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Abstract. Irreversible drift-diffusion processes are very common in biochemical re-
actions. They have a non-equilibrium stationary state (invariant measure) which does
not satisfy detailed balance. For the corresponding Fokker-Planck equation on a closed
manifold, using Voronoi tessellation, we propose two upwind finite volume schemes
with or without the information of the invariant measure. Both schemes possess
stochastic Q-matrix structures and can be decomposed as a gradient flow part and
a Hamiltonian flow part, enabling us to prove unconditional stability, ergodicity and
error estimates. Based on the two upwind schemes, several numerical examples —
including sampling accelerated by a mixture flow, image transformations and simu-
lations for stochastic model of chaotic system — are conducted. These two structure-
preserving schemes also give a natural random walk approximation for a generic irre-
versible drift-diffusion process on a manifold. This makes them suitable for adapting
to manifold-related computations that arise from high-dimensional molecular dynam-
ics simulations.

AMS subject classifications: 60H30, 60H35, 65M75, 65M12

Key words: Symmetric decomposition, non-equilibrium thermodynamics, enhancement by mix-
ture, exponential ergodicity, structure-preserving numerical scheme.

1 Introduction

A general stationary (time-homogeneous) dynamical system with white noise, can be
modeled by a stochastic differential equation for y; € R’

dy;=b(y;)dt++v20dB;, (1.1)
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where ¢ is a noise matrix and B; is an ¢-dimensional Brownian motion. Denote D :=
ool € R™. For simplicity, we assume D is a constant positive semi-definite matrix. By
Ito’s formula, SDE gives the following Fokker-Planck equation, which is the master
equation for the time marginal density p;(y)

dip=—V-(bp)+V-(DVp)=:L"p. (1.2)

In some physical systems, the drift vector field b = —DV ¢ for some potential ¢ repre-
senting the energy landscape. Then the Gibbs measure 7t(y) e ?) is the invariant
measure. The simplest example is the Ornstein-Uhlenbeck process with b(y;) = —y;
and the diffusion coefficient o= ,/€7. In this case, is called Langevin dynamics, and
the corresponding Fokker-Planck equation has a gradient flow structure; see (2.22). In
this Langevin dynamics case, the Markov process defined by is reversible., if
we take 7t as the initial density, the time-reversed process has the same law as that of
the forward process. Equivalently, the invariant measure satisfies the detailed balance
condition

steady flux F*:=—bm+DVr=0. (1.3)

However, numerous dynamical systems in physics and biochemistry are described by
irreversible Markov processes (without detailed balance), i.e., there does not exist a po-
tential function such that the drift vector field b = —DV¢ in (1.I). For instance, the
stochastic Lorenz system, the Belousov—-Zhabotinsky reaction, or the Hodgkin-Huxley
model describe the excitation and propagation of sodium and potassium ions in a neu-
ron. The irreversibility in the nonequilibrium circulation balance is almost literally the
primary characteristic of life activities [19]. In this case, the invariant measure 7t is still
stationary in time, but there is a positive entropy production rate; see (3.12). Thus PRI-
GOGINE named such an invariant measure 71 as “stationary non-equilibrium states” or
“non-equilibrium steady states” in [29, Chapter VI]. We will simply call it steady state or
invariant measure. Later, Hill explains Prigogine’s theory using Markov chain stochastic
models for some simple biochemical reactions such as muscle contraction and clarifies
the formula for the entropy production rate [19, eq. (9.20)]. Another situation is
that for a Markov process on manifold, which is induced via dimension reductions (such
as diffusion map [7]) from a higher dimensional Markov process based on collected data,
some classical schemes such as the Euler-Maruyama scheme will break the detailed bal-
ance property.

Therefore, in this paper we focus on designing numerical schemes to simulate a gen-
eral irreversible Markov process on a closed manifold N; see (T.4). In terms of the SDE,
we will design a random walk approximation which enjoys ergodicity and accuracy. In
terms of Fokker-Planck equation (1.2), we will design two upwind schemes with a Q-
matrixE] structure so that they also enjoy ergodicity, unconditionally stability and accu-
racy.

*In some physics literature, it is referred as microscopic reversibility [28].
tak.a. infinitesimal generator matrix for a Markov chain
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Assume N is a d-dimensional closed manifold which is smooth enough. Let b € T
be a given tangent vector field. We denote the over-damped Langevin dynamics of y by

d
dy:=b(y)dt+v20 Y 7V (y) @1 (y1)0dBy, (1.4)
i=1

where ¢ € R™*! is a constant matrix corresponding to the thermal energy in physics,
the symbol o means the Stratonovich integral, B; is /-dimensional Brownian motion and
{’L’ZN ;1<i<d} are orthonormal basis of tangent plane Ty, . Here V r:= v, TiN Vo=

ya TZ-N ®TZ-N V is the surface gradient and Von :TZN -V is the tangential derivative in the

direction of ’l’lN . More precise conditions on the manifold are described in [21, Chapter
4], [20]. By Ito’s formula, the corresponding Fokker-Planck equation is

dp=—Vn-(bp)+V-(DVrp).

For simplicity of notation, we drop subscript A and still use (1.2).

In terms of a general Fokker-Planck equation on a closed manifold N, if without de-
tailed balance, we can decompose it as a gradient flow part (described by a symmetric
operator) and a Hamiltonian flow part (described by an antisymmetric operator); see
Section It is important to design numerical schemes that preserves this structure
in the discrete sense. Thus in Section [2, based on the Voronoi tessellation for manifold
N, we will develop two upwind finite volume schemes preserving stochastic Q-matrix
structures and the discrete decompositions. The first upwind scheme does not rely on
knowing the steady state 7t of irreversible dynamics (I.4); see Section The second
upwind scheme, which is called 77-symmetric upwind scheme, leverages a given steady
state information 7t to simulate irreversible dynamics and also enjoys ergodicity
to this given steady state; see Section More importantly, schemes with stochastic Q-
matrix structures always have a 7r-symmetric decomposition, which decomposes the dis-
crete flux as a symmetric part (corresponding to a dissipation part) and an antisymmetric
part (corresponding to an energy-conservative part); see Section |3l The later part has no
contribution to the discrete energy dissipation, so we have same stability and ergodicity
properties for both schemes; see Proposition3.1|and Lemma Moreover, based on the
Q-matrix structure, we will propose an unconditionally stable implicit time discretiza-
tion solved explicitly and prove its stability and exponential ergodicity; see Proposition
B2

In Section [}, we will give convergence and error estimates for the numerical steady
state and the numerical dynamic solutions solved by the first upwind scheme (2.6), which
rely on the Taylor expansion on the manifold and the discrete energy dissipation law; see
Theorem[4.1} In Section[5] several numerical examples based on upwind scheme (2.6) and
rt-symmetric upwind scheme are conducted: (i) accelerated sampling enhanced by
an incompressible mixture flow; (ii) image transformations immersed in a mixture flow;
and (iii) the stochastic Van der Pol oscillator in which we only know the drift vector field
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b in the irreversible process. In the sampling and image examples, it is interesting to see
the convection (the Hamiltonian flow part in the scheme) brought by the incompressible
mixture flow speed up convergence of the dynamic solution to its steady state, which
could be a promising direction to explore further in the future.

For Fokker-Planck equation in a bounded open domain Q C R’ with various
boundary conditions, there are many pioneering studies on numerical simulation. The
most famous one is the Scharfetter-Gummel (SG) scheme proposed in [31] for some 1D
semiconductor device equations; see Appendix |B| for detailed comparisons. Some ex-
tensions and mathematical analysis have been studied; e.g., [1}125| 26| 35] and recently
in [3]. We will follow similar ideas of a finite volume method for the drift-diffusion
equation [2,/5,|10] but place more emphasis on the new Markov chain structures and
rt-symmetric decomposition. We develop the structure preserving schemes described
above which possess stochastic Q-matrix structure and discrete 77-symmetric decompo-
sition. Particularly, our scheme also preserves irreversibility and recovers the original
irreversible invariant measure. In summary, for our scheme (2.27), one has all the good
properties including (i) positivity preserving; (ii) total mass preserving; (iii) well-balance
property; (iv) £!-contraction; (v) the discrete 71-symmetric decomposition (3.9); (vi) en-
ergy dissipation law; and (vii) ergodicity. Both of these schemes and naturally
provide a random walk approximation for irreversible Markov processes on manifolds
and thus also more easily adaptable to some data-driven algorithms based on high di-
mensional point clouds; c.f., [13,18]. We also refer to [4] for exponential ergodicity of
a hybrid finite volume schemes and refer to [32] for upwind schemes of aggregation—
diffusion equations. The idea for the design of numerical schemes for these two recent
work rooted in [32] but using a nonlinear approach which do not have Q-matrix proper-
ties.

The remaining paper will be organized as follows. In Section [2| we propose two
upwind schemes with Q-matrix structure for the irreversible process (1.4). In Section
we give the discrete 7r-symmetric decomposition for a generic irreversible process on a
closed manifold. Based on this, an energy dissipation law and exponential ergodicity are
proved for both schemes. In Section [d, we give convergence and error estimates in terms
of the x?-divergence. In Section several numerical examples with/without steady state
information are presented. Two schemes in the 2D structured grids case with no-flux
boundary condition are given in appendix for completeness.

2 Two upwind schemes as random walk approximations for
irreversible process

This section focuses on constructing random walk approximations for irreversible drift-
diffusion process (1.4). The approximations are proposed based on some upwind finite
volume schemes for the corresponding Fokker-Planck equation (I.2).

We focus on two kinds of fundamental problems in numerical simulations for irre-
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versible process, i.e., the drift vector field b does not satisfy the detailed balance condition
b=-DV¢.

The first kind of problem is we only know the drift vector field b without steady state
information. In this case, we will design an upwind scheme with Q-matrix structure
based on the Voronoi tessellation for manifold A to solve both numerical steady state
and simulate the dynamic process described by ; see Section[2.1]

The second kind of problem is that in many applications, we have information about
the invariant measure 77, although it is not detailed balanced (pointwise steady flux
F™#0). This kinds of “steady state with nonzero flux on network” happens very com-
mon in biochemistry. In this case, we will design a 77-symmetric upwind scheme
which recovers the given steady state 77; see Section This scheme is motivated by
a reformulation as a gradient flow part and a Hamiltonian flow part for the continu-
ous Fokker-Planck equation; see Section Detailed analysis for upwind schemes with
generic Q-matrix structure will be given in Section 3}

2.1 Voronoi tessellation and upwind finite volume scheme

In this section, we first propose a finite volume scheme for the Fokker-Planck equation
based on a Voronoi tessellation for /. Then we design an upwind finite volume
scheme with a Q-matrix structure, which can be reformulated as a Markov process on
finite sites and enjoys good properties.

Suppose (NV,dy) is a d dimensional smooth closed submanifold of R’ and d is in-
duced by the Euclidean metric in R S:= {yi}iz1.n are point clouds sampled from a
density function on A bounded below and above. It is proved that the data points S
are well-distributed on N whenever the points are sampled from a density function with
lower and upper bounds [33]]. Using generating points {y; } and metric d s, define

Cii={yeN; dy(y,yi) <dy(y,y;) forally;€S} with volume [C;|=H*(C)). (2.1)

Here H%(C;) the d-dimensional Hausdorff measure of cell C;. Then N'=U" C; is a
Voronoi tessellation of A/. Denote the Voronoi face for cell C; as

I;;:=CNC; withitsarea |T;;|=H""(T;), (2.2)

forany j=1,---,n. If T;; =@ or i = j then we set |I';j| =0. Define the associated adjacent
sample points as

VE(i):={j; T;j #@}. (2.3)

Using the above Voronoi tessellation, associated the discrete density p;|C;| at cell C; and
the sign of the flux at each site, we design the upwind scheme as follows.

For each cell C;, denote the unit outer normal vector field on dC; (pointing from i to
its adjacent j) as n € R’. Denote (b-n);, (bn)l; >0 as the positive and negative parts of
(b-n);; respectively, where (b-n);; means evaluate (b-n) at the intersection point of the
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geodesic from y; to y;. We integrate (1.2) on C; and use the divergence theorem on cell C;
to obtain

dt/pHd = ) / (—bp+DVp)H' ! (Ty). (2.4)

JEVEF(i)

The probability in C; can be approximated as
[ p)H(C)=p(yi) (1 +diam(C)) G, @5

so we use p; to approximate the exact solution p(y;) on each cell C;.
We introduce the following upwind finite volume scheme and call it “upwind scheme”.
Fori=1,---,n,

d nij- Djj (0 —pi) _
—0;|Ci| = T;i +(b-n)pi—(b-n)p; |, 2.6
dtP1| l| ]6;(1)| Z]|< |y]_yl| ( )z]p] ( )z]pl ( )

where |C;| is the volume element at cell C;.
One can recast (2.6) as a matrix form

d N .
aP1|CZ|ZZQ1]P]|C]|z l:]-/"'/n/ (27)
]

where the Q*-matrix is given by

|1"1]| nl] Dnlj Lo |F1]| ni]--Dnl-]- +
Qii= ( +(b-n )>0 #i, Qi= <— —(b'n ) (2.8)
= e Uyymyel 7020 070 Q= 2 e Sy B
Since for any two adjacent i and j, we have
nj=—nji, (b-n);=(b-n);. (2.9)

Thus the transport of Q* satisfies

|1"1]| ni]--Dni]- _ |FZ]| 1’11] Dnz] ..
Q;i= < +(b-n ..): ( +(b-n >>0 #1,
e Ny T e Uy T )20

Qi=— Z Ql]

JEVEF(i)

(2.10)

One can see Q-matrix is a stochastic matrix that row sums zero; see [23, Definition 2.3].
Then Q is the generator of the associated Markov process on point clouds. We list the
following standard properties for Q-process (2.7), which guarantee good properties for
the numerical scheme:

* positivity preserving, i.e., min;p;(0) >0==min;p;(t) >0;
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* total mass preserving, i.e., % YipilCil =Y Qiipj=0;
° ﬁl-contraCtiOH, ie., %21 ’pl‘—ﬁl" ‘Cz’ < Zi,j Z*]’p]—ﬁ]‘ =0.

For the adjoint process 0. f;= Zj Qijfj, it satisfies maximal principle, i.e., for iy, :=argmin, f;
and ips:=argmax f;,

d d
afim :;Qim]' (J[f_finz) >0; Eflm :;Qimj (f]_flM) <0.

When the exact metric for the manifold is unknown, we can also use collected point
clouds which probe the manifold to compute an approximated Vonoroi tessellation; see
details in [18, Algorithm 1]. We also give a comparison between our scheme and previ-
ous finite volume schemes in Appendix

Remark 2.1. One can interpret the upwind finite volume scheme as the forward
equation for a Markov process with transition probability Pj; (from j to i) and jump rate
Aj
d .
GPilGil= Y. APipilCil=AipilCil, i=1,2,-m, (211)
JEVE()

where fori=1,2,---,n,

. Qi N B . .

A=) _Qij, Pyji= - jeVF(i); P;=0, j¢VF(i). (2.12)
i i

Using the exponential distribution f(t;A) = Ae~* with rate A, one common con-
struction of Q-process with generator Q is given by Gillespie’s algorithm in
the Monte Carlo simulation, ie., given X; = i, the probability for the event
{after waiting time T;, the jump i to j, X;-=j happens} is given by PjjA;e~4". This time-
continuous Markov chain is an exact construction for the Q-process. There are also other
time-discrete Markov chain constructions, which serve as good approximations for Q-
process when time step At — 0. For instance, let us assume (i) X; =1, (ii) the probability
for X; stays at site i is e YAt ~1—A;At, (iii) the probability for the jump i to j happens in
[t,t+At] is A;Ate= B = A;At. Then the corresponding master equation is just the forward
Euler scheme for (2.11))

oi T =pf (1=AiAt) +Y_pkPdAt. (2.13)
j
The unconditionally stable explicit scheme (3.36)) is another example for the time-discrete
Markov chain construction of the Q-process.

Remark 2.2. The upwind finite volume scheme (2.6) belongs to monotone schemes uni-
form in D. It is well known all monotone schemes that uniform in D have at most first
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order accuracy. To achieve higher order schemes for convection-dominated problems
that enjoy the above positivity preserving property and still uniform in D, one need to
restore some nonlinear schemes by the method of limiter or streamline diffusion meth-
ods. However, the nonlinearity will destroy the Q-matrix structure and we will leave
high order schemes for a future study. On the other hand, in the case that diffusion D is
not small, standard centered scheme can be adapted as a second order scheme.

2.2 Reformulate as gradient flow structure and Hamiltonian structure

Recall the continuous Fokker-Planck operator £* in . From now on, to ensure exis-
tence of a positive invariant measure 7t, we assume D is positive definite. Based on [21,
Proposition 4.5], we know the Fokker-Planck operator £* on the compact manifold N
has a unique invariant measure, denoted as 7,

0=L"t=-V-(br)+V-(DVn). (2.14)

We first use the invariant measure 7t to decompose as two parts: gradient flow part
and Hamiltonian flow part. Rewrite (1.2) as

dp=Lp=V-(DVp—bp)=V- (DNVP p(DVn—nb))
:v-(DnvP) (DV7t—rth)- vp L*p+T‘0 (2.15)
Here the symmetric operator L* is
L*:=V-(DnV), with (f,L*¢)=(L"f,g), (u,L*u)<0, (2.16)
while the antisymmetric operator T is
=(DVr—nb)-V=u-V, with (f,Tg)=—(Tf,g) (2.17)

since V-(DVrt—nb) =V -u=0 by (2.14). Here we remark that in terms of p-variable,
we usually say V- (DtV 1) (resp. u-V 1) is symmetric (resp. antisymmetric) operator in
LZ(%). We will call this decomposition as ‘7T-symmetric decomposition’.

In the irreversible case, for the reformulated Fokker-Planck equation can be
regarded as a gradient flow part dyp=L*£ =V - (DnV£) plus a Hamiltonian flow part
(convection part) 9,0 =TE = (DVr—7b)-V£. Indeed, given a convex function ¢ with
¢"" >0, denote the free energy as

Ei= [ (%) mex. 218)
Since V- (DV7t—7tb) =0, for any free energy of the form (2.18), we have
<5p 7'(> <4’ (n) T > /(DVN 7b)- V4>( )dx—o. (2.19)
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For the gradient flow part, we have

<§5,L*7i>:<¢( L*p /¢” an DVpdx<0 (2.20)
This observation is quite similar to the so called GENERIC (general equation for non-
equilibrium reversible-irreversible coupling) formalism, which also decomposes a gen-
eral thermodynamics as a gradient flow part and a Hamiltonian flow part.

From (2.19), in terms of the energy dissipation law, the Hamiltonian part has no con-
tribution. From now on, we denote c as a generic constant whose value may change from
line to line.

Below we summarize the following lemma for the energy dissipation law for continu-
ous equation and later we will use it to derive a corresponding discrete energy dissipation
law.

Lemma 2.1. Let E be an entropy defined in (2.18), we have the energy dissipation law
/I p p
q) nv DV dx <o, (2.21)

Specially, it is well known that the reversible condition (detailed balance condition) is
equivalent to b=DVlog, i.e., there is only symmetric part d;p=L*£. In this case, there
are particularly two well known gradient flow structures:

(i) Take ¢(x) =xlogx then free energy becomes KL(p||7r) = [plog£dx, and we have
the gradient flow

0KL d Y Iy
= . ] _— = — — NV <0: .
oip=V <pDV 5 ), dtKL(pHn) <pV10g7T,DV10g7T>_O, (2.22)

(ii) Take ¢(x) = 3x2, then free energy becomes x>-divergence x*(p) =1 [ %dx, and we
have the gradient flow

CX (F) [I‘ 2 F F
N . - —_ L L < . .

Particularly, take ¢(x) =3 (x—1)?, then we have the decay estimate for 1 [ @dx,

dl r(p—m)?*, P Holf
o5 de_—<7tV;,DV%>§O. (2.24)

This together with Poincare’s inequality

/]u|27tdx§c<7TVu,DVu> for /undx:O,

yields the exponential decay of p to steady state 7.
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Thanks to Poincare’s inequality, 77-symmetric decomposition (2.15) and Lemma
we conclude that in terms of exponential ergodicity, there is no difference between the
irreversible process and the corresponding reversible process. Indeed, the equivalence of
the exponential ergodicity for the irreversible process and the corresponding reversible
process was already established in [6]]; particularly for countable state space. Moreover,
besides the gradient flow part, the incompressible transport u-V £ brought by u=DV 71—
7tb usually results in mixture. Thus we will observe a speedup of convergence for the
irreversible process; see Section

From 7r-symmetric decomposition ([2.15), for the irreversible case, the dynamics can
not be described only by a gradient flow and there is an additional Hamiltonian flow part.
This observation is also given by [27, Example 4.3]. Moreover, by defining a L-function
in the large deviation principle, [12}27] established the relation between (generalized)
gradient flow and the L-function in the large deviation principle; see also [14,15,17].

Designing a structure preserving numerical scheme is important and will be studied
for schemes with generic Q-matrix structure in Section [3| via a discrete 77-symmetric de-
composition. Specifically, we will show both “upwind scheme” and “7r-symmetric
upwind scheme” (2.27) are structure preserving numerical scheme which enjoy the above
rt-symmetric decomposition, a discrete dissipation law and exponential ergodicity.

2.3 m-symmetric upwind scheme for irreversible processes with an invariant
measure

In this section, we design a finite volume scheme based on 7r-symmetric decomposition
(2.15) and based on a given steady state information, i.e., the invariant measure 7r. The
expected numerical scheme, which defines a numerical 77;°, should recover the given
steady state 77;° = 71;. This kind of idea that preserves given steady state is known as
“well-balanced scheme.” Recall the symmetric decomposition (2.15)

v —bp)=V- L _ab). vl =P TP
9,0=V-(DVp—bp)=V (DnVﬂ)—F(DVn mb)-VE =1 LTl (2.25)
From stationary equation (2.14), the new drift velocity
u:=DVm—nb, V-u=0. (2.26)

Then two common scenarios in applications are (i) given the non-gradient form drift b
and steady state 7r, we can compute the new drift velocity (2.26); (ii) given any incom-
pressible velocity field u such that V-1 =0, based on 7, then the original drift is given by
b =D Vr + u
7T Tt
Now using the symmetric decomposition (2.15) and the given steady state informa-
tion 71, we design the following upwind finite volume scheme and call it “77-symmetric
upwind scheme”. Fori=1,---,n,

d <D(m+7'cj) (Pj Pi) _p Pi)
afilcil = il 50— | =—= | +(un i —(u-n l+7 , (227)
ar’ < je;(i)‘ i 2lyi—yil \m (u-n); T (u-n); p
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where |C;| is the volume element at cell C;. Here (u-n);]f, (un)l; >0 as the positive and
negative parts of (u-n);; respectively.

Denote |F | D( )
i 7Ti+7Tj
Qi = y ( +(u-n >>0 £1i,
i Trlici \ 2y =y i )20

v Tl D(m+m;)) N
Ch_;VMWJ< Sy )

(2.28)

Then from (2.9)

Q;j=Qji=

I8 <D(7Ti+7Tj)

=0, i=—3_Qij, 2.29
I7lICI\ 2ly;—yil +<u")) J#i Qi==)1.Qy (2.29)

j#i
which is still a stochastic Q-matrix that row sums zero. Then (2.27) can be recast as

d *
api’q ZZQUP]'\CH- (2.30)
j

2.3.1 Structure preserving decomposition

For the upwind part of (2.27), notice

+ P

(u-n)] = =(u-n)ij—+(u-n); —. (2.31)

i i

Then the flux Fj; in (2.27) can be recast as

=il (g gt +0s ) (B-5)-Gemife). 2

Notice another anti-symmetric decomposition for the upwind parts

ey & 2=y (2 2 ) Gl (2 2) e

7T T T

Then another recast of flux Fj; in (2.27) is

_ D(mi+m;) 1 i pi) 1 Pj | pi
”—”ﬂ(<aw—m|*ﬂw“ho(m‘n)‘zw“”<m+n))' (234)

Using (2.34), multiplying (2.27) by % and taking summation w.r.t i, we have

d p? ITy| ( D(7ti+717)

2
90 m— ) (P pi
dtﬂi|C1’_ L 2 ( y;i—yil e nM) (”j ﬂi) e

i,f

T 0j pi | P T3] 2
= S oy (20 2 ) = o

ij TT; ] i

(2.35)
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Notice in the continuous case, given 7t and b, the drift u in (2.26) is divergence free. If we
have same divergence free condition in the discrete case, then I, =0 and we obtain the
accurate convergence to steady state. Thus we construct the discrete velocity field such
that the incompressible condition holds

Z|Tz‘,j\ (u-n);;=0. (2.36)
j

There are some well-known schemes in computations for incompressible flows,
Maxwell’s equations and magnetohydrodynamics [9,24]. We adapt them in the 2D case
as follows. In 2D, there exists a stream function 1 (x,y) such that u = (—d,,0.¢). For
each 2D cell C;, we set a counterclockwise orientation for its face Lyj,jeVF (i). Then at
each face I';;, denote the starting point as «;; and the ending point as 8;;. Then the discrete
incompressible velocity field is defined as
$(Bij) —plaij) _ (Bij) —(wi)
(u-n)ij:=0rp~ = , (2.37)
T |Bij —wij] ITij]

which automatically satisfies (2.36). In 3D case, we need use a vector potential instead
of stream function while in higher dimension there are more freedoms to construct the

incompressible velocity.
Thanks to (2.36) and I, =0, (2.35) becomes the discrete energy dissipation law

de

1 A%
T n,|Ci|:—220¢i,]’<p]—p> <0 (2.38)

i 7'[]' 7T;

with a symmetric coefficient a;; = |T';; Dt ) +|(u-n);;|); see Proposition 3.1| for same
y j j j p

lyj—vil
result with a general Q-matrix. Then with the truncation error estimate, we will give
the convergence analysis in Theorem {4.1| for the numerical solution in terms of the x-
divergence.

After choosing u satisfying (2.36), from (2.32), 7t-symmetric upwind scheme (2.27) is
equivalent to

d D(rmi+m;) /P pi
P1GI1= Y. Fi Ffi:|rij|<l]+(u'n)ij)<]_pz>' (2.39)

JEVE(i) 2|yj—yil o T

Thus although the original Fokker-Planck is irreversible, but the discrete flux F;; can
be chosen such that the discrete steady flux

D(T[i—i—ﬂ']')

TC; TT;
+(u-n); f—l>za Vi, j. (2.40)
2lyj—yil ( )]>< J

7Tj TT;

F=1ny)

This implies the scheme is well balanced, i.e., numerical steady state 717> = ;.
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Remark 2.3. Although we can choose the discrete flux satisfies (2.40), we remark this
does not contradict with the equivalent irreversible condition, i.e., the flux F* =0 point-
wisely for continuous Fokker-Planck equation; c.f. [15,30]. Indeed, because of different
decomposition of flux and (2.36), in the numerical schemes, one can either use the point-
wise flux F;; in (2.39) or use original Fj; in (2.32); however, only the former one satisfies
(2.40).

Remark 2.4. Although we design numerical schemes under the assumption N is a closed
manifold, for manifold with boundaries, we point out the construction of schemes and
the analysis for no-flux boundary condition are identically same because j € VF(i) in
both schemes and already accommodate the no-flux boundary conditions for
i adjacent to the boundary. In the numerical examples in Section [5, for 2D structured
grids, schemes and naturally equip with no-flux boundary conditions.

3 Structure preserving, ergodicity and stability

In this section, for numerical schemes with an abstract generic Q-matrix structure, we
present a structure preserving reformulation, which is the discrete counterpart of -
symmetric decomposition (2.15). Then we use it to prove stability and ergodicity for
schemes with a generic Q-matrix structure. These results apply to both and (2.27).

3.1 Structure preserving for the r-symmetric decomposition in discrete case

In this section, we leverage the numerical steady state 77;° to recover the 77-symmetric de-
composition for numerical schemes with a generic Q-matrix structure, for instance (2.6),
and derive the discrete energy dissipation law. We will show that all the structures for
continuous equation are also preserved for our numerical scheme including (i) positivity
preserving; (ii) total mass preserving; (iii) well-balance property; (iv) £!-contraction; (v)
the discrete 77-symmetric decomposition (3.9); and (vi) energy dissipation law.

Step 1. As we already observed in (2.29), Q defined in (2.29) is a stochastic Q-matrix.
Thus (i) positivity preserving and (ii) the total mass preserving are straightforward. The
well-balanced property directly comes from (2.40). For (iv), one can see for any p; and p;
and e;=p; —p;

d
aZ|ei| =) "Qjisgn(e;)e; <) _Qiilej| =0, (3.1)
g i i

due to Y. Qij=0. Thus (iv) £!'-contraction holds.

Step 2. Before doing the symmetric decomposition, we first clarify the existence and
uniqueness of a positive numerical steady state 7. Since our scheme is well-balanced
, the numerical steady state 7% = 7t exists. Next, we show the uniqueness of 7*
using the Perron-Frobenius theorem. Let Q be the Q-matrix defined in (2.10). Notice the
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Vonoroi tessellation implies the directed graph associated to Q is connected. Thus Q is
irreducible. Taking a constant a > max;(—Q;;) >0, we construct a transition probability
matrix

K::%H (3.2)
such that 0
Ki]-:jfzo, j#i; K”_1+&>0 (3.3)

Since K;; >0, the resulted Markov chain with transition probablhty matrix K is aperiodic.
It is easy to see ) ;Kj; =1, so we know 1 is an eigenvalue to K with a right eigenvector

e:=(1,1,---,1)T, i.e. Ke=e. Then by the Perron-Frobenius theorem for K, we know

 up=11is the principle eigenvalue of K and all the other eigenvalues |u;|<1,i=2,---,n;

* there is a positive eigenvector, denoted as 7, being the left eigenvector corre-
sponding to 1, i.e. tLK=mZ.

Here and in the following context, the vector p is short for p*:=(p1|C1],-*+,01|Cn|). Thus
we know the positive vector 7% is the unique numerical stationary solution to

ZQl] ] |C | - (34)
j
One can interpret the right-hand-side of as the flux gained and lost at site i. Denote
Fii:=Qjipj|Cj| — Qijpil Cil, (3.5)
then the dynamic solution satisfies
at pl’C ‘ Z jir i:1,2,"',1’l. (36)
JEVEF(i)
Denote the steady flux as
F:=Qunf°|Cjl—Qym®|Cil, ), F (3.7)
jeVE(i )

then we have the symmetric property

F;

Jir i ]
Next, leveraging the positive numerical steady state 71, we reformulate the flux Fj; using
a discrete 7r-symmetric decomposition. Using an elementary identity, we have

Fi=Qjip;|Cj| — Qijei| Cil
_ QimIGl+QymICil (p]- 0; >+Qﬁn;-’°\Cj|—Qij7r§’°|Ci\ (m+m)

2 e 2

jj (ﬁ;}_f%) +2F]l (F)J—FF)Z) =:L;j+Tj, (3.9)
j

j 1

1
2
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where a;j:= Qi T° |Ci|+Qijmt°|Ci| = ji >0 is the symmetric positive coefficients. For the
reversible case, a;; is known as Onsager matrix.

From the row sums zero property for Q-matrix, the natural tangent space of the prob-
ability space will be Tp:={u € R"; Y ;u; =0 and u; >0 if p; =0}. Then from the antisym-
metric property, we have

Za,j (’—5)— 2 <+n> 0. (3.10)

] 1 ] 1
Thus (v) discrete n—symmetrlc decomposition - 3.9) holds. It ensures each component in

the decomposition still belongs to the tangent space Tp.
From stationary equation (3.7) and (2.9), we have

F7T 5.
J J ] L] i Lj ]
Therefore the second part T;; in the decomposition has no contribution in the energy dis-
sipation law. Indeed, if the rever51b1e condition (detailed balance) holds, i.e., QjiTt; *|Cil=
Q;ji°|Ci|, then Tj; =0 and we obtain exactly same energy dissipation law as the irre-
Ver51b1e case. However for the irreversible case, i.e., Q;i7t; ®|Ci| # Qijri°|C;|, PRIGOGINE
characterized the energy transport when the dynamical system reaches the “stationary
non-equilibrium state 77”7 via the concept of entropy production rate [29]. Irreversible
process is important for computing transition paths in chemical reaction [13] and con-
structing the global energy landscape [16]. Importantly, using Markov chain models in
biochemical reactions, HILL gives the following specific formula for the entropy produc-
tion rate and call it “the total rate of free energy dissipation” [19, eq. (9.20)]
_kT - - Qi IGil
ds:=" ZZ;(QZJ il —Q;im?|Cy ) log 50,
/] ]

Apparently, dS =0 if and only if the detailed balance condition holds (reversible case).
See Appendix [C|for detailed derivations by HILL.

In the following convergence analysis, since D is positive definite, so n;;- Dn;; > ¢ > 0.
Thus for notation simplicity, we now assume Dz-j = D(Si]-, D >0 is a scalar constant. From
the definition of Q for (2.6),

= [T (W%—(b-n)ﬁpj—(b-n);]fpi) .

Respectively, the steady flux at site i is

>0. (3.12)

D(n”—n“’)

] 1

Fi=I'ii|| ———%+(bn n—bnln"" . (3.13)
Tyl |y e o)

We summarize (vi) discrete energy dissipation law below.
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Proposition 3.1. Let p; be the solution to (3.6) and 77;° be the solution to (3.7).
d « 0? 1 2 pj P ’
: j ;
dtz Cil 2% aij(?t“’ 719")

2
I';; 7Tc->o+7'( .

-y 00
7'[] 7'L'i

where a;; = Qj; 7t;?° |Ci|+ Qi |Ci| =wj; > 0. Moreover, we have also

2
d (Pz s )2 C 1 Oj Oi
7“51‘,71 9o| l‘ _722 :al] Ry

i,j j i

2
__72@ (pf_Pi> <o. (3.15)

yil e
We remark the y2-divergence energy identity (3.14) always holds with/without de-

tailed balance condition. Usually the dissipation term 5 Zl i (L5 £ 7%)2 is called discrete

Dirichlet form. As a consequence, the symmetric coefficients for “upwind scheme” is

D 00y 00 + —
le] = \1“1]\ <’y]—y,‘ (71'1' +7Tj )+(bn) —|—(b 1’1)]1 7'[] > —oc]'i, (316)
while for “7r-symmetric upwind scheme” is
D(mi+m;
Kij = |1“ij\ <(l])+’<u'1’l),‘j’> =jj. (3.17)
yi—yil

Proof. Using the definition of Q, direct calculations show a;; = Qi ®|Ci| +Qijmr° |Cil s
given by (3.16). From the decomposition (3.9) and (3.11), the dlscrete energy dissipation
law becomes

2
1 Pi pi
= —) Fi|=-— — | <o. 3.18
P ?z) Eo(g) = ow
Since 7t is positive, we have the estimate

|Tijl (75> +7157)

i > (3.19)
lyj—vil
Then (3.18) implies (3.14). Moreover, from conservation of total mass,
oi . 1d ¢ (pi—7f)?
L folci=F (£ -1)alci=3 5 =2, (.20

so we also conclude (3.15). ]
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We point out that the stability analysis here and in the remaining section also works
for the Fokker-Planck equation on non-compact manifold as long as a positive solution
to Q* 1™ =0 exists. However, there is no general Perron-Frobenius theorem to ensure the
existence of for a Q-matrix on a countable states.

Remark 3.1. Compared with the 7r-symmetric decomposition in the continuous case

(2.15), the gradient flow part in (3.9)
g p

D|T;| °+7m° [ p (b- n) T+ (b- n)
Lij= b : (J_pl>< +lyj—vil ] (3.21)

Clyi-yil 2 e e D(Ttl +7°)

has an additional numerical dissipation terms O (|y;j—y;|). This numerical dissipation
comes from the upwind discretization. Indeed, without this additional numerical dis-
sipation term, d;p;|C;| = Z]-Lij is exactly the finite volume scheme designed in [18] for
reversible case.

We remark that as long as we have Q-matrix structure, the ¢-divergence dissipation
holds. Indeed, let ¢ be a convex function and E= Zlqb( ) 7;. Then using ) ; Qjitj =0 and
2;Qij=0 for any i, we have

$E00(8)-Taor(2)- Fomt (/(2) +(2)
B (v(2)¢(2)) Ean((2)+(2)
o (2((2)+(2))-((2)+(2) o

where (x) is any function to be chosen later. Denote y = % and x = %’1 To compute the

Bregman divergence Dy (y,x) associated with ¢ for points y,x, take 1(x) =x¢’(x) —¢p(x),
then ¢/ (x) =x¢" (x) and

ylo' () =¢' W] =[p(x) = ()] = (y—x)¢' () +¢(x) —p(y) = =Dy (y,x).  (323)

Using the integral form of the reminder in Taylor expansion,

Dy(yx)=(y—2 [ (1-6)"(x-+0(y—x))d0 0 (324

Then the dissipation relation becomes

S=— ¥ QimiDy <pf,‘)f> <0. (3.25)
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3.2 Ergodicity

Let Q be the Q-matrix defined in (2.10). Recall the nonnegative irreducible stochastic
matrix K defined in (3.2). Recall the right eigenvector e:=(1,1,--- ,1)T, i.e. Ke=e¢e corre-
sponding to 1 and the left eigenvector, i.e. 7' K=" due to the Perron-Frobenius theorem
for K. We have the Jordan decomposition for K

K:S< é (]) )SlzenT+S< 8 (; >51, (3.26)

where ] consists of Jordan blocks with ;| <1,i=2,---,n and we used S;; =e;, Sfjl = 7j.
Here and in the following context, the vector p7 is short for p := (p1|C1],-++,01|Cn|)-

Lemma 3.1. Let Q be the Q-matrix defined in (2.10) and p; be the solution to (2.7). Given initial
data po, we have

ot — 7]l < ce (42l =1)] g |, (3.27)
where |py| <1 is the second eigenvalue of Q and a >0 is the constant in (3.2).

Proof. From the construction for K and the Jordan decomposition in (3.26), we know

_ (0 0 .
Q_a(K—I)_S< 0 a(j-1) >s : (3.28)
Thus
th:enT+S< 8 ea(]ql)t )s—l. (3.29)

Then for the solution p; to (2.7), we have

0 0 _
ptT—nT:pgth—nT:pgS( 0 - >S L (3.30)

Notice | consists of Jordan blocks with |p;| <1, i=2,---,n, and each Jordan block ¢ can be
written as the sum of ;I and a nilpotent matrix N. Thus we have e*Ur=1) = eat(#:=1) gatN
and |[e*N || 1 < ct"~2. Therefore, combining (3.30) with

at(|pp|-1)
||ea(f_l)t||gl Sctn—zeat(\yz\—l) <ce Z

we conclude (3.27). O

Another proof for the ergodicity is using the following discrete mean Poincare’s in-
equality [10, Lemma 10.2]. As a consequence, the exponential decay rate will not depend
on the data size n.
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Lemma 3.2 ([10]). Assume Y ;u;7t;|C;| =0, then we have the discrete mean Poincare inequality

Lii| (7t 47
i

2
ui—uj). (3.31)
= lyi—yjl (=)

Using (3.15) in Proposmon and then taking u;= £l —1 in Lemma 3.2, we have

d - (pi—7m)? Tl (i +-757) [ pj_ pi
dtZ - <2y T T (7;—7;, —CZ Pl 6o
ij ! ] !
This implies the exponential decay in x?-divergence
.72 ) _ )2
y- (e 7:’) |ciy§ecfz(pl(0;, ) . (3.33)
i i i i

3.3 Unconditionally stable implicit scheme solved explicitly

Although there is no detailed balance property, we will use a mixed explicit-implicit time
discretization to design an unconditionally stable mixed explicit-implicit scheme for (2.7),
which enjoys a new stochastic-matrix structure. Since this scheme can be solved explic-
itly, we will also call it as an explicit scheme for simplicity.

Let p¥|C;| be the discrete density at the discrete time kAt. Recall the constant a >0 and
nonnegative irreducible matrix K = %—i—[ defined in (3.2). Introduce the mixed explicit-
implicit scheme as

i |Cil—pf|Cil = ) ant (Kﬁpﬂcj\ —poi ! !Ci\) , i=12,0m. (3.34)
j

Now we recast it as a new discrete Markov chain with a transition probability K, which
is unconditionally stable and enjoys fast convergence to the same steady state 7r. Rewrite
(3.34) as

(1+aAt)pf |G| =ant) Kok |Ci|+pf | Ci| =AY Qjipf|Cjl + (1+aAt)pf|Ci|,  (3.35)
j j
then we obtain a new Markov semigroup
oGl =1, AtZQﬂp, Cjl+pf1Cil = EKﬂp] Cil- (3:36)

It is easy to verify

Q

K=At
1+aAt

+I1=:AtQ+1 (3.37)
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is a Markov semigroup operator and 7 being its positive invariant measure. Indeed,

since
aAt Q alt

— ’ < 1/
1+aAt a 1+aAt
we know K is always nonnegative, irreducible, aperiodic matrix and obtain the right
eigenvector e:= (1,1, --,1)T, ie. Ke=e corresponding to 1 and the left eigenvector, i.e.
'K =nT. From the Perron-Frobenius theorem, we have the Jordan decomposition for K

K:s( é (]) )S‘lzenT+S< 8 (]) )s—l, (3.39)

where | consists of Jordan blocks with K’s eigenvalues |y;| <1,i=2,---,n and we used
Si=e;, S;jl =T;.

K=

(3.38)

Therefore, thanks to Q-matrix, the explicit scheme (3.36) still enjoys good properties
such as positive preserving, total mass preserving. Particularly, we give the following
proposition for the unconditional ¢!-contraction and ergodicity.

Proposition 3.2 (Stability and ergodicity for fully discretized scheme). Let At be the time
step and let p* be the solution to the explicit scheme (3.36). Then we have

(i) the ¢! contraction, i.e., for any two solutions pk,ﬁk,

Lk ~atlIci| < Tlet 111G (340)

(ii) the exponential convergence
0" =7l <cllpoll [l "2, [ual <1, (3.41)
where yi is the second eigenvalue (in terms of the magnitude) of K=I14+At—2-

1+aAt

Proof. First, let p and g be two solutions to (3:36). Denote ek =pk —p¥. Then (3.36) becomes

k1|, o ki k QiiAt '\
A1G = g L G+ = 1 AtZQ1]]|C|+(1+1+uAt> cl. (G42)

From (3.38), each term above is nonnegative. Then take absolute value and summation
in i to show that

At
Yl 1G] < o TG + ek IC = DI Gl 643)
i i,j i i
Second, (3.36) and the Jordan decomposition (3.39) yield

(p* =) =pg K~ —poS(g ﬁ)S‘l- (3.44)
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Then from ||J"||a <c|ua|¥~"*? and K’s second eigenvalue |pz| < 1, we conclude
lo* =7l <cllpoll e a2 (3.45)
This completes the proof. O

The advantage of this mixed implicit-explicit scheme (3.34) is that the Markov semi-
group is always positive no matter how larger At is. However, when At becomes large,
the spectral gap 1— 2| becomes small.

4 Convergence and error estimates

In this section, we present convergence and error estimates for the upwind scheme
including error estimates for numerical steady state solution 77;° and the numerical dy-
namic solution p;(t). The estimates relies on the Taylor expansion along geodesic between
each cell center and the discrete energy dissipation in Proposition Same procedures
can be done for 7T-symmetric upwind scheme and will be omitted.

4.1 Error estimate for steady state 7

Let 7t(y) be the exact solution to stationary Fokker-Planck equation and let 77; be
the numerical solution satisfying (3.7). In this section, for notation simplicity, we denote
m; as the numerical steady state 77;°. Plug the exact solution 77(y) into the numerical
scheme and we estimate

- / {(DVr—br)dH! — Ff, (4.1)

where n is the restriction of the unit outward normal vector field on I';;. Let ¢;:=m;—7(y;)
be the error between the numerical steady state and the exact steady state. Then we have

D(e;i—e;
P*]Ei::a?_ljﬁex:’rij’ ( ] l)
z lyi—vil

LE=Le:
] ]

Proposition 4.1. Let ¢; := 71;—71(y;) be the error between the numerical steady state 7;
and the exact steady state 77(y;). Assume the Vonoroi tessellation satisfies

Z Z ‘FUHYJ yi| <c. (4.3)

i jEVEF(i)

—i—(b-n)ijej—(b-n);ei) ~F;,
4.2)

Then we have

E |C|< Z al (ef—ei>2<ch2 (4.4)
qs |YJ yil N
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Proof. Step 1. Estimates for truncation error eﬁ .

Let Gjj be the bisector between y; and y;, which is a d—1 submanifold containing
[;j. Suppose y* is the intersection point of the geodesic from y; to y; and G;;. We have
dn(y*,yi) =dn(y*,y;)- Notice the unit tangent vector of the geodesic at y* is perpendic-
ular to I';; at y* and can be chosen as the unit normal ni]-(y*) From the Taylor expansion
of 7t along the geodesic, we have

n(y;)—r(y") =mij-V(y*)du (y*,y;) + Odir (v",y7)), (4.5)
m(y*)—m(yi) =mij-V(y")du (y*,yi) + O(d3 (" yi))- (4.6)
Therefore, if we add the above two equations, we have
n(y;)—n(yi) =nij-V(y*)dy (yi,y;) +O(d (yi,y)))- (4.7)
Hence,
o 7t(y)—m(yi) n(y;)—n(yi)
n;-Vr(y")=—"——=240dy(yiy)) = —=——+0(dn(yiy;), (438)

dn (yiyi) lyi—il

where we used |y; —y;| =dn (yi,y;) +0(dn (yi,y;)) for dy(yi,y;) small enough. Similarly,

mt(y;)—m(y")=0(dn(y"yj)), (4.9)
mi(y")—n(yi) =0 dn(y"yi))- (4.10)

Hence we have
(= (em)if+ (bm)y; ) mly") = = (bom)f (i) + (b-m); ey +Oldn(yiy).  (@41D)
Thus if y* is changes to any y on T';;,
O(dn (yiy) +dn (yiry;)) = O(diam(Ci) +d (yi,y;)) < O(h),
where

h:=max (iinﬁ?fn(diam(Ci) ),igl\?fn (jg%ﬁ)d/\[(yi,yj))) : (4.12)

This, together with (4.8) and (4.11), we conclude
€Z§Ch|ri]'|. (4.13)
Step 2. H! estimates via anti-symmetric structure.

Son the d —1 dimensional submanifold containing I';;
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Using same derivations as Proposition 3.1} we have

Z(Z; >_ Zm]( —nl)z, (4.14)

i

where «;; defined in (8.16). And thus (4.2) implies

1 e i €j
Z(;ZFJ:> Z it _72 ji(f—[i_n]j>' (4.15)
i j ij

Then combining this with (4.14) and Young’s inequality, we know

2 2 T\2
A - T ﬁ_i <1 ﬁ_ﬁ 1 (eji)
Z“l] < 7Tz> B iZ]':S]Z < 7T > -2 20‘ 7T; 7'[]' + 2 Z 061']' ' (4.16)

i,]

Then by (4.13) and (3.19), we conclude

[ e;
To(n-a) <T

(%)
S < Y Tyl — yil < ch. (4.17)
Z] i,j

Moreover, since }_;¢;|C;| =0, we take u;= - in Lemma 3.2|to obtain
1

Yol <y (ef ei>2< i (@.18)
LG <c) wii| ——— ch”. .
This, together with the definition of a;; in (3.16), concludes (4.4). O

4.2 Convergence of dynamic solution in x2-discrepancy

Let pt(y) be the exact solution to (1.2). Let ¢;(t) := p:(y;) —pi(t) be the error between
the exact solution and the numerical solution. Now for any fixed T >0, we give the
convergence result in terms of the y2-discrepancy between the exact solution and the
numerical solution.

Theorem 4.1. Let ¢;(t) := p;(t) —p:(y;) be the error between the numerical solution p;(t) and
the exact steady state p;(y;). Assume the Vonoroi tessellation satisfies (4.3), then for any T >0

and h defined in @.12)), we have

i(0)?
ggg;z \C!<<Z Eri) !Ci\+0<h2>>e? (4.19)

1
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Proof. Let p¢:= 2 [ pdy be the cell average. Plug the exact solution into the numerical
Pi=1c1Jc,PYY & &

Gi
scheme
a(EfICl)= ). Fi+ ) 811,
JEVE(i) JEVEF(i)

(4.20)
_ / -(DVp—bp)dH*! — FF,
where n is the restriction of the unit outward normal vector field on T';; and
. FTZ ) .
Fex‘_l ;i o(yj) _p(yi) Lt P(Yz)+P(YJ) 4.21)
2 7'[]' TT; 2 7T; 7'(]'

with &;; defined in (3.16). Exchanging i,j above, we see both ¢ji and Fﬁx are anti-
symmetric.
Subtracting the numerical scheme (2.6) from (4.20), we have

d &ij (€ e Fj? e & e
—e|Ci| = SR (e B IS L i N —o)|Cil. (4.22
arlGl= L (2 (m nz->+ 7\t ) )t L eitailer)—picil 422

jEVF(i) jEVE(i)

Similar to the derivation of dissipation relation (3.14), we multiply this by 2%’ and use
(3.7) to show that

d e wi e e\ e ¢ Vil G
dtz Ci| = _.22(711-_7'(1-) +Z€ji<n_—‘>+Zzat(P(Yl)—Pi)’Cz\m/ (4.23)

i,j

due to ¢;; = —¢;;. Applying Young’s inequality to the last two terms, we have
j ji- APPyIng g q y

2 2
(e dij (e e i,
ZS]Z<7T1‘ 7Tj>§24 <7Tj 7Ti> +Z‘Z""']”

i,j i jeVE()!
C;
ZZat —p; IC!—<Zat ‘ |+2 i (Gl

Thus we have

(4.24)

z\C!

d ei(t)z 8?1‘ 1
a; nl 3 ;ﬁ+;[at(0(yz) +Z Icil (4.25)

The estimates for ¢j; and 0;(p(y;) —pf) using Taylor expansion on manifold are same as

(4.13). From (4.13) and (3.19), we have

2
4.
L <cn?ly;—yil [Tyl (4.26)
1
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From the assumption (4.3), we know
&2,
YL <cnt (4.27)
i Xij

By Gronwall’s inequality, we obtain for any T >0,

ei(t)® ( ei(0) 2 ) T
——|Gi| < ———|Ci|+0O(h . 4.28
maxD Ci| < le o |GlHO0) Je (4.28)
This completes the proof. O

We remark that for numerical solution itself, the exponential convergence to the nu-
merical invariant measure (which recovers exact invariant measure) is proved in Section
However, the error between the exact solution and the numerical solution still de-
pends on e’ as long as one use Gronwall’s inequality in the error estimate. With the
well-balanced property in (2.40), it is possible to obtain a uniform error estimate but we
leave it for the future study:.

5 Numerical examples

In this section, we demonstrate three examples based on two upwind schemes developed
in Section2l Section5.1lfocus on the case that we know information of an invariant mea-
sure 7t. In realistic situations, knowing the output of 7t from a computer code instead of
an analytic formula is enough. In this case, we use 7t-symmetric upwind scheme to
conduct two interesting applications: (i) efficient sampling enhanced by an incompress-
ible mixture flow (ii) image transformations immersed in a mixture flow. Section[5.2]focus
on the case we only know the drift vector field b in the irreversible drift-diffusion process
and we adapt the numerical scheme to solve both a steady state solution and
simulate the irreversible dynamics. The 7r-symmetric upwind scheme (A.8) and upwind
scheme for a 2D structured grids case with no-flux boundary conditions are given
in Appendix[A.T|and Appendix[A.2|for completeness.

5.1 Simulations for irreversible dynamics given an invariant measure

In this section, assume we know the output of an invariant measure 7r, which could be a
steady state in a biochemical process, or a given target density function in sampling, or
given images. We will use rr-symmetric upwind scheme for a 2D structured grids
to demonstrate two examples.
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5.1.1 Example: Sampling enhanced by an incompressible mixture flow

Take 2D domain as Q = [a,b] X [¢,d] = [—4.5,4.5] x [-4.5,4.5]. Choose the stream function
for a 2D sinusoidal cellular flow
kr(x—a) . kn(y—c)

P(x,y):=Asin pg S (5.1)

where A represents the amplitude of the mixture velocity # and k is the normalized wave
number of the mixture. Then the incompressible velocity field

-
— Y
u—=
()

can be discretized using (2.37).

Now we use (2.39), i.e., for 2D structured grids, to sample a given target density:
a smiling triple-banana in (5.2). Based on the Laplace principle, we can use the smooth
minimum method to construct a smiling triple-banana as a target density

(xy) o 20[(r=8)+ (-84 iog (e 2R) | 0 (3+§)"+ (y-)' 4] iog (e 00 2)

+6—20(x2+y2—2)2+10g(e*10(y+1)2>

+0.1; (5.2)
see Fig.[I(right). Then we take a Gaussian mixture
PO(x/y) o<6716(x+3)274[y2 +6716(x73)274y2 _|_ef4£x2716(y+3)2 _{_ef4x2716(y73)2 +0.1 (5.3)

as an initial density; see Fig.[I(left). Set the computational parameters as diffusion con-
stant D =0.5, time step At =0.01, uniform grid size Ax =Ay=0.09. Then with the ampli-
tude of the mixture velocity A=0.1 and the frequency k=8, the time evolution of dynamic

Po ;
-09

- 0.8

§ 0.7

06

0.5

’ 0.4
) 03
i 0.2
-4 2 0 2 4 o1

Figure 1: The normalized initial density (left) and the target density: smiling triple banana (right).
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Figure 2: The time evolution of dynamic solution for sampling the smiling triple banana using (2.39). The
amplitude of the mixture velocity is A=0.1 and snapshots are shown at iterations n; =50,200,1200,10000.

density p; is shown at time iteration n; = 50,200,1200,10000 in Fig.[2l Moreover, the rel-
ative root mean square error between the dynamic solution p; and the target density 7
are shown w.r.t time iterations using semilog plot in Fig.[3|with different amplitude of the
mixture velocity A=0and 0.1. Notice if A=0, then the Fokker-Planck equation and
the corresponding upwind scheme are reduced to the reversible case, i.e., we only
have the gradient flow part in (2.15). The corresponding Q-matrix for the reversible case
(u=0) of course also leads to an efficient sampling for the target density. However, the
additional incompressible convection with larger mixture velocity u, although makes the
dynamics irreversible, can speed up the convergence to the target density function. This
observation is shown in the semilog plot in Fig. | for the decay of the relative root mean
square error with amplitude A =0.1, compared with A =0. The enhanced convergence
and diffusion by a mixture velocity filed is a classical topic in the fluid dynamics and
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Figure 3: The relative root mean square error between the dynamic density and the target triple banana density is
shown in semilog plot w.r.t time iterations. With different amplitude A=0 and 0.1, we observe the enhancement
of convergence brought by the incompressible mixture velocity u.

PDE analysis [8,11]. This technique has a promising applications in sampling, Markov
chain Monte Carlo and non-convex optimizations. We will leave this line of research as a
future study.

5.1.2 Example: image transformation immersed in an incompressible flow

In this example, we use van Gogh'’s “The Starry Night” to simulate an image immersed
in an irreversible dynamics but still converge to a given target image. Choose an initial
image with the same village view but with a purely blue sky, as shown in Fig. §left). The
target image ‘The Starry Night’ is shown in Fig. [#{(right). Each matrix exacted from these
two images contains values of a color mode (R or G or B) and are both N =256 pixels in
width and M =203 pixels in height.

Set the computational parameters as diffusion constant D = 0.4, time step At =0.01,
uniform grid size Ax = §;, Ay = §7. Then with the amplitude of the mixture velocity A=
1000 and the normalized wave number k =8, the time evolution of dynamic density p;
is shown at time iteration n; = 5,80,400,2000 in Fig. |5 Starting from a purely blue sky,
we can see the night sky immersed in the incompressible flow, which is discretized using
with (5.1), becomes starry, unbalanced and distorted. At n; =2000, the image is
very close to the target image while the more unbalanced inbetweening image is shown
at n; =400. Moreover, the relative root mean square error between the dynamic solution
pr and the target density 77 are shown w.r.t time iterations using semilog plot in Fig. [6|
We still observe that larger amplitude of the mixture velocity has an enhancement for the
convergence of dynamic solution to its steady state.
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Figure 4: The initial image (left) and the target image: The Starry Night (right).

nt=5 t=80

Figure 5: The time evolution of image transformations immersed in an incompressible flow using scheme (2.39).
The amplitude of the mixture velocity is A=1000 and snapshots are shown at iterations n; =5,80,400,2000.
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Figure 6: The relative root mean square error between the dynamic image in blue color-modes and the target
image is shown in semilog plot w.r.t time iterations. Enhanced convergence is shown with different amplitude
A =20,200,1000.

5.2 Simulations for general irreversible dynamics without information of
invariant measure

In this section, assume in irreversible drift-diffusion process (1.4), we only know the drift
vector field b. Then we use the upwind scheme (2.6)) in 2D structured grids to simulate a
stochastic Van der Pol oscillator.

5.2.1 Example: Stochastic Van der Pol oscillator model

The famous Van der Pol model is first proposed by Van der Pol to describe electrical
circuit and also has numerous extended applications in biology, pharmacology and seis-
mology. For instance the FitzHugh-Nagumo model describing the excitation and propa-
gation of sodium and potassium ions in a neuron [22]]. There are lots of classical investi-
gations on the limit circle, bifurcations and chaos on this model; c.f. [34].

To illustrate our numerical scheme for the irreversible dynamics without steady state
information, consider a stochastic version of Van der Pol oscillator model

3
dx:(x(x— g—ky) dt++/2edB;
dy=(6—x)dt++/2edB

(5.4)

with a set of classical parameters a =10 and 6 =0 or 6 =1. After adding the Brownian
motion with e >0, this is a typical example which can be decomposed as a gradient flow
part and a Hamiltonian part.
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Figure 7: The time evolution of density function to (5.5) with § =0. At time iteration n; =40000, the steady
state tends to concentrate near the larger limit circle (bottom left). The root mean square error between the
numerical solution p; and the numerical steady state 77 is shown in the semilog plot (bottom right).

The corresponding Fokker-Planck equation is

3
dp=V-(eVp—bp); b= <a(x—’;+y),(5—x)>. (5.5)

We take domain as () = [—3,4] x [—3,3], noise level as e =0.1, computational parameters
as At=0.05, Ax=0.07,Ay =0.06 and take the no-flux boundary condition (A.13). Then
based on (3.35) (i.e., (A.15)), starting from the initial density pp=0.2, we compute the time
evolution of the density function py.

With parameter =0, the numerical solution at time iteration n; =1000,5000,40000 are
shown in Fig.[/] Meanwhile, the numerical steady state 77 is computed by setting the
time iteration as 7; =200000, because in Propositionwe have proved the exponential
ergodicity for the unconditionally explicit scheme (3.36). The root mean square error
between the numerical solution p; and the numerical steady state 7* is shown in the
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Figure 8: The time evolution of density function to (5.5) with § =1. The steady state tends to concentrate
near the smaller limit circle (bottom left). In terms of time iterations, the root mean square error between the
numerical solution p and the numerical steady state 7 is shown in the semilog plot (bottom right).

semilog plot in Fig. [/(bottom right) in terms of time iterations. We can see for 6 =0, the
steady state density tends to concentrate near a large limit circle in Fig. [/(bottom left),
which is the stable limit circle for the deterministic Van der Pol oscillator in the large
damping regime (a.k.a. relaxation oscillation).

As a comparison, with different parameter § =1, the numerical solution at time iter-
ation n; =1000,5000,40000 are shown in Fig. (8l The root mean square error between the
numerical solution p and the numerical steady state 7 is shown in the semilog plot in
Fig. [§(bottom right), where the numerical steady state is still obtained by setting the time
iteration as n;=200000. We can see clearly the steady state density now concentrates near
a smaller region in Fig. Ekbottom left). Indeed, this small region is near another smaller
limit circle for the deterministic Van der Pol oscillator, but due to the random noise, the
steady state density does not exactly concentrate only on the smaller limit circle.
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A Finite volume scheme for 2D structured grids

Al m-symmetric upwind scheme in 2D with a given invariant measure

After choosing u satisfying (2.37), we use (2.39) to present the m-symmetric upwind
scheme in a structured 2D domain Q:=[a,b] X [c,d].

(i) Define the rectangle cells as
Cij= ((i—1)Ax,iAx) x ((j—1)Ay,jAy), i=1,---,N, j=1,---,M. (A.1)

Denote the approximated density on Cij as pij; Denote the cell centers (xi,y]') as
1

o1 , . .
xi—a—l—(z—E)Ax, yj—c+(]—2>Ay, i=1,---,N, j=1,---,M. (A.2)
(ii) Denote the discrete drift (u-n);;|T; ;| of cell C;; on each (right/left/up/down) faces

[';j along outer normal # as

= a0 (o ).
(u-n)iL,jAy:lP<xi—%,yj_%) —IIJ(xi—Azx, ﬁ%),
emtfe=y (= 5y 50) =0 (it Gyt ),

(iii) Based on (2.39), using the negative part of the discrete drift above, define the inward
flux F into cell C;; from four cell faces (right/left/up/down) I';; as

D(7T,‘+1 i+ 7T ) _ Pi+1,j  Pij
FR _ Ay 2N - 7 1)K /A
v y( 2Ax (e Tit1j Tl

D(7ti1,j+ 1) Pi-1; P , .
Fr=Ay — L +wn)k ) (=L -22L), i=2, ,N-1, j=1,--,M;
¥ y( oAy T s ) j
FU_ Ax D(7tij1+ ) - (wem) U Pij+1  Pij
1] sz L] 7'(i,j+1 7'(1] /
D(mii1+77 i
FPZAX( ( ij—1 11)_’_(%")?_) (Pz,] 1_Pz]>, i=1, ,N,j:2, JM—1
i ZAy /] Tl'i,]'+1 7T ]
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(iv) Impose the no-flux boundary condition

L
FE

:FII\{[,]':Or ji=1,--,M; Fg:FEMZO, i=1,---,N. (A4)
Then the continuous-time finite volume scheme is

0ijAxNy=FS+Fli+ FG+FD (A.5)

fori=1,---,N,j=1,---,M with the no-flux boundary condition (A.4). Here 0ij refers to

the time derivative of p; ;. Denote g; ;:= %’] Recast (A.5) as a five-point scheme

. _ 1 (D(mi,j+7m) -
m,jgi,jZAx2< > +Ax(u-n)fj i+l

D(7ti_1;+7mi;) B
sz < - ] - +Ax(”‘")ﬁj >8i1,j
1 (D(m +1+7T ) -
Ay2< = 2o Ay (u-n)i >gi,j+1
1 (D(m 1+7r ) B
+ Ayz ( ij— i,j +Ay(u.n)l’.?j )gi,jl_/\i,jgi,j/
Y '_:D(ﬂi+1,j+27'[i,j+7'[i—1,j> L D(ﬂi,j+1 +27Ti,j+7'[i,j—1>
b 2Ax? ZAyZ
(u- n)lR +(u- n)lL (u- n)lu +(u- n)lD
+ /] 7 + /] /] )
Ax Ay

Following the idea for the unconditionally stable explicit scheme (3.35), choose constant
Aij
a>max;;—*. Using constant a >0, we can construct an uncondltlonally stable explicit

scheme, Wthh can be regarded as a new Markov chain with a transition probability K*.
With Q defined in (2.29), the time discretization is

PkH—Pk k Kk k+1
T:Q*P +a(p"—p * ). (A.6)

Thus the transition probability K* is given by

_ _ AtQ* _ _
k+1 k . _
0 +1_g* , K*,_I+1+aAt, E Kij—l, K,‘jZO. (A7)

Notice we have chosen u satisfying (2.36) and thus the equivalent flux Fj; in (2.39) still
defines a stochastic Q-matrix. With the notation g;; = £ reads as three parts:

7-[ 7
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interiors, four sides, and four corners. For interior cellsi=2,---,N—1, j=2,--- M—1:

At D(7ti11,;+ 7 )
k+1 _ i+1,) T 7t j G R= )k
Pij _(1+aAt)Ax2< 2 +Ox(u-n);; )ngJ
At D(7ti_q,j+ i) L—\ .k
T Taanas < 2 Fax(un);, )gzl,]
At D(7t; j11+711,) u-\ .k
+ (1+IZAt)Ay2 < 2 + y(u n)z,] gl,]+1
At D(rj—1+mi)) —\ k
+ (1+(1At>Ay2 < 2 + y(u n)z,] >gl,]1
7Ti,j—|—At(a7Ti,]'—/\i,]') k
< A.
For left side cellsi=1, j=2,---, M—1:
At D(7tp,j+711,)
PLi = (It annax? < o rAx(mm) ),
At D(7ry,j41+7T1,) u-\ ok
. 4 Ay(u-n)Y .
M ETTVYN: ( 2 Ay (uen)y, >g1,1+1
At (7[1]-71—|—7'(1]~) -\ & 7‘(1]'—|-At(a7tlj—)\1j) k
, 7)o A1) ' , , , §
+(1+aAt)Ay2< 7 v )8t 1+ant OV
A '._D(NZ,]""”],]')+D(7[1,j+1+27l’1,j+71'1,j71)_’_(u'n)f,j__’_(u'n)ll{_"_(u'n)]?j_ (A9)
A YN 2012 Ax Ay C
Similar for the right, down and up side cells.
For left-down corner cell i=1, j=1:
At D(rmq+7m10) _
k1 _ 2171 | ps(yo )R ) ok
P11 (1+aAt)Ax2( > +Ax(u-n)y; )82,1
At D(myp+7m1,1) u-\ x| ma+At(ami—Aa)
7 7 A . 7 7 7
+ (1+aAt) A2 < > +Ay(u ")1,1 8121 1+ant 81,1

D(7‘L’2/1+7‘E1,1) D(7T1,2+7T1,1) (un)f,f 4 (un)%;

MI=—"8 0 2012 Ax Ay

(A.10)

Similar for the left-up, right-down and right-up corner cells.

A.2 Upwind scheme in 2D for general irreversible process

Take a 2D domain as Q) := [a,b] X [c,d]. We present the upwind scheme (2.6) based on
structured grids for a Fokker-Planck equation on the 2D domain (). Let the grid size be
Ax =120, Ay=d=c,

N’ M
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(i) Define the rectangle cells and cell centers as (A.T), and (A.2).
(ii) Denote the drift b=: (u,v) of cell C;; on the bisection point on edges as
1 1
Uipl j=U (xij: EAx,y]) ) Uil =0 (xi,yj + EAy); (A.11)
(iii) Based on (2.6), define the inward flux F into cell Cij from four cell faces as

D(pit1,—pij)
1—"}?:Ay<W+u L P Y, 1‘Pz‘,j>/

D(pi-1,,—pi - ~
< - ] ij) +u YR T P:;) 2,-,N—1, j=1,---,M;
D(pij+1—pi
FU Ax< l] l] +v l]+1p1]+1 Z]_‘_1()1]
D D( Pl] 1—0ij) + -
F;=Ax + 1001~ 1 0ij N, j=2,---, M—1
—2J Z] 2
(A.12)
(iv) Impose the no-flux boundary condition
Fii=Fy;=0, j=1,--,M; Fj=F=0, i=1,--,N. (A.13)
Then the continuous-time finite volume scheme is
0ijAxNy=FS+Fli+ FS+FD (A.14)

fori=1,---,N,j=1,---,M with the no-flux boundary condition (A.13). Here 0ij refers to
the time derivative of p; ;. Recast (A.14) as a five-point scheme

pij= Al 5 <D+Axu 1, >p1+1] Al 5 <D+Axu )pi_lr]-

+A1y2 (D+ayo,., )pl]+1+Ay2 (D+aver_ o= igeis

2D 2D wly it = TR
MTTAX? T A2 Ax Ay '

Following the unconditionally stable explicit scheme (3.35), define a:=max;;A;;. Then
(3.35) reads as three parts: interiors, four sides, and four corners.
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For interior cells i=2,--- ,N—1, j=2,--- M—1:
At At
k+1 _ - k
= (D4+Axu— ., ot ., 4+— =
Pij (1+aAt)Ax2< + xul+%d>pl+”+(1+aAt)Ax2(
At _ X At
—_— . oy — (D+Ayo", k.
T U Tabn a2 (D +Ava+1)pw+l+(1+aAt)Ay2( + va—%)pbﬂ
1+At(a—)\i,]-) k

D—I—Axu )pl 1

1tant P
+ - + -
2D 2D +”i+§,j+”i—%,j +Ui,j+%+vw‘—% (A.15)
TTAXE T Ay? Ax Ay ' '
For left side cellsi=1, j=2,--- M —1:

At At
k1 Bt A A ‘.
Ll = (11 abt)bx? <D+Axu3 )p2] (1+aAt)Ay2( TAYD )p14+1

At 1+At(a—A; ;)
2 (Dtayor, |k ) e
+(1+aAt)Ay2( + yvl,—l)PLJ*“L 1+ant i

+
D 2D U3, 1]+;+1,]%

A= — A.16
YT A2 T Ay? v Ax Ay (A.16)
Similar for the right, down and up side cells.
For left-down corner cell i=1, j=1:
At At
k+1_ -\ K -\ K
PLI = (14 aat)Ax? (DJFAX”%A)PMJF (1+aAh) Ay <D+Ayvlé)p12
1+At(ﬂ—/\1/1) k
Trant il
+ +
D D U v,
Mpim 2 2l 1 (A.17)

Ax2  Ay? Ax Ay
Similar for the left-up, right-down and right-up corner cells.

Remark A.1. Since this example has rectangle grids, we can also define the flux F in the
x-direction and y-direction respectively

Fl' %] Fl]/ i:2/"'/N/ jzll"'/M/
Fl]_l_Fll?/ izl,"',N, j:2/"'/Ml (A18)
Fl _FN+1]_0 j:1,~--,M, Fi,%:Fi,M+%:O’ Z:1," ,N
Then (A.14) can be recast as
PijdxAY+Fy g —F 4 +F o —F =0, (A.19)



Y. Gao and J.-G. Liu / Commun. Comput. Phys., 34 (2023), pp. 132-172 169

B Comparison between our upwind scheme with other finite
volume schemes

The famous Scharfetter-Gummel(SG) scheme was first proposed in [31] for 1D semicon-
ductor device equation and there are many mathematical analysis and extensions on it,
c.f., [26,35] and recently summarized as B-schemes in [3]. We remark it also has the Q-
matrix structure and the 7t-symmetric decomposition. Indeed, the finite volume scheme
can be reformulated as

d D|T;|
S olC =
dtpl’ z‘ ]Z’yj_yi‘

[B (;(b'n)ijb’j—yz'I)Pj—B (;(b-n)jin_Yi‘) Pz}}

Scharfetter-Gummel: B(x):ﬁ, x#0, B(0)=1;
Upwind scheme: B(x)=1+x". (B.1)
. . DIr|
Since B(x) >0, then with Qj; = mB (§(b-n)ijlyj—yil), we have exactly same de-

composition as (3.9). Specially, for the reversible case, let ¢ be the potential such that
b=—Vg¢ and thus e ¢/P. Take the approximation (b-n);j|y;—y:| ~ ¢;— ¢j, then for
B(x) = -*+, one can directly verify the detailed balance condition for 7t =e¢~ /P

T4 Pi—@; T4 !
| C| = — NG =Q;:imm;|Cil,
Q]zn]‘ ]’ |YJ_y1’ e‘Pi/D—e‘P/'/D |y]_yl’ < (77»'1 7T] )) Ql]ﬂ:l‘ l’
where A(x,y) = ——Y__ is the so-called logarithmic mean. Hence in (3.9), FF =0 while

" logx—logy 7 i
the symmetric coefficient a;; in (3.9) then becomes

a;i=Q;imi|Ci| = DIT| /1 L dx B
1= GGy s et )

where the average is the harmonic average of 77 with linear interpolation for ¢ along edge
lyi,y;]; c.f. [25,26]. If replacing the harmonic average above by the arithmetic mean of 7;
and 7, then SG scheme becomes our scheme (2.27) in the reversible case, i.e., u =0 in
(2.20).

C Remarks on Hill’s derivation on the positive entropy
production rate

We remark that HILL derives by calculating the change of free energy individually
as follows. Denote G; as the Gibbs free energy at site i. Then the chemical potential at site
i at the steady state is

ui=Gi+um~+kTlogm;. (C.1)
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Here 1) is the energy provided by the environment (heat bath in the open system) which
probably has different values for different orientations of a circulation in a biochemical
reaction. For instance, in a simple Enzyme-substrate-product example [19, Section 9],
1nm = Hs is the chemical potential of the substrate for a positive circulation, while pp =pup
is the chemical potential of the product for an opposite circulation. Then by the Arrhenius
law, the transition rate from site i to site j is given by

QZ] ci—c]-ﬂ,M

0 =e ¥, um=ps for i=1, uyy=—pp for j=1. (C2)
ji
This together with (C.1)), implies
pui—pj=kTlog Qi =i (C.3)
Q]l ]

Thus at the steady state, the individual energy change (in the unit of energy per unit time)
due to the nonzero flux i — j is always

Qz]

FJf (i —pj) = (Qijmti— Qjirtj) kTlog ~— 0, £>0. (C4)

i’
Adding each sites together and with our notation, we obtain (3.12). Using Kolmogorov’s
circulation criterion, we can check

Q12Q23-Qm _ roir
Q21Q32--Qun
In fact, if Q satisfies Kolmogorov’s circulation criterion, then by construction proof, one

can define a 77;:= % and prove it is uniquely defined and satisfies detailed balance
condition Qj;7tj = Q;;7;.

£1. (C.5)
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