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WEAK SOLUTION OF A CONTINUUM MODEL FOR VICINAL
SURFACE IN THE ATTACHMENT-DETACHMENT-LIMITED
REGIME*

YUAN GAOf, JIAN-GUO LIU*¥, AND JIANFENG LU$

Abstract. We study in this work a continuum model derived from a one-dimensional attachment-
detachment-limited type step flow on a vicinal surface, ut = —u?(u?)nnnn, Where u, considered as a
function of step height h, is the step slope of the surface. We formulate a notion of a weak solution
to this continuum model and prove the existence of a global weak solution, which is positive almost
everywhere. We also study the long time behavior of the weak solution and prove it converges to a
constant solution as time goes to infinity. The space-time Holder continuity of the weak solution is
also discussed as a byproduct.
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1. Introduction. During the heteroepitaxial growth of thin films, the evolution
of the crystal surfaces involves various structures. Below the roughening transition
temperature, the crystal surface can be well characterized as steps and terraces, to-
gether with adatoms on the terraces. Adatoms detach from steps, diffuse on the
terraces until they meet one of the steps and reattach again, which leads to a step
flow on the crystal surface. The evolution of individual steps is described mathemat-
ically by the Burton—Cabrera—Frank (BCF) type models [3]; see [5, 6] for extensions
to include elastic effects. Denote the step locations at time ¢ by z;(t),¢ € Z, where ¢
is the index of the steps. Denote the height of each step as a. For a one-dimensional
vicinal surface (i.e., monotone surface), if we do not consider the deposition flux, the
original BCF type model, after nondimensionalization, can be written as (we set some
physical constants to be 1 for simplicity)

. D Hit+1 — Hs Hi — Hi—1 > .
1.1 T, = — — for1 <i<N,
- ' ka? <$i+1—5€i+1,3 Ti— i1+ % o

where D is the terrace diffusion constant, k is the hopping rate of an adatom to the
upward or downward step, and p is the chemical potential whose expression ranges
under different assumption. Often two limiting cases of the classical BCF type model
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(1.1) were considered. See [26, 16] for the diffusion-limited (DL) case and see [13, 1]
for the attachment-detachment-limited (ADL) case.

In the DL regime, the dominated dynamics is diffusion across the terraces, i.e.,
% << Zip1 — Ty, so the step-flow ODE becomes

D (piv1 — i — i )
(1.2) Gy = o (P TR T HEL) ) < < N
ka? \wjy1 — o i — x4

In the ADL regime, the diffusion across the terraces is fast, i.e., % >> T — T4,
so the dominated processes are the exchange of atoms at steps edges, i.e., attachment
and detachment. The step-flow ODE in the ADL regime becomes

. 1 )
(1.3) T; = ﬁ(ﬂi-i-l —2u; + Mz‘—l) for1 <i<N.

Those models are widely used for crystal growth of thin films on substrates; see
many scientific and engineering applications in the books [23, 28, 32]. As many of
the films’ properties and their performance originate in their growth processes, under-
standing and mastering thin film growth is one of the major challenges of materials
science.

Although these mesoscopic models provide details of a discrete nature, continuum
approximation for the discrete models is also used to analyze the step motion. They
involve fewer variables than discrete models so they can reveal the leading physics
structure and are easier to use for numerical simulation. Many interesting contin-
uum models can be found in the literature on surface morphological evolution; see
[22, 25, 7, 29, 30, 24, 20, 4, 10] for one-dimensional models and [19, 31] for two-
dimensional models. The study of the relation between the discrete ODE models and
the corresponding continuum PDE has raised lots of interest. Driven by this goal, it
is important to understand the well-posedness and properties of the solutions to those
continuum models.

For a general surface with peaks and valleys, the analysis of step motion on the
level of continuous PDEs is complicated so we focus on a simpler situation in this
work: a monotone one-dimensional step train, known as the vicinal surface in the
physics literature. In this case, Ozdemir and Zangwill [22] and Al Hajj Shehadeh,
Kohn, and Weare [1] realized using the step slope as a new variable is a convenient
way to derive the continuum PDE model

(1'4> Uy = _uz(ug)hhhha

where u, considered as a function of step height h, is the step slope of the surface. We
validate this continuum model by formulating a notion of a weak solution. Then we
prove the existence of such a weak solution. The weak solution is also persistent, i.e.,
it is positive (or negative) almost everywhere if nonnegative (or nonpositive) initial
data are assumed.

The starting point of this PDE is the one-dimensional ADL type models (1.3).
To simplify the analysis, we will consider a periodic train of steps in this work, i.e.,
we assume that

(1.5) l‘i+N(t) — .’Iﬁl(t) =L VieZ,Vt>0,

where L is a fixed length of the period. Thus, only the step locations in one period
{zi(t), i=1,..., N} are considered as degrees of freedom. Since the vicinal surface is
very large in practice from the microscopic point of view, this is a good approximation.
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Fic. 1. An example of step configurations with periodic boundary condition.

We set the height of each step as a = %, and thus the total height changes across the
N steps in one period are given by 1. This choice is suitable for the continuum limit
N — o00. See Figure 1 for an example of step train in one period.

The general form of the (free) energy functional due to step interaction is

N-1 .
(1.6) FNZCLZf(W>7
i=0

where f reflects the physics of step interaction. Following the convention in focusing
on entropic and elastic-dipoles interaction [21, 14], we choose f(r) = 5z. Hence each
step evolves by (1.3) with chemical potential u; defined as the first variation of the
step interaction energy

1

1
(1.7) =3 Z . xl)

with respect to x;. That is,

10FyN a? a?
1.8 i = — = — for 1 <i<N.
( ) . a Ox; (Z‘i+1 —x )3 (l‘l — xi_1)3 ort=rs

From the periodicity of z; in (1.5), it is easy to see the periodicity of p such that
Hi = Hi+N-

When the step height a — 0 or, equivalently, the number of steps in one period
N — oo, from the viewpoint of surface slope, Al Hajj Shehadeh, Kohn, and Weare
[1] and Margetis and Nakamura [20] studied the continuum model (1.4); see also [22]
for physical derivation in the general case. We recall their ideas in our periodic setup.
Denote the step slopes as

a
wi(t) = ——— for1 <i<AN.
O ® )
The periodicity of z; in (1.5) directly implies the periodicity of u;, i.e., u; = Uit N-
Then by straightforward calculation, we have the ODE for slopes

1
(L9) s = ——u? | (ud —2uly +uud) = 2(udyy — 208 +ul )+ (uf — 20, +udy))-

n this work, we neglect long-range elastic interactions between the steps in the model; related
models with long-range elastic interactions are briefly discussed later in the introduction.
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Under the periodic setup, when considering step slope u as a function of h in the
continuum model, u has period 1. Keep in mind the height of each step z; is h; = ia.
It is natural to anticipate that as N — oo, the solution of the slope ODE (1.9) should
converge to the solution u(h,t) of continuum model (1.4), which is 1-periodic with
respect to step height h.

By different methods, [1] and [20] separately studied the self-similar solution of
ODE (1.9) and PDE (1.4). For monotone initial data, i.e., z1(0) < 22(0) < --- <
xn(0), [1] proved the steps do not collide and the global-in-time solution to ODE
(1.9) (as well as ODE (1.3)) was obtained in their paper. By introducing a similarity
variable, [1] first discovered that the self-similar solution is a critical point of a “simi-
larity energy” for both discrete and continuum systems. Then they rigorously proved
the continuum limit of a self-similar solution and obtained the convergence rate for
the self-similar solution.

However, as far as we know, the global-in-time validation of the time-dependent
continuum limit model (1.4) is still an open question as stated in [15]. In fact, it is not
even known whether (1.4) has a well-defined, unique solution. Although the positivity
of the solution to continuum model (1.4) corresponds to the noncollision of steps in
discrete model, which was proved in [1], even a “formal proof” of a positive global
weak solution in the time-dependent continuous setting has not been established.

Our goal is to formulate a notion of weak solution and prove the existence of a
global weak solution. We also prove the almost everywhere positivity of the solution,
which might help the study of global convergence of discrete model (1.3) to its con-
tinuum limit (1.4) in the future. Moreover, we study the long time behavior of weak
solutions and prove that all weak solutions converge to a constant as time goes to
infinity. The space-time Holder continuity of the solution is also obtained.

One of the key structures of the model is that it possesses the following two
Lyapunov functions:

1
(1.10) F(u) ::%/ u?dh
0
and
'l
(1.11) E(u) ::/ 6[(u3)hh]2dh.
0
Then we have
OF (u 0E(u
W B,
and (1.4) can be recast as
_ O0E(m) 5 0F (u)
(1.12) Ut = — su —u"Ophhh (u W)

Since the homogeneous degree of E(u) is 6, one has

6E(u) :/0 uéE(siu) dh.

Then by (1.12), we obtain

(1.13) dié“) +6E(u) = /O L (ut + 5%2“)) dh = 0.




WEAK SOLUTION OF A PDE MODEL ON VICINAL SURFACE 1709

Notice that

dE(u) L SE(u) /1 )
. = = <0.
(1.14) & /0 e dh ; u; dh <0

Therefore, we also have the following dissipation structures:

dE(u)

(1.15) 5

+ D(u) =0,
where D := fol [u?(u?)pann)? dh. From (1.15) and (1.13), for any T > 0, we obtain

T
OTE(T,) <6 [ Blu(t,))dt £ Fu(0.)) - F(ulT. ).
0
which leads to the algebraic decay

(1.16) Eu(T,)) < %701,)) for any 7" > 0.

The free energy F is consistent with the discrete energy Fy defined in (1.7) and
E was first introduced in the work [1]. We call it energy dissipation rate E due to
its physical meaning (1.13), i.e., E gives the rate at which the step free energy F' is
dissipated up to a constant. This relation between F and F' is important for proving
the positivity, existence, and long time behavior of the weak solution to (1.4).

On the contrary, if we also had E(u) < ¢D(u) (which does not hold here), then
(1.15) would imply %(t“) < —cE(u), i.e., E is bounded by the dissipation rate of
itself. This kind of structure would lead to an exponential decay rate, which is widely
used for convergence of a weak solution to its steady state; see, e.g., [27]. While we
do not have such a classical exponential decay structure, the two related dissipation
structures (1.15), (1.13) are good enough to get an algebraic decay (1.16) and obtain
the long time behavior of a weak solution; see section 3.

We also give a formal observation for the conservation law of % below. It gives the
intuition to prove the positivity of a weak solution to the regularized problem, which
leads to the almost everywhere positivity of a weak solution to the original problem;
see Theorem 2.2. Multiplying (1.4) by u—lz gives

d (1 !
(1.17) E/ fdh:/ (u*)ppnn dh = 0.
0 0

u

Hence we know fol %dh is a constant of motion for the classical solution.

One of the main difficulties for PDE (1.4) is that it becomes degenerate-parabolic
whenever u approaches 0. As it is not known whether solutions have singularities on
the set {u = 0}, we adopt a regularization method, e-system, from the work of Bernis
and Friedman [2]. First, we define the weak solution in the spirit of [2]. Then we study
the e-system and obtain a unique global weak solution to the e-system. The positive
lower bound of the solution to the e-system is important in the proof of existence
of an almost everywhere positive weak solution to PDE (1.4). Observing the energy
dissipation rate E defined in (1.11) and the corresponding variational structure, we
will make the natural choice of using u® as the variable. Yet another difficulty arises
since we do not have a lower-order estimate for u3 after regularization. Therefore we
need to adopt the a priori assumption method and verify the a priori assumption by
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calculating the positive lower bound of solutions to the e-system. Finally, we prove the
limit of the solution to the e-system is the weak solution to (1.4). When it comes to
establishing two energy-dissipation inequalities for the weak solution u, singularities
on set {u = 0} cause problems too. Hence we also need to take advantage of the
e-system, which allows us to avoid the difficulty due to singularities, to obtain the
two energy-dissipation inequalities.

While we prove the existence, the uniqueness of the weak solution is still an open
question. Since we consider a degenerate problem not in divergence form, we have not
been able to show the uniqueness after the solution touches zero, nor can we obtain
any kind of conservation laws rigorously.

One of the closely related models is the continuum model in the DL regime (we
set some physical constants to be 1 for simplicity)

(1.18) hy = (—aH(hm) - (Zi + 3hz) hm>m,

which was first proposed by Xiang [29], who considered the DL type model (1.2) with
a different chemical potential p;. More specifically, an additional contribution from
global step interaction is included besides the local terms in the free energy (1.6),

N—

(1.19) Z <xl+1 )+a2NZI NZI f2<% >

=0 i=0 j=0,j#1

with fi(r) = 53 and fo(r) = a?In|r|. While the free energy Fly is slightly different
from that of [29], where the first term f; is also treated as a global interaction, the
formal continuum limit PDEs are the same. As argued in [30], the second term fo
comes from the misfit elastic interaction between steps and is hence higher-order in a
compared with the broken bond elastic interaction between steps which contributes
to the first term. Note that (1.18) is a PDE for the height of the surface as a function
of the position and the first two terms involve the small parameter a. We include in
the appendix some alternative forms of the PDE (1.4). In particular, when formally
ignoring these terms with small a-dependent amplitude, (1.18) becomes

(1.20) he=—3 ((ha)?),,. -
which is parallel to (A.12) in our case. For the DL type PDE (1.20), a fully rigorous
understanding is available in [15, 11]. Kohn [15] pointed out that a rigorous under-
standing for the evolution of a global solution to ADL type model (A.12) (as well as
PDE (1.4)) is still open because the mobility % in (A.12) (which equals 1 in the DL
model) brings more difficulties. )

Recently, Dal Maso, Fonseca, and Leoni [4] studied the global weak solution to
(1.18) by setting a = 1 in the equation, i.e.,

(1.21) hy = (—H(hx) - <3hx + hi) h>

The work [4] validated (1.21) analytically by verifying the almost everywhere positivity
of h,. Moreover, Fonseca, Leoni, and Lu [9] obtained the existence and uniqueness of
the weak solution to (1.21). However, also because the mobility -+ 7o (which equals 1
in the DL model) appears when the PDE is rewritten as h-equation (A.12), there is
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little chance to recast it into an abstract evolution equation with maximal monotone
operator in reflexive Banach space by choosing other variables, which is the key to the
method in [9]. Tt is very challenging to apply the classical maximal monotone method
to a nonreflexive Banach space, so we use different techniques following Bernis and
Friedman [2] and the uniqueness is still open.

The remainder of this paper is arranged as follows. After defining the weak so-
lution, section 2 is devoted to proving the main theorem, Theorem 2.2. In section
2.1, we establish the well-posedness of the regularized e-system and study its prop-
erties. In section 2.2, we study the existence of a global weak solution to PDE (1.4)
and prove it is positive almost everywhere. In section 2.3, we obtain the space-time
Holder continuity of the weak solution. Section 3 considers the long time behavior of
the weak solution. The paper ends with an appendix, which includes a few alternative
formulations of the PDEs based on physical variables other than the slope.

2. Global weak solution. In this section, we start to prove the global existence
and almost everywhere positivity of weak solutions to PDE (1.4). In the following,
with standard notation for Sobolev spaces, denote

(2.1) H7. ([0,1]) == {u(h) € H™(R); u(h +1) = u(h) a.e. h € R},

and when m = 0, we denote L2 ([0,1]). We will study the continuum problem (1.4)
in periodic setup.

Although we can prove the measure of {(¢, z);u(t,z) = 0} is zero, we still have no
information for it. To avoid the difficulty when u = 0, we use a regularized method
introduced by Bernis and Friedman [2]. Since we do not know the situation in set
{(t,z);u(t,x) = 0}, we need to define a set

(2.2) Pr = (0,T) x (0, D\{(t, h); u(t, h) = O}.

As a consequence of (2.8) and time-space Holder regularity estimates for w3 in
Proposition 2.9, we know that Pr is an open set and we can define a distribution
on Pr. Recall the definition E in (1.11). First we give the definition of a weak
solution to PDE (1.4).

DEFINITION 2.1. For any T > 0, we call a nonnegative function u(t, h) with reg-
ularities

(2.3) u® € L2([0,T); Hp,([0,1])),  u®(u®)nnnn € L*(Pr),
(2.4) up € L*([0,T; Ly, ([0,1])),  w® € C([0,T]; Hy,,([0,1])),

a weak solution to PDE (1.4) with initial data ug if
(i) for any function ¢ € C([0,T] x R), which is 1-periodic with respect to h, u
satisfies

T /1
(2.5) / / ouy dh dt + / ¢U2 (u3)hhhh dh dt = 0;
o Jo Pr
(ii) the following first energy-dissipation inequality holds:

(2.6) E(u(T,-))—i—//P (w? () pppn)? dhdt < E(u(0,-));
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(iii) the following second energy-dissipation inequality holds:
T
(27) F(u(T,)+6 [ B(u(t.)) de < Fu(o. ).
0

We now state the main result, the global existence of a weak solution to (1.4), as
follows.

THEOREM 2.2. For any T > 0, assume initial data uy € H2,([0,1]), fol adh =
mg < 00, and ug > 0. Then there exists a global nonnegative weak solution to PDE

(1.4) with initial data ug. Besides, we have
(2.8) u(t,h) >0 fora.e. (t,h) €[0,T] x [0,1].

We will use an approximation method to obtain the global existence theorem, The-
orem 2.2. This method is proposed by [2] to study a nonlinear degenerate parabolic
equation.

2.1. Global existence for a regularized problem and some properties.
Consider the following regularized problem in one period h € [0, 1]:

4
___u 3 .
(29) Ut = p— ug (Ui)hhhh for t € [O,T], h e [O, 1],
us(0,h) = ug + €3 for h € [0, 1].

We point out that the added perturbation term is important to the positivity of the
global weak solution.
First we give the definition of a weak solution to regularized problem (2.9).

DEFINITION 2.3. For any fizted € > 0, T > 0, we call a nonnegative function
ue(t, h) with regularities

(2'10) ug € LOO([Oﬂ T]; Hf}er([ov 1]))7 é_u_%_ug(ug)hhhh € L2(07 T Lfyer([()? 1]))7
(2.11) ue € L2([0,T]; L2,,(0,1])), w2 € C([0,T]; H,,,([0,1])),

a weak solution to reqularized problem (2.9) if
(i) for any function ¢ € C([0,T] x [0,1]), u. satisfies

T 1 T 1 u4
(212) / / Pues dh dt + / / 10} = (ug)hhhh dhdt = 0;
0 0 0 0

2
€+ ug

(ii) the following first energy-dissipation equality holds:

(2.13) E(uE(T,-))—i-/O/O dhdt = E(u(0,-));

3
Ug 3
Ug )hhhh
) ]

(iii) the following second energy-dissipation equality holds:

T
(2.14) FE(UE(T,.)HG/O E(uc(t,”))dt = Fx(u(0,")),

where F(ue) 1= fol eln|us|dh + F(uc) is a perturbed version of F.
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Now we introduce two lemmas which will be used later.

LEMMA 2.4. For any 1-periodic function u, we have the following relation:

1 1
(2.15) / ((U3)hh)2 dh = 9/ u (upp)? dh.
0 0
Proof. Notice that
2 2
(u)nn)? = [(3uun), ]” = [6uui + 3u’uns]

= 9u4uih + 36u2ui + 36U3U2Uhh

= utu?, + 36uu;} + 12u(uj)p

= utu?, + 12(v3u}).
Integrating from 0 to 1, we obtain (2.15). 0

LEMMA 2.5. For any function u(h) such that up, € L*([0,1]), assume u achieves
its minimal value Umin at h*, i.e., Umin = w(h*). Then we have

2 :
(2.16) u(h) = tmin < glunnllzzqonlh = h*|% for any h € [0,1].

Proof. Since upy, € L?([0,1]), up is continuous. Hence by tnmin = u(h*), we have

up(h*) =0 and
h 1
(2.17) |uh(h)| = / Uhh(S) ds| < ‘h - h*|5 ||uhh|\L2([0’1]) for any h e [O, 1].

Hence we have

h
() — tmin] < / s — B[ lunn 2 0. ds
h*

2 f12
< §|h — B* 12 unnl| 22 o.1)- ]

Next, we study the properties of the regularized problem. From now on, we
denote C(||ugllg2) as a constant that only depends on [[ug||g2(jo,1))- The existence
and uniqueness of the solution to the regularized problem (2.9) is stated below.

PROPOSITION 2.6. Assume u3 € HZ,,.([0,1]), fol quo dh = mgy < 400, and ug > 0.

per
Then for any T > 0, there exists u. being the unique positive weak solution to the

reqularized system (2.9) and

u? € L*=((0,T7; Hy,,.([0,1])) 0 C((0, TT; H,,([0,1]))

per per

satisfies the following estimates uniformly in e:

42| oo (0. 1712 ((0,1)) < C(llud]l 1r2),

2.18 ug

(2.18) |€2(Ug)hhhh < Clllullae),
Ve +u2 L2([0,7]:22([0,1]))

(2.19) et 2o, 7322, 10,1 < Clluglla2)-

Moreover, u. has the following properties:
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(i) we has a positive lower bound
(2.20) us(t,h) > —————¢ for any t € [0,T], h € [0,1],

183 E§ Chpny

where Cp, = fol L dh+1 and Ey = fol +l(ud)nn)? dh is the initial energy.

U
(ii) we satisfies the Holder continuity properties, i.e.,

(2.21) u3(t,) € C2([0,1]) for any t € [0,T).
(iii) For any 0 > 0,
(2.22) u{(t, h);us(t, h) < 6} < Chpy 10,

where p{A} is the Lebesque measure of set A.

Proof. For a fixed e > 0, in order to get the solution to regularized problem (2.9),
first we need some a priori estimates for u., the existence of which will be discussed
later. Denote Cyy,, := fol uio dh+1, and w,;y is the minimal value of u, in [0, T] x [0, 1].
For any ¢ € [0,T], denote u,,(t) as the minimal value of u. (¢, h) for h € [0,1]. Assume
ue achieves its minimal value at t*, h*, i.e., wmin = u:(t*, h*). Denote

1
1
Bo= [ 4l ah <€ ()

In Step 1, we first introduce some a priori estimates under the a priori assumption
(2.23) U(t,h) > Upin > €53 for any ¢ € [0,T], h € [0, 1].

In Step 2, we prove the lower bound of u. depending on e, which is the property (i),
and verify the a priori assumption (2.23). After that, the proof for existence of u.
is standard. Here, let us sketch the modified method from [18]. We can first modify
(2.9) properly using the standard mollifier J5 such that the right-hand side is locally
Lipschitz continuous in Banach space L*([0,1]), so that we can apply the Picard
theorem in abstract Banach space. Hence by [18, Theorem 3.1], it has a unique local
solution u.s5. Then by the a priori estimates in Steps 1 and 2, we can get uniform
regularity estimates, extend the maximal existence time for u.5, and finally obtain
the limit of u.s, u., as a weak solution to the regularized problem (2.9). In Step 3, we
prove that the solution obtained above is unique. In Step 4, we study the properties
(ii) and (iii).
Remark 2.7. For the a priori assumption method, to be more transparent, we
claim u, > Cye for any t € [0,T], where C, = # If not, there exists t, €
183 EZ Cyn
(0,T) such that n
ue(t,h) > Cye for any t € [0,t], h € [0,1].

Due to the continuity of u., there exists ¢4 € (t4,T) such that
u-(t,h) > €3 for any t € (t,, ), h € [0,1],
and there exists h € [0,1], £ € (ts,tss) such that

uc(f, h) < Cie.
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This is in contradiction with
ue(t,h) > Cye for any t € [0,t,4), h € [0,1],

which is verified in Step 2.
Step 1. a priori estimates.
First, multiplying (2.9) by u? gives

1, . ub
(ud)y = ——= (u®)nann.
3V° e4+u ®

Then multiply it by (u2)nnnn and integrate by parts. We have

1d ! 3 2 ! ug 3 2
(2.24) 6dt J, ((u2)nn)”dh = — cra? [(u2)nnnn]” dh < 0.
€
Thus we obtain, for any T > 0,
1
(2.25) 1(u2)nnll Lo o.11:2210,17) < VOEE .

Moreover, from (2.24), we also have

Ol

(2.26) <E

L2([0,T];L2([0,1]))

3
Ug 3
Ug )hhhh
H )

Second, to get the lower-order estimate, we need the a priori assumption (2.23).
2
Multiplying (2.9) by 82‘57 we have

Uge

d 1 'Z,L2 1 c 1 .
(2.27) a/ eln ju.| + ?E dh = / ( + u5> uer dh = / —((u2)pn)?dh <0,
0 0 0
which implies

1 2
/ cln fu(t, )] + @dh
0

1 2
S/ elnu.(0) + UE(QO) dh
0

1
< / u:(0)2 dh < O(||ud|| =) for any t € [0, 7).
0
Hence we have

1 2 1
/Mdhs—/ eIn uc(t, 1)| dh + C(ud] 12)
0 2 0,Juc|<1
4
S —‘551n5‘+(j(HUgHH2)
< O(|[ud| =) for amy ¢ € [0, T,

where we used the a priori estimate (2.23). Thus we have, for any 7' > 0,

(2.28) e Lo o7 2200,17) < C(Iluf]| m2)-
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Third, from Lemma 2.5, we have
(2.29)
2 P
ue(tv h)3 - 'U,m(t)S < g”(ug)hh(tv ')||L2([0,1])‘h - h*|% for any t € [OvT] h e [07 1]

Since (2.28) gives
3

1 3
um (t)? < (/ ue(t, h)? dh) < C(||ug||H2) for any t € [0,T7,
0

we know

230) et )* < COluille) + 290 ES < Ol for amy t € [0.7), h < [0,1),
where we used (2.25) and (2.29). Hence we have

(2.31) el Los (fo, 73 £o% f0,17)) < Ol ar2)-

This, together with (2.25), shows that, for any 7" > 0,

(2.32) [w2]| Lo o172 0.17)) < O[]l mr2)-

Therefore, (2.26) and (2.32) yield (2.18).
On the other hand, from (2.24) and (2.9), we have

14 (! a2 +e
—— [ ((uP)pp)*dh = —/ £ _—u? dh.
6 dt 0 0 Ug t
Hence
T 1 T 1 9
/ / uﬁtdhdts/ / L2, dhdt < O(|[ud| ),
o Jo o Jo Uz
which gives
(2.33) et || 20,77 02([0,17)) < C(|[u ]| mr2)-

This, together with (2.31), gives that
(2.34) () ell 2o, 73522 ((0,17)) < C Il 12)-
In fact, from (2.32) and (2.34), by [8, Theorem 4, p. 288], we also know
u? € C([0, T} H'([0,1])) = C([0,T] x [0,1]).

Moreover, the two dissipation equalities (2.13) and (2.14) in Definition 2.3 can be
easily obtained from (2.24) and (2.27) separately.

Step 2. Verify the a priori assumption.

First from (2.9), we have

d [! e 1
2.35 — —+ —dh=0.
(2:35) dt/o 3u3 * Ue



WEAK SOLUTION OF A PDE MODEL ON VICINAL SURFACE 1717

Hence

1 1
5 1 5 1
+ dh E/ + dh
/03u5<t,h>3 ue(t, h) o 3(uot+e3)P | wpted

(2.36) < Cyp, for any t € [0,T7.

Then from (2.29), for any 0 < o < 533, ¢ € [0, 7], we have

* 2
a€3 h*+ae e
I = I dh
3

U (1) + 72\/?5‘? ate ’ U (1) + 72\/?505 a2ed
1 1
g/ = dhs/ ﬁdhscmo-
O (1) +2““ h— h*|3 0 Helhs

Thus for any ¢ € [0,77], we can directly calculate that, for ap = 5 jo c

mq

ag 26 3 1 4
2.37 m(t) > —E 2
( ) u ()— (Cmg 3 o« 0) 18E003 8 >> €
and that
1
2. 30> min up(t) > ————n—e3 4
(2.38) umm_tg[lol’r:lr]u (t) > 18EOC;°;lO€ >>¢

for € small enough. Note that for € small enough, such «y can be achieved. This verifies
the a priori assumption and shows that u. has a positive lower bound depending on
g, l.e.,

ue(t,h) > ¢ for any t € [0,T], h € [0,1],

which concludes property (i).

Step 3. Uniqueness of solution to (2.9).

Assume u, v are two solutions of (2.9). Then for any fixed ¢, from (2.20), we know
u,v > c. > 0, and we have

1 u® v
2.39 S —03)y = - (B B
(2.39) 3(U 0°) u2+€(u )hhhh + 2 +€(v Jhhhhs
ud v
2.40 DY) D Ny Y
(2.40) (u—v) " +€(U Jhhhh + 2 +E(v )hhhh

2
Let us keep in mind, for any p > 0, _f>u” is increasing with respect to u, so there

exist constants m, M > 0, whose values depend only on ¢, ||u8||H2([071]), p, and my,
such that
2

(2.41) m<——u <M
E+u
and
2
(2.42) m< —2 P < M.

e+ 02
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First, multiply (2.39) by (u® — v3)nnnn and integrate by parts. We have

d ['1
a‘/o E(U?) —7}3)%]1 dh

! ’LL6 3 ’U6 3 U6 3
= - + —
/0 [ 3 Jrg(u Jnhhi + 5(u Jnhhh = Jrg(u )hhhh
6
v

3 3,3
+ 2 +€(U )hhhh] (u” = v”)phnn dh

1 ’U6 3 5 9 1 U6 u@ 5 . 5
_/ V2 te ((u —v )hhhh) dh+/ (u )hhhh(u —v )hhhh dh
0 0

vi4e u4e

:R1 +R2.

For the first term Ry, from (2.42), we have

1
(2.43) R; < —m/ ((u® - UB)hhhh)2 dh,
0

which will be used to control other terms.
For the second term R, notice that

H v6 uG

v4+e ulte HL°°([O,1])
(u? +e)v8 — (v? + e)ub
(02 +e)(u?+e¢)

(2.44) B ‘

where we used the upper bound and lower bound of u,v. Then by Young’s inequality
and Holder’s inequality, we know

Le=([0,1])
u?v? (vt — ut) e(v® — ub)

P ro@+e)  (Et)a+e)

L=>=([0,1])

IN

Cllugllz2(o,1)> € mo)llv — wll Loo (0,17

(2.45)
v0 ub H2

R __r
2 v24e  u?4e

IN

% /01 ((u® - vg)hhhh)Q dh + C’H /01((u3)hhhh)2 dh

Le=([0,1])

1
m
<7 /0 ((u® = 0*)nnnn)? dh + C(|[ug| g2 (0,17 € m0) [0 = wll Foe 0,17

where we used (2.18) and (2.44). Combining (2.43) and (2.45), we obtain

(2.46)
d 1
E . E(US —’03)%h dh
3m (! 3 2 3 2
< 4 . ((U -0 )hhhh) dh+C (||Uo||H2([0,1]),5’m0) v — UHLoo([o,l])
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Second, multiply (2.40) by « — v and integrate by parts. We have

1d [t )
S —v)2dh
s ) Y
1 4 4 4
f— _ u 3 v 3 . v 3
/0 [ u2+€(u Jhhhh + 02 +€(u Vhhhh v2+5(u Yhhhh
4
+ 2 +€(U3)hhhh} (u—v)dh
LT 1 4 4
v 3 v u 3
AR —wv)dh - —v)dh
/0 v2+5(“ 0*) hhhn (U — v) +/0 <v2+5 u2+€)(u Vb (u—)
=: R3 + R4.

For R3, by Holder’s inequality, we have

1
m
@4 Ro< T [ =0 Qb+ Ol oy o)l = o

where we used (2.42). To estimate R4, notice that

H U4 u4

v te mHLw([o,u)

(u? +e)vt — (v? + e)ut
(v2 +e)(u? +¢) L= ([0,1])

u?v?(v? — u?) e(vt —ut)

(v +e)(w? +¢e) (v +e)(u?+e)

(2.48) B ’

< C ([[ugll zr2(po.17)- €, mo) v = wll oo (j0,1))-

L= ([0,1])

Hence, we have

u4

2 1
R, <C —v)2dh CH 7” / 3 2 4h
* / (u—=v) + v24e  u?4ellLe(oa) Jo ("))
1
<c / (u— )2 dh -+ C (6822 0.1y & m0) [0 — ull 20 011

Therefore, combining (2.47) and (2.49), we obtain

(2.49)

1d !
ia (’U—’U)2 dh
(2.50)
< [0 = ) @bt OOy~ e
Finally, (2.46) and (2.50) show that
d 1 1
— uU—v dh+/ u’ —v dh}
s | e [ -,

< C (|lugll 20,11y, €:m0) [0 = ullZe 0.1

In remains to show the right-hand side of (2.51) is controlled by fol(u —v)2dh +
fol (u® —v3)2, dh. From (2.20), we have

celu —v| < |u—v|(u? 4+ v + wv) = |u® —v3|.
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Thus
[o = ullF o o.17) < eellv® = 4?17 0,1
<o = |2 0.1p)
< e (0% = w120, + 10° = w®nnla oy )
< e (v = ulaqo. + 10° = w)nnlEzqony ) -

This, together with (2.51), gives

% {/Ol(uv)zthr/ol(US Ug)%hdh]

(2.52) X X
< C(lludll 20,17y, Mo, €) [/ (u—v)*dh +/ (u? —v®)%, dh} .
0 0

Hence if u(0) = v(0), Gronwall’s inequality implies u = v.

Step 4. The properties (ii) and (iii).

To obtain (ii), denote w = u3. From (2.18), we know w € L>(0,T; H2([0,1])).
Since H2([0,1]) < C12([0,1]), we can get (2.21) directly.

To obtain (iii), for any ¢ > 0, (2.36) also gives that

{(t,n) <5}1</T/1 ¢ v Yaha<o, T
U N - m )
’ ’ T 6~ 0 0 3'11,2 Ue - ©

which concludes (2.22).
This completes the proof of Proposition 2.6. 0

2.2. Global existence of weak solution to PDE (1.4). After those prepara-
tions for a regularized system, we can start to prove the global weak solution of (1.4).

Proof of Theorem 2.2. In Steps 1 and 2, we will first prove that the regularized
solution u. obtained in Proposition 2.6 converges to u, and u is positive almost ev-
erywhere. Then in Steps 3 and 4, we prove this u is the weak solution to PDE (1.4)
by verifying conditions (2.5) and (2.6).

Step 1. Convergence of u..

Assume u, is the weak solution to (2.9). From (2.18) and (2.19), we have

1(ud)ell L2 o,mz2. (o7 < CUlug || m2)-

per

Therefore, as € — 0, we can use the Lions—Aubin compactness lemma for u2 to show
that there exists a subsequence of u. (still denoted by u.) and u such that

(2.53) ud —w?, in L=(0,T7; H}..([0,1])),
which gives

(2.54) ue —>u ae tel0,T], hel0,1].

Again from (2.18) and (2.19), we have

(2.55) ulu®in L([0, T]; Hpe, ([0, 1]))
and

(256) Ugg — U in L2([07 T]? L?)cr([()? 1]))7
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which imply that
(2.57) u® € L=([0,T]; H2..([0,1])), wu; € L*([0,T); L2..([0,1])).

per per

In fact, by [8, Theorem 4, p. 288], we also know

u® € C([0,T]; HL..([0,1])) < C([0,T] x [0,1]).

per

Step 2. Positivity of u.
From (2.54), we know, up to a set of measure zero,

{(t,h);u(t,h) =0} C [ {(t,h);us < 711}

n=1

Hence by (2.22) in Proposition 2.6, we have

(e e, m) =) =t { (0 R < - =0,

which concludes w is positive almost everywhere.

Step 3. u is a weak solution of (1.4) satisfying (2.5).

Recall u. is the weak solution of (2.9) satisfying (2.12). We want to pass the limit
for u. in (2.12) as € — 0. From (2.56), the first term in (2.12) becomes

T 1 T 1
(2.58) / / puey dhdt — / / duy dh dt.
0 0 0 0

The limit of the second term in (2.12) is given by the following claim.

Claim 2.8. For Pp defined in (2.2), for any function ¢ € C*°([0,T] x [0,1]), we
have

s [ [

as ¢ — 0.

hhhh dhdt — / ¢u2 (ug)hhhh dh dt,

Proof of claim. First, for any fixed § > 0, from (2.53), we know there exist a
constant K; > 0 large enough and a subsequence u,, such that

1)
(2.60) [te), — ull oo (jo,11x[0,1)) < 3 for k > K.
Denote

Dqs5(t) :={h €1]0,1]; 0 < u(t,h) < d},

Dys(t) :={h € [0,1]; u(t,h) > d}.
The left-hand side of (2.59) becomes

dhdt
/ / €k+ugk k)hhhh

- dhdt 3 dhdt
/ /Dm(t) €k+u2 ( Ug), hhhh +/ /DQS(t) €k+u2 ( Ek)hhh}

=1 + I,

Then we estimate I; and Is separately.
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For I, from (2.60), we have
30
(2.61) lue, (t, h)] < 5 for t € [0, T, h € D15(t).

Hence by Hélder’s inequality, we know

2
(2.62) / / ——= | dhdt
Dys(t £k + ng
2
(ud Vpnnn | dhdt
/ /Dm t)( €k+ugk Ug),

34
)l orsiony (1 ) e < 5 })

C(lluglm=)T2 6%,

1
2

IN

IN

Here we used (2.18) in the second inequality and (2.22) in the last inequality.
Now we turn to estimate I5. Denote

U {t} X Dgg(t).

t€[0,T)

From (2.60), we know
0
(2.63) Ue, (E,h) > 3 for (¢,h) € Bs.

This, combined with (2.18), shows that

// Ek hhhh 2dhdt
5k+

/ [ S () da < Ol o)

(2.64)

From (2.64) and (2.54), there exists a subsequence of u., (still denoted as ., ) such
that

(ugk)hhhh — (u*)pann in L?(Bs).
Hence, together with (2.54), we have

27,3
(2.65) I, = //BLs o +U§k gk)hhhh dhdt—)/ 5, ou (u )hhhh dh dt.

Combining (2.62) and (2.65), we know there exists K > K; large enough such that
for k > K,

< O(||ud||g=)T2 6%,

k)hhhh dhdt — / u? (u) ppnn dh dt

5k+u Bs
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which implies that

. . . 2/, 3 _
5h59fkh?;)[J/ [ et [ [ o )hhhh(”ldt] "

For any ¢ > 1, assume the sequence §; — 0. Thus we can choose a sequence g, — +00.
Then by the diagonal rule, we have

0y — 0, epp— +00,

Pr = UB(;.

as ¢ tends to +o0o. Notice

§>0
We have
1i Eez
Ziglo/ / cut 02, (u2, ) hhnn dhdt
= Jim [ [ o ana
Bs,
- / ou (u®) ppnn dhdt.
Pr
This completes the proof of the claim. .

Hence the function u obtained in Step 1 satisfies equation (2.5). It remains to
verify (2.6) in Step 4.

Step 4. Energy-dissipation inequality (2.6) and (2.7).

First recall the regularized solution wu. satisfies the energy-dissipation equality

(2.13), i.e
u5<~7T>>+/OT/01

From Claim 2.8, we have

2
(ug’)hhhh] dhdt = E(u5(~,0)).

4
Uge 3 2,3 .

u — u*(u in Pr.
5+u§( 2 )hhih (W) hhhh T

Then by the lower semicontinuity of norm, we know

2
// ’LL hhhh dhdt<hm1nf// |: hhhh:| dhdt
Pr Pr e
Sliminf//
e—0 Pr

(2.67) E(u(t, ) < liminf B(u(t,-)) for ¢ € [0,7].

(2.66) 5
(ug)hhhh] dh dt.

Also from (2.18), we have

Combining (2.13), (2.66), and (2.67), we obtain

//PT () )2 dh dt < B(u(0,-)).
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Second, recall the regularized solution u. satisfies the Energy-dissipation equality
(2.14), i.e

T
F.(u:(T,-)) + 6/ E(uc(t,-))dt = Fo(u(0,-)).
0
From (2.18) and the lower semicontinuity of norm, we know
/ E(u dt<hm1nf/ E(uc(t t,
(2.68)
t,-) < hmmfF(uE( -)) for any t € [0, 7.

For the first term in Fy, for any ¢ € [0, T}, from (2.18) and (2.20), we have
1
z—:/ |[Inuc|dh < C(|lnegl + 1)e — 0,
0

as € tends to 0. This, together with (2.68), implies

+6/E ))dt < F(u(0,-)).

Hence we complete the proof of Theorem 2.2. O

2.3. Time Hoélder regularity of weak solution. In the following, we study
the time-space Holder regularity of weak solution to PDE (1.4).

PROPOSITION 2.9. Assume the initial data ug satisfies the same assumption as
in Theorem 2.2. Let u be a nonnegative weak solution to PDE (1.4) with initial
data uy. Then u3 has time-space Hélder continuity in the following sense: for any
t1,to € [0,T], u? satisfies

(2.69) |ud(t1, h) — u(ta, h)| < C(||u8||Hz)|t2 — 251|Z for any h € 10,1]
and
(2.70) ud(t,) € C=([0,1]) for any t € [0, 7).

Proof. First, (2.70) is a direct consequence of u? € L>([0,T]; H?([0,1])) and the
embedding H2([0,1]) < ¢z ([0, 1]).

Second, define two cut-off functions as [17, Lemma B.1]. For any t1,t2 € [0,T],
t1 < ta, we construct bs(t) = [*__bs(t)dt, with b(t) satisfying

3 [t —ta] <6,
(2.71) by(t) =4 —3, [t—t1] <3,
0 otherwise,

where the constant ¢ satisfies 0 < § < “27;“' Then it is obvious that bs(¢) is Lipschitz
continuous and satisfies |bs(t)| < 2.
For any hg € (0,1), we construct an auxiliary function

o o) = an (KLY,

|ta — t1|*
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where 0 < a < 1, K > 0 are constants determined later and ag(h) € C§°(R) is de-
fined by

Hence we have

1, |h—ho| € Flta — t1]*,
a(h) = .

0, |h—ho|> ?|t2—t1|°‘.

In the following, C is a general constant depending only on ||ug]| H2([0,1])-
Third, since (2.3) implies u® € L>([0,T]; H*([0,1])) < L°°([0, T]; W1°(]0,1])),
we know for any y € R, t € [0,T],

(2.73) [u? (8, ho + y) — u?(t, ho)| < Clyl.

Then we have the next lemma.

LEMMA 2.10. Let function u® € L>([0,T]; H2([0,1])). Then for almost every-
where hy € [0,1], t1,t2 € [0,T], t1 < to, it holds that

(2.74)

[u®(ta, ho) — u®(t1, ho)|

T rl
< C ([0, T) ( I/ u3<t,h>a<h>bs<t>dhdt|t2—t1|-a+|t2—t1|a>.
0 0

Proof. The proof of Lemma 2.10 is the same as that of Lemma B.2 in [17] except

we proceed on u? instead of u(t,-) € C'2([0,1]) in [17, Lemma B.2]. We just sketch
the idea here. First calculate the inner product of u3(¢, h) and a(h)bj(t). Then by the
definition of bj(t) and (2.73), we have

/ ' / LBt Wa(hbs(6) dh dt

= lta—t1|* 30
2 5/ / ho+y)(u3(t2+7,ho)—ug(tl—l—T,ho)) dydr—C(te—t1) 2 .

Elta—t1|®

Notice the definition of a(h) and the Lebesgue differentiation theorem. Let § tend to
0, and thus we obtain (2.74). 0

Finally, since the solution w satisfies (2.5), for any ¢; € C*([0,T] x [0,1]), u
satisfies

T 1
(2.75) / o;up dh dt + / ¢iu2 (UB)hhhh dhdt = 0.
0 0 Pr

We can take ¢; such that ¢; — u?a(h)bs(t) in L?([0,T]; L*([0,1])) as i — oo. Hence
from (2.3) and (2.4), we can take a limit in (2.75) to obtain

/ / <1 3) h)bs(t dhdt+//PT () pnnna(h)bs(t) dh dt = 0.
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Therefore, using (2.3), we have

(1 3) h)bs(t) dh dt

< ||u () nnnll 22 () [@(P)Ds (1) || L2 (0, 77: 2 (f0,17))
< Clla(h)bs () 220, 11;22([0,17)) -

Noticing the denifitions of a(h) and bs(t), we can calculate that

(2.76)
( ) h)bs () dh dt

}l(]+ ‘tg tlla
a(h)*dh

fua h)bs(t) dhdt| =

1 1
2 2

< Clla(h)bs ()| z2((0,17;L2(j0,1])) = (/h

<Oty — 1 + 20| < COlts — 13,

(/OT bi(t) dt)

0= [ta—t1

where we used § < “22;“‘
Therefore, (2.76) and Lemma 2.10 show that

|[u?(t2, ho) — u’(t1, ho))|
T 1
< C (lluglla=po,11): T) </ / u?(t, h)a(h)bs(t) dhdt|ts — 17 + [t2 — t1|“>

(||UOHH2 (0,1]) )<|t2—t1|2 Gt fte — | )

for almost everywhere hg € [0, 1], t1,t2 € [0,T], t1 < t2. Taking o = i, we conclude
(2.69) and complete the proof of Proposition 2.9. d

3. Long time behavior of weak solution. After establishing the global-in-
time weak solution, we want to study how the solution will behave as time goes to
infinity. In our periodic setup, it turns out to be a constant solution of PDE (1.4).

THEOREM 3.1. Under the same assumptions of Theorem 2.2, for every weak solu-
tion u obtained in Theorem 2.2, there exists a constant u* such that, as time t — +00,
u converges to u* in the sense

(31) ||u‘3 — (u*)BHHl([O,l]) — 0 ast — +o0
and
(3.2) lu —u*|| oo (p0,17) = 0 as t — +oo0.

Proof.  Step 1. Limit of free energy E(u(t)).
For any T > 0, from the second energy-dissipation inequality (2.7), we have

(3.3) /01 W(T)? dh + 12 /T Eu(t, ) dt < /01 W2 dh.

By (2.6), we know E(u(t)) is decreasing with respect to t. Then (3.3) implies

1 1 1
(3.4) 12TE(u <12/ E(u dt</ ugdhf/ u(T)zdhg/ u dh.
0 0 0



WEAK SOLUTION OF A PDE MODEL ON VICINAL SURFACE 1727

Hence we have

(3.5) BEu(t,”) < g 5 0 for any t > 0,

which shows that E(u(t)) converges to its minimum 0 as ¢ — +oo.
On the other hand, denote w := u3, and

E(w) = / () dh = / (wni)? dh.

Since E(w) is strictly convex in H? and E(w) — 400 when [w]|z. — 400, hence
E(w) achieves its minimum 0 at unique critical point w* in H?2. Notice w is periodic
SO0 w* = constant.

Step 2. Convergence of solution to its unique stationary solution.

Assume u® € L*([0,00); H?([0,1])) is a solution of (1.4). Notice H?([0,1]) <
H(]0,1]) compactly. Then for any sequence t, — +o00, there exists a subsequence
tn, and f*(h) in H*([0,1]) such that
(3.6) u3(tn,,-) — f*(-) in H(]0,1]) as t,, — 4o0.

From (3.5) and the uniqueness of critical point, we have

/01 ((ult, ))n)? dh — /01((w*)hh)2dh — 0 as £ +oo.
Hence
(3.7 ud(t,-) — w* in H2([0,1]) as t — +oo.
Since u is periodic, we have the Poincaré inequality for (u?); and
(3.8) ud(t,-) — w* in H([0,1]) as t — +o0.
This, together with (3.6), gives
fi =0,

which implies f* is also a constant.
. . 1
Next we state the constant is unique. Denote u* = (f*)3. From (3.6) we know

(3.9) [t ) = (W) || Lo (o,1)) = O @S ty, — +00.
Since
(1fx)3§17x3 for0 <z <1,
we have
(3.10) lu —u*]? < u? — (u*)?],
which, together with (3.9), implies
(3.11) llu —u*|| oo (j0,1) = O as t,, — +00.
Hence u converges to u* in L?([0,1]). Besides, from the second energy-dissipation

inequality (2.7), we know L2 dh s decreasing with respect to ¢ so it has a unique
0

limit fol(u*)Q dh. Combining this with the uniqueness of the critical point in H?, we
know the stationary constant solution is unique and f* = w* = (u*)3. Therefore, as
tn, — 400, the solution u?(t,, ) converges to the unique constant (u*)® in H'([0,1]).
From the arbitrariness of t,, we know, as t — +o0, the solution u3 to PDE (1.4)
converges to (u*)® in H'([0,1]). Besides, by (3.11) we obtain (3.2). d
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Remark 3.2. Given the initial data ug, we cannot obtain a unique value of the
constant solution for all weak solutions to PDE (1.4) so far. From PDE (1.4), the
conservation law for classical solution is obvious,

(3.12) d 11dh 0 f t>0
. — —dh =0 for an .
dt 0o u yi=
Hence for any ug, we can calculate the value of the stationary constant solution u*.
11
In fact, for mo = [ 2> dh, we have

(uy? = 1 _ 1

= (f()l%dh)g mig.

However, the conservation law for the weak solution is still an open question, although
in physics it is true: u is the slope as a function of height and time satisfying

1y 1
/ fdh:/ xp dh = |p=1 — x|h=0 = L.
0o U 0

Appendix A. Formulations using other physical variables. For com-
pleteness, in this appendix we include some alternative forms of PDE (1.4) using
other physical variables to describe the surface dynamics. To avoid confusion brought
by different variables, we replace h by a when the height variable is considered as an
independent variable. Let us introduce the following variables:

e u(a,t), step slope when considered as a function of surface height «;

e p(x,t), step slope when considered as a function of step location x;

e h(z,t), surface height profile when considered as a function of step location
;

e ¢(a,t), step location when considered as a function of surface height a.

Several straightforward relations between the four profiles are listed as follows.
First, since ¢ is the inverse function of h such that

(A1) a = h(¢d(a,t),t) Ve,
we have

hy 1
A2 =t o = —.
( ) ¢t hw’ ¢ hx
Second, from the definitions above, we know

1

(A3) u(a, t) = p(¢(a, t),t) = ha(d(a, 1), 1) = e

We formally derive the equations for h, p, ¢ from the u-equation, which is consis-
tent with the widely used h, p-equation in the previous literature. The four forms of
PDEs are rigorously equivalent for a local strong solution. Now under the assumption
u > 0, we want to formally derive the other three equations from the u-equation (1.4)
(i.e., uy = —u?(u?)aaao if using variable «).

First, from (A.3), we can rewrite (1.4) as

(A4) bat = (q}) .
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Integrating respect to «, (A.4) becomes
1
(A.5) ¢t = <¢§> +c(t),
where ¢(t) is a function independent of « and will be determined later.

Second, let us derive the h-equation and the p-equation. On one hand, from (A.2)
and (A.3), we have

E
Ph$

On the other hand, due to the chain rule u, = p;¢q, we have

(A.6) U = PPt + pr = +pr = —%ﬂht + pr-

3
(A.7) (U)o = 3u*uq = 3pp. = §(p2)m.

Hence

Uy = _u2 (ug)aaaa

— g2 |:(((u3)am¢04)x ba), ¢°‘]

MG

(5 2%,

Now denote A := —%((‘P%)z. Comparing (A.6) with (A.8), we have

(he — A)EZ = (hy — A),,
p
which implies

where A(t) is a function independent of z and will be determined later.
Therefore, we know h satisfies

3 ((h2)zs
A. = o XYz/zw
(A.9) ht 5 ( ™ >x + A(t)ha,
and p satisfies
3 2 rxr
(A.10) f%2<@g ) AW

From (A.9), we immediately know - fOL h(z)dx = 0. Hence we have

/Olngda:L—/OLh(x)dx

due to (A.2). Thus we know & fol ¢ da = 0. This, together with (A.5), gives ¢(t) = 0,
and we obtain the ¢-equation

(A1) o=(7) -
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Now keep in mind the chain rule 9, = i@x and (A.2). Changing the variable in
(A.11) shows that

_ % — ((hi)z}Dw = (g(hi)x)w = gh% <(h}?§im)x

and A(t) = 0. Hence we obtain the h-equation

e o (U2

and the p-equation

From (A.11), (A.12), and (A.13), we can immediately see that fol ¢ da, fOL hdz, and
fOL pdx are all constants of motion. Equation (20) in [15, p. 213] is exactly (A.12) for
vicinal (monotone) surfaces, which is consistent with our equations.

Now we state the uniqueness and existence result for the local strong solution to
(1.4) with positive initial value. The proof for Theorem A.l is standard so we omit
it here.

THEOREM A.l. Assumeu® € H:.([0,1]), u® > 3, for some constant >0, m € Z,

m >5. Then there exists time T),, >0 depending on f3, ||u°|| zm 0,1]), such that

per

u € L([0, Tn); Hye,([0,1])) N L2([0, T Hpert*(10,1])),

per

U € Loo([O’Tm]; Hm_4([07 1]))7

per

is the unique strong solution of (1.4) with initial data u°, and u satisfies
B
(A.14) u > 5 @ te€0,T,], a€l0,1].

From (A.14) in Theorem A.1, we know

1
= >
Pa

Hence the formal derivation is mathematically rigorous and we have the equivalence
for a local strong solution to (1.4), (A.12), (A.13), and (A.11). However, as far as
we know, the rigorous equivalence for a global weak solution to (1.4), (A.12), (A.13),
and (A.11) is still open. It is probably more difficult than the uniqueness of the weak
solution.

NIy

u(a, t) = p(p(a,t),t) = hy(op(a,t),t) >0 ae te0,T,], acl01].
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