s)p" V)]
= Ap+ B[p, p] + fuls),
where we denote
fals) = H(s)B[A(s)p" ", A(s)p™ V] = BIH(s)A(s)p™ "), H(s) A(s)p™ V).
(30)
For the exact solution p(s +t,—1) to (1), one has

0
Z o= Ap+ Blp, ol
5:° = A+ [, Pl

Thus the difference between (s + t,,—1) and p(s + t,—1) satisfies
0
Os

rn(s) = Arn(s) + Blra(s), o] + Blp, rn(s)] + fa(s), 0<s <At (31)
Take the L? inner product of (31) with 2r,(s), then we have
(s

d
—lrn ()15 + 21 Vra(s)l3
ds

=2(B[rn(s), pl, mn(s)) + 2(Blp, 0 (5)], 70 (8)) + 2(fu(s), 70 (5))-
We compute that

2(B[rn(s), pl,rn(s)) = =2 g V- (roF * p)r, dx = /Rd V(r2)F % pdx

< lra ()3 16lloe < C(Ts, ool L1mme) ()13,

and

2(Blp.r(s)ra(s) = =2 |
< 2l FrallalF =l

< O ol I Tra(s) a5

< e[ Vra(s)I3 + C(e. T ol o) o) B,

where we have used the weak Young’s inequality [10, P.107] || F * rn||% < Clrnll2

V- (pF *rp)rpde = 2/ PNV F x rpde
Rd

and Young’s inequality ab < ea? + C(g)b? with € small enough.
Moreover, we have

2(fu(8),mn(s)) < 2/ fu(s)ll2llrn(s)]l2,
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which leads to

d

Zsllmn(8)ll2 < C(Tx, llpollLinm)lra(s)llz + [ fa(s)]l2-

Next step is to estimate the function f,,(s). By the definition of H(s) in (4), it
satisfies

H(s)e = HOJn + | A (7)o i
so that .
s) = I+/O AH(T)dr =: T + H(s).
Rewrite f,,(s) in (30), one has
fn(s)
=(I + H(s))B[A(s)p" ™, A(s)p" V]
= B[(I + H(s)A(s)p" Y, (I + H(s))A(s)p" ]
=H(s)B[A(s)p" ), A(s)p"" V] — BIH(s) A(s)p"" ™, H(s) A(s)p"" V)]
— B[H(s)A(s)p" ™V, A(s)p" V] = B[A(s)p" D, H(s)A(s)p" V). (32)
To estimate f,(s), we compute
V() BIA()p™ ), A(5)p™ D],
=s|AH(=V - (Ap" Y« Ap" V) ly < s H(=V - (Ap"VF « ApC= )|y

SSC||AP(H71)F * Ap(nil)HH%-w < C(T., HPO|‘L10H%+3)5-

And similarly, we can compute other terms in (32). Thus for k > £ + 3, we have
[fn(s)llz < C(Ts, [lpoll Lrnmr)s, 0 <s < At

Until now, we have got

d
75 (8)ll2 < Cillra(s)]l2 + Cos.
By using Gronwall’s inequality [3, Appendix B, P.624], one concludes that
[7n(8)ll2 < e“*(Irn(0)]l2 + Cas?), 0<s <At

where Cy, Cs depends on T, ||pollpingr. Thus, (28) has been proved.
Next we are going to prove (29) by using the same procedure in the above argu-
ments, and we can write

d. . .
557 = 8+ Blp, Al + fuls),
where p(s +t,—1) = H(%)A(S)H(%)p(n—l) and

fu(s) = HB[AHp" ™D, AHp\" V] — BHAH "D, HAH "~V
1 1
+ iHAHAHpWU - fAHAHp("*l), (33)

with H = H(3), A= A(s) and Ay = 3 O A(s; H(5)p 1),
Thus, using the argument identical to that we have used to estimate f,(s), for
k> %—1—5, we have

[ fu(8)ll2 < C(Tu, ool Lrnme)s? 0 <s < At,
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and
Lln()l < Ofl1n(s) s + O,
which leads to (29) by using Gronwall’s inequality. O
Step 3. Finally, we can prove the convergence Theorem 1.1 by using Proposition
2. We estimate r,,(At) = p™ (z) — p(t,, z) as
1P = pltns )2 < €T3 ([p" D (@) = pltn—r, )|z + Ca(A1)?).

Standard induction implies that

16 = plts < Co(a)? 37 03 = cyan @2 1)
9’ —_ j:1 eC’lAt _ 1
S%NWW“W—US%NMHun, (34)

for (n + 1)At < T, which concludes the proof of (8) in Theorem 1.1. A similar
argument holds for (9). Until now, we have completed the proof of Theorem 1.1.

3. The convergence analysis of the splitting method with linear trans-
port approximation and the proof of Theorem 1.2. In this section, we will
prove the convergence estimate of the spitting method with linear transport ap-
proximation. Recall this splitting method proposed in Introduction with the initial
data 50 (z) = po(2):

G™(x) = Fx p") (2), (35)
L+ (z+ At G(”)(x)) =det™! (I+ At DG(”)(x))ﬁ(”) (), (36)
PO (@) = HAH LT (). (37)

The proof of Theorem 1.2 can also be divided into three steps like Section 2.

Step 1. As we have done in the last section, firstly, we need to prove that the
semi-discrete equations (35) to (37) are stable, i.e.

15" 1 e < Cllpoll inere)- (38)

In order to do this, we will need the following lemma:

Lemma 3.1. Assume that 41 < x,+Atg(x,) for some nonnegative and increas-
ing function g(z), then we have
Tn < y(nAt), V0 < nAt <Ts,

where y(t) is a solution to the following ODE

y'(t) = g(y(t)),
{ym>=x@ )

m [O, T2] .
Proof. We will prove this lemma by the induction on n. The case n = 0 can be

obtained obviously by the initial condition. Since g(z) > 0, we have that y(¢) is a
nondecreasing function, which leads to

mm+nAo:yMAw+["“mmmwzymAw+AwwmAm.

n
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By the assumption z,+; < x,+Atg(z,) and the induction hypothesis x,, < y(nAt),
one has

Zn1 < y(nAt) + Atg(y(nAt)) <y((n + 1)AL).

Hence, we concludes our proof. O

To prove (38), if we set x,, = [|p(™ || g+ in Lemma 3.1, then we only need to find
the nonnegative and increasing function g(z) satisfying

18Dz < 15" e+ At g (15" 1)-

Proposition 3. (Stability) Suppose that the initial density 0 < po(z) € L*NH*(RY)
with k > % + 1. Then there exists some C1,T5 > 0 depending on ||po|prqpx, such
that for the algorithm (16) with At < Cy, we have

15" e < C(Ts, llpollprnms), ¥ 0 < nAt < T, (40)
Proof. Step 1. (Estimate of the right handside of (36)) We begin with defining

det ™ (I + Atu) —1

Wl (u) = Al s

with At < —— and
Tull2

n(z) := det ™ (I+At DG (2))p™ (x) = AtW; (DG™ (2)) 5™ (x) + 5™ (). (41)

Then W1(0) = 0 and Wi (u) is a smooth function with a bound independent of At.
According to [19, Proposition 3.9], we have

[Wi(DG™ )| i < @1 (IDG™ o) (1 + DG 1),

and
[Wi(DG™ ()| . < wa(|DG™ ),

where wy(-) and wy(-) are increasing functions. We have to mention here that the
functions w;(-) in the following text are always increasing functions and we denote
w(+) to be a generic function which maybe different from line to line. Moreover, we
have

IDG™ oo < CIDG™ g1 < CJIp™ |, (42)

where we have used the elliptic regularity of (35) in the second inequality. And (42)
implies that

wi1([ DG loo) < wr(CIA™ [ mv) =2 wi (15" || )5

w2 (| DG o) < wh (5™ | 1v)-

Hence, by Moser’s inequality [19, Proposition 3.7], from (41) one concludes that
Il = 115 + AW e
<A™ s + CAL (IWlloo 5™ Lzt + W1 g2 1157 [l o)
< (14 Ot @WLU1B™ lae) + w15 150)) + CAL (5™ N )IE™ e ) 116 e
< (1 w8 )AL + (5 ) AU g ) 115
<A™ i+ At (15| grx )
where in the second inequality we have used

IDG™ e < ClA" s 15™ lloo < ClUR™ |-
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Step 2. (Estimate of the left handside of (14)) In this step, we consider the
operation 77 — 7 to study the left handside of (14), where ﬁ(m—l—AtDG(")(a:)) = n(z)
for any function n(zx).

Like we have done before, we rewrite

det(I + AtDG™(z)) = 1 + AtW, (DG (z)),
with
[Wa(DG™ ()| < w15 1ax)-
Then, one can compute

7113 = / i(y)*dy = / 7 (z + AtG™ (z))det (I + AtDG™ (z))d
R4 Rd

< (14 ws (8™ ) A) [Inlf3. (43)

Continue this process, we know 9,7 = 9,1 (I + AtDG(™)~1. Again let us recast
(I+ AtDG™ (2)) ™" = I + AtW3(DG™ (z)) with

|Wa(DG™ ()| < walllp™ [ ge)s
[Ws(DG™ )| jge < ws 5™ )1+ 15 120,
Thus one has
18y7illa < [Panllz + Atl|[Tp7 - Wsl|2
< (14 ws (5| o) At) (110nll2 + At]|0n - Wall2)
< (1 + ws (8™ [ e ) AL) (1 + wa (15T )| e ) AL) [ Darl2,
which leads to

17l < (L + w15 | e ) AL) 9] 212 (44)
Next, we verify by induction on 1 < s < k such that
17l s < (14 w18 | ) A) [nll s + w (5| e ) At. (45)

Recall that we have proved the case s =1 in (44). For s > 1, one has
10yiill e < 1Bemll e + At[Bory- Wall s
By the induction hypothesis
1@l < (L (o™ ) A0) il s+ (115 ) A,
Moreover,
At)|0zn - W s
(AL + w((|5™ | ) A1) [102m - Wal|rzs + w (|57 || i) At
< (At +w (1™ ) A)C (Wl oo llnll sz + Il Wl 1+ ) + w15 || v ) At
<A™ ) Atln ] ress + w15 ) AL | e + Ao (|5 1rx )
+w (5™ ) At
<@ ([P | ) Atlnl pross + w15 | ) At
Hence we have

10yl e < (14 wUA™ L) AL) [l press + (157 ) At
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which verifies that
17l e < (1 + (A" |z ) AL) [0l graer + @ (157 | 1) At

This completes the proof of (45). Finally since LY = 7, the (45) specializes to
the following

I g
<+ @B ) At Il ez + (17" | ) At
<+ w (A" ) A) (187 v + At (15 ) + w157 | r) At
<N g + Atw (|5 || g0). (46)

Step 3. (Estimate of (15)) Finally, this step requires H* norm bound for the linear
heat equation, and we have

1A e < LY g
Collecting (42), (46) and (47), one has
AT+ ez < 17 | e + Atw([|7™ ) e, (47)
where w is nonnegative and increasing. Now we can apply Lemma 3.1, and the
following ODE
") = w(y(t)),
y'(t) =w(y)) (48)
y(0) = lloll ar,
has the solution y(t) in [0, 75]. By Lemma 3.1 and (47), one concludes that
15" || g < y(nAt) < y(Ts).
Until now, we have proved the stability result as follows
1A zx < C(Ts, lpollLrnmn), V0 < nAt < Ts.
O

Step 2. In this step, we will prove the consistency of the algorithm (16) by using
Proposition 3, which is described by the following proposition:

Proposition 4. (Consistency) Assume that the initial data 0 < po(z) € L' N
H*R?) with k > & + 3. Let p(t,x) be the regular solution to the KS equations
(1) with local existence time T and T5 is used in Proposition 3. Denote T, :=
min{T, 15}, then the local error

Fn(s) = H(s)A(s)p™ — p(s +nAt), 0<s<At (n+1)At<T., (49)

satisfies
170 (8)]l2 < €“** (1 + C38) |7 (0)[l2 + Cas?) .
where Cy, Co, C3 depend on T}, |lpollpinmr-

Proof. Let us define X := z + s G (x). Then for L(t, + s, X), it satisfies
Lt +5,X) = det ™" (1 + 5 DG (X, s))) 5 (z(X, ),

p(tn+s,X)=H(s)L(t, + s, X). (50)

Denote V(X (z,5), s) :== G (x), then L(t,+s, X) is the solution to the following
PDE

OsL+V-(LV)=0, (51)
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with initial data L(t,, X) = p(™ (X).

Thus, it follows from (50) that

0sp=Ap+ H(s)[-V - (LV))].
For the exact solution p(t, + s, X) to (1), we have
asp = Ap -V (pG)
Then the local error 7, (s) = p(t, + s, X) — p(t, + s, X) satisfies
DTy = ATy, — V- (7 V) = V- (p(V — G)) + fu(s),
with §
fu(s) =V - (H(s)LV)— H(s)V - (LV).
As we have done in the Section 2, one has
d, . . . - - P
o Inll3 + 20V l3 = =2(V - (7aV), 7) = 2(V - (p(V = G)), 70) + 2(fs )

We can compute that

- 2(V : (an)afn) =-2 V- (an)fndX < ||"Zn||§||v : V”oo < C”?:TLH%?
R4

and
=2(V-(p(V = G)),7n)

=2 V- (p(V - G))indX
Rd

— 2 Vp-(V - G)indxX - 2/ PV (V= G)pdX.
R4 R

Applying the Holder inequality, one has
2 [ 95V = G <2AVplalV - Gl g

< C(T7 lpollpinmr @) IV = Gll 2 [Fall2, — (53)

where in the second inequality we have used the regularity of p.
Moreover, by using the weak Young’s inequality, one concludes that

IV = Gl g, = [|F 5 (5™ (@(-, 9)) = pltn + 5,))]| 2

= C||p~(")(q;(7 5)) = pltn, 2(, S)>H2 + CHp(tn, (-, 8)) — p(tn + s, )HQ
< CIFaO)ls + s 2

Next, we compute that
2 [ pVV = GrdX <2 = oV (V = Ol
R
= 2[|p(p™ (2(-, 5)) = pltn +5,°))ll2l|7n 2
< (Cl7(0) |2 + Cs)[[Fnll2, (55)

where in the second inequality, (54) has been used.
Collecting (52) to (55), we have

—2(V - (p(V = G)),7n) < Cl7n(0)[[2l|Tnll2 + Csl|7nll2-
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Additionally, like we have done in (32) and (33), for k > ¢ + 3,

2(fasTn) < 20| fall2llFnll2 < Csl|nll2.

Above all, we have got

d . _ - ~
%Hrnﬂz < C1l|fnll2 + C2s + C3(|70(0) |2,

which leads to

7]z < €** (1 + C38) 17 (0) |2 + Ca5”)

by using Gronwall’s inequality. O

Step 3. Now we can prove the convergence Theorem 1.2 by using Proposition 4.
We estimate 7, (At) = sV (X) — p(tpy1, X) as

157D = pltnsalla < €A (14 CoADIIE™ = plta, )|z + Ca(A1)?) .

Standard induction as we have done in (34) implies that

~(n Cy At
157 = p(tn, )|z < =

((1 + C3A) e T 1) :

for (n 4+ 1)At < T}, which concludes the proof of Theorem 1.2.
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