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Abstract. We prove the existence and uniqueness of positive analytical solutions with
positive initial data to the mean field equation (the Dyson equation) of the Dyson Brow-
nian motion through the complex Burgers equation with a force term on the upper half
complex plane. These solutions converge to a steady state given by Wigner’s semicircle
law. A unique global weak solution with nonnegative initial data to the Dyson equation
is obtained, and some explicit solutions are given by Wigner’s semicircle laws. We also
construct a bi-Hamiltonian structure for the system of real and imaginary components of
the complex Burgers equation (coupled Burgers system). We establish a kinetic formu-
lation for the coupled Burgers system and prove the existence and uniqueness of entropy
solutions. The coupled Burgers system in Lagrangian variable naturally leads to two in-
teracting particle systems, the Fermi-Pasta—Ulam-Tsingou model with nearest-neighbor
interactions, and the Calogero-Moser model. These two particle systems yield the same
Lagrangian dynamics in the continuum limit.

1. Introduction. The complex Burgers equation arises, although in different ways,
from many different fields such as fluid mechanics, random surface minimizing prob-
lem, and Burgers turbulence in quantum chromodynamics, which always unveils some
mechanisms of singularity formations. We only list several examples here. [31] uses the
complex Burgers equation to construct a family of singular solutions to the zero-gravity
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water wave system. [I1] uses the complex Burgers equation to study the limit shape and
singularity formations of random surface models. For other applications of the complex
Burgers equation such as singularity tracking in the evolution of the complex system and
the large-N limit of induced quantum chromodynamics, we refer to [9] and the references
therein.

In this paper, we study the complex Burgers equation with a force term 72z on the
upper half complex plane C; := {z: ¥(z) > 0}:

dig + g0.g = 7?2, z2e€Cq, t>0. (1.1)

Here, v > 0 is a constant. We use $(z) and (z) to stand for the real and imaginary
parts of a complex number z, respectively.

Take the trace of a solution g(z,t) to (LI) on the real line and there are two real
functions u(z,t) and p(x,t) such that

g(x,t) + vz = u(z,t) + imp(z,t), x € R, t >0, (1.2)

where 7 is the circumference ratio. If g(z,t) is a C;-holomorphic function, then we have
the following relation between u and p:

u(z,t) = (rHp)(z,1), (1.3)

where Hp stands for the Hilbert transform of p given by
(Hp)(z,t) = lp.v./ Mdy, x eR.
7r RT—Y

Take (L2) into (L) and we obtain the following nonlocal partial differential equation
for p:

Op + Oz[p(u —yx)] =0, u(z,t) = (vHp)(z,t), z € R, ¢t > 0. (1.4)
The equation for u can be obtained from ([4]) by the Hilbert transform (see (2.0])).
We refer to ([4]) as the Dyson equation which is a mean field equation for the Dyson
Brownian motion as described below.

The N x N complex Hermitian matrices form an N2-dimensional linear vector space
over field R. Consider a Hermitian matrix-valued Ornstein—Uhlenbeck (OU) process
A(t) = (Ajk(t))NxN given by

1

dA;;(t) = \/—NdBj‘(t) —yAj(t)dt, j=1,...,N,
1 .
dRA;k(t) = VoI ABJj,(t) — YRA; () dt, j <k, (1.5)
1
dSA i (t) = —— dBl(t) — vSA(t) dt, j <k,

V2N
with A(0) = 0. Here B;;(t) (1 < j < N), Bﬁg(t), lek(t) (1 <j<k<N), are N?
independent standard Brownian motions in R. The eigenvalues A\ (t) < ---

A(t) form some real stochastic processes. By applying Ito’s formula to \;(¢)(= A;(A(t))),
one can show that \;(t) evolve by ([7,[8129])

1 1 dt
—dBi(t)+ =Y ———— —\(H)dt, 1<j<N. 1.6
ARl P (1) J (1.6

d)(t) = « Aj(t) = Ak(?)
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This evolution of eigenvalues are referred to as the Dyson Brownian motion. One can
refer to [829] for more details about random matrices and the Dyson Brownian motion.
It is well known that the effects of the harmonic trap term —vyA;(t) dt in the OU process
([L6) can be reformulated into the case v = 0, i.e., (L6 without the trap term, by a
space-time rescaling. We describe this space-time rescaling for complex Burgers equation
below. Let g be a solution to (1)) and set

w 1
g 142yt = t =——— t=—1log(1l+2y7). 1.7
B ) TF DT =glat) 492 2= oo, b= log(l427). (1)

Then, g is a solution to the complex Burgers equation without the force term:
074 + G0 = 0. (1.8)

Note that §(-,7) is a C-holomorphic (C-holomorphic) solution to (L8) if and only if
g(+,t) is a C,-holomorphic (C-holomorphic) solution to (LI)).

The mean field limit of the Dyson Brownian motion (L6) yields the Dyson equa-
tion (4] ([2LBL25]), and () is a gradient flow in the probability measure space with
Wasserstein distance with respect to a free energy functional given by [I Chapter 11]:

¥ 1
Bl 0) =3 [ #*ptetydo— 5 [ [ togle = sloe. (. ) dy
R R JR
= Bu(p(- 1)) + Bi(p(-1)). (L9)
Here Ey is a harmonic trap energy and FEj; is an interaction energy. Then, the Dyson
equation (I4]) is recast to

5E)
@p_az%%<5; =0, M-—Ex-:ébgu—ymwiﬁM- (1.10)

With initial data py > 0 and py € L?(R) N C%*(R), Castro and Cérdoba [4] proved
global existence and uniqueness of real analytical solutions for ¢ > 0 to the case v = 0 of
([I4). This instantaneous analytical property is suggested by the gradient flow structure
(CI0). However, if there is xy € R such that p(zg) = 0, then the solution p will blow up in
H*(R), s > 2, at finite time [4]. Thanks to the transformation in (I7), these two results
hold also for v > 0; see Theorem 2.1] and Remark 2.1l Moreover, we prove the existence
and uniqueness of the global weak solution p € L>(0,T; Hz (R) N LY (R)) to (T4) in
Theorem The global regularity or finite time blow up in the space H*(R), s € (%, %]
remain open.

The steady state for the Dyson equation is given by Wigner’s semicircle law

(4—$%+dL
27

which has compact support. Hence the solution p is not absolutely continuous with re-
spect to the steady state and the relative entropy method cannot be directly applied
here. There are two methods to prove the convergence of the solution p to its steady
state: (i) For strictly positive initial data po(z) > 0, following the idea of [25] we prove
the pointwise convergence as t goes to infinity using an analytical method; see Appendix
[Al (ii) Notice that the free energy E(p) given by (L) for the Dyson equation consists
of a harmonic trap energy Ej and an interaction energy Fj;. Since Ej; is convex along

5_E_'72

w1 (dz) = pr(z)dx := (1.11)
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generalized Wasserstein geodesics and Ej, is v-convex along Wasserstein geodesics, the
standard gradient flow theory yields Ws-contraction and hence the exponential conver-
gence to the steady state in Wasserstein distance (see Remark 2.4 and Carrillo et al.
).

Consider the complex Burgers equation (LI with v = 0. If g(x,t) given by (L2) is
no longer a trace of a C,-holomorphic function, then the relation between u and p in
(L3) does not hold. We need to treat w and p independently. Take (I2)) into (LI, and

we obtain the following system on the real line:
pt+(pu)a’::Oa IER, t>05
5 (1.12)
Ot + u0zu — m°p0yp = 0.

Unfortunately, for the Cauchy problem, the above system is ill-posed as described below.
We introduce the following system of conservation law with general constant « € R:

Op+ 0 (pu) =0, x €R, t >0,

2 2 1.13
oo, (o), 1)
Due to the relation between system (LI2) ((LI3) with o = —7?) and the complex

Burgers equation (L)), in the paper we call system ([LI3) the coupled Burgers system.
System ([LI3) can be rewritten as the quasilinear system

o(p g [p u o p
o + A(p, u)a— =0, A(p,u)= . (1.14)
u T\ u ap u
The eigenvalues of A are given by u £ /ap, where /o = V/—1/|a| = iy/]a] for a < 0.
When « > 0, this system is a hyperbolic system of conservation laws. When a < 0 and
p # 0, A has two imaginary eigenvalues and system ([LI3)) is elliptic and has ill-posedness.

For o # 0, we set the eigenvalues as

fri=u+vap, foi=u—ap. (1.15)
A linear transformation from the coupled Burgers system ([LI3]) shows that the eigenval-
ues satisfy the following decoupled Burgers equations:

(9tf+ + f+8xf+ = O, x e R, t> O, (116)

O f-+ f-0.f- =0, zeR, t>0. (1.17)
When o < 0, (LI7) is just the conjugate of equation (LIE). When o = —n2, ([LI6) is
exactly the complex Burgers equation (L)) (7 = 0) on the real line.

For a > 1, notice that fi are Riemann invariants of the following system of isentropic
gas dynamics:

Op+0.(pu) =0, z€R, t >0,
5 (1.18)
O (pu) + 9z (pu”) + dzp = 0,
where the pressure p is given by
o
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THE COMPLEX BURGERS EQUATION 59

Formally, system ([I8) is a nonlinear transformation of the coupled Burgers system
(LI3) and it expresses in physics the conservation of mass and the conservation of mo-
mentum, i.e., m := pu, for an isentropic gas system. In the quasilinear form, we have

o r o (r 0 1
En —l—B(p,m)a—x =0, B(p,m)= ) . (1.20)
m m —’;‘—2 + ap? 27’"

The functions fi = u=+/ap are also the eigenvalues of B. Notice that classical solutions
of the coupled Burgers system ([I3) are also classical solutions to (ILI8]). However,
when shock appears, shock speed for the coupled Burgers system ([LI3) and (II8) are
different. For smooth solutions of system (ILI8]), the following conservation of energy

holds:
OE + 0, [u(E + p)] =0, (1.21)
where the total energy density is given by
1 p 1 o
E(z,t) = —pu® + = = —pu® + —p’. 1.22
(z,) = gpu” + 5 = gpu” + =p (1.22)

Although there is no bi-Hamiltonian structure for the Burgers equation, we use the
decoupled Burgers equations ([LI6) and (II7) to construct a bi-Hamiltonian structure
for the coupled Burgers system ([I3]) (see Theorem B]). Moreover, we obtain infin-
itely many conserved quantities for the coupled Burgers system ([LI3]). Bi-Hamiltonian
structures for system ([LI8)) and the p-system (which is the gas dynamics in Lagrangian
coordinates; see (L23) below) are also obtained. To discover a bi-Hamiltonian struc-
ture or a Lax pair for an integrable system is very important. Indeed, according to the
fundamental theorem of Magri [I8], any bi-Hamiltonian system associated with a non-
degenerate Hamiltonian pair induces a hierarchy of commuting Hamiltonian flows and,
provided enough of these Hamiltonians are functionally independent, is therefore com-
pletely integrable. For general discussions about Hamiltonian structures for systems of
hyperbolic conservation laws, one can refer to [22].

When a > 0, we establish a kinetic formulation for the coupled Burgers system (L.I3]).
Using the kinetic formulation, we define a class of entropy pairs to the coupled Burgers
system ([LI3]). Notice that our definition of entropies corresponds to the counterpart (in
the sense as explained in Remark [£.2]) of entropies used in [I5] for system (LIF)). In [I5],
Lions, Perthame, and Tadmor proved the existence of global entropy solutions to (LIJ])
and that the uniqueness is unknown. In contrast, we prove the existence and uniqueness
of entropy solutions to the coupled Burgers system ([LI3]) (see Section [2]). Moreover,
we show that an entropy solution to the coupled Burgers system (LI3)) corresponds to an
entropy solution to the decoupled Burgers equations (LI6) and (I7) (see Proposition
[43]). For more details on relations of entropy solutions and weak solutions to kinetic
equations, one can refer to [24].

We also derive the Lagrangian dynamics (see (B.I1])) for the coupled Burgers system
(L13), which resembles the gas dynamics in Lagrangian variables, or p-system [27]

{8tT - 851/ = 07

1.23
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where 7(§,t) = 1/p(X(§,1),t) = X¢(€,t) stands for the specific volume and £ are the
Lagrangian labels. X (¢,t) is the flow map according to velocity field u(X (€,t),t) (see
(). V is the velocity in Lagrangian variable V (¢,t) := u(X (€,t),t) and p(7) = a/(373)
is the pressure given by (I.I9) (see more details in Section[5.I]). The Lagrangian dynamics
of the coupled Burgers system ([LI3) naturally leads to a spring-mass system (Fermi—
Pasta—Ulam—Tsingou model) such that each mass evolves by the elastic force between
adjacent masses that is in reciprocal proportion to the cubic of distances between the
mass and the adjacent masses (see (BI5)). Instead of the nearest-neighbor interaction,
if the mass interacts with all the other masses with the same manner, we obtain the
Calogero—Moser model with different coefficients. As it is known, the Calogero—Moser
model is an integrable systems with a Lax-pair; see [2I]. An interesting fact is that the
continuum limit of the Calogero—-Moser model gives the same Lagrangian dynamics of
the coupled Burgers system ([LI3)); see [19].

The rest of this paper is organized as follows. In Section [2] we prove the global
existence and uniqueness of real analytical solutions to the complex Burgers equation
(1) and the Dyson equation ([I4) (y > 0) with strictly positive initial datum py €
H*(R)NLY(R), s > 1/2. We also obtain the pointwise convergence to the steady state for
analytical solutions. Some explicit solutions are constructed by using Wigner’s semicircle
law, which converge to the steady state exponentially when « > 0. The same explicit
solution is given in Appendix [B] by the Stieltjes transform of Wigner’s semicircle law
1. Moreover, we prove the global existence of weak solutions in H/2(R) N L*(R) for
nonnegative initial data. In Section Bl we construct bi-Hamiltonian structures for the
coupled Burgers system ([LI3]), isentropic gas system ([LI8), and p-system ([23). In
Section [ we establish kinetic formulation for the coupled Burgers system (LI3]) with
a > 0. The existence and uniqueness of entropy solutions to (II3]) are also proved. In
Section Bl we study the Lagrangian dynamics for the coupled Burgers system ([LI3]) and
explore the connection between the Lagrangian dynamics system and a Fermi-Pasta—
Ulam-Tsingou model with nearest-neighbor interactions. In Appendix [A]l we give the
proof of Theorem 2.1

2. The complex Burgers equation and the Dyson Brownian motion. Recall
the Dyson Brownian motion (LLG]). The eigenvalues \; given by (L)) evolve by Brownian
motion, combined with a deterministic repulsion force that repels nearby eigenvalues
from each other with a strength inversely proportional to the separation. Notice that
system (L0 can also be rewritten as

1

AN (0) = = dB;(0) = 0, 20u(t), - (), 1SN, (2.1)

with potential function given by

DN (), Aw(t) i= 2SN = 5o DY log (0 - M) (22)
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THE COMPLEX BURGERS EQUATION 61

It can be proved that the eigenvalues almost surely do not collide with each other (see
[14]161[25]) and the solutions to system (L.6]) exist globally. Hence, the empirical measure

N
1
pN(t) = N ; O, () (2.3)

is well defined for t € [0,00). One can prove that pV(t) converges to some probability
measure satisfying the Dyson equation (L4) ([2L/5,25]).

Next, we derive the complex Burgers equation (LI) from the Dyson equation (4.
For f,g € LP(R) (p > 1), the Hilbert transform has the following properties (see, e.g.,
[23]):

HHf)=—f, 0.(Hf)=H0f,
and
H(fHg+gHf)=HfHg— fg.

Applying the Hilbert transform to the Dyson equation (4] yields
Ou(Hp) +mHpHOp — mpOyp — v0, H(px) = 0.

Moreover, for any function g : R — R, we have

H(zg(x))_lp.v./ﬂawdy_%p_v,/]l{wdy_kip'v'/]l{%(y;dy

T z—y r—vy
1
=zHg(z) — —/g(x) dz, (2.4)
T JR
which implies
) 1
H(pz) = ez + —ux. (2.5)
T T

Combining the above two equations, we have
Oru + udpu — 72 pdyp — YO (ux) = 0. (2.6)
Set
f=u—imp, u=mHp.

Hence, f gives the trace of an analytic function in the upper half-plane. Combining (L4

and (2.0]) yields
Of + fOrf —70.(fx) =0, x € R, t > 0.

This corresponds to the following complex equation in C,.:
Of + [O-f —70:(f2) = Ouf + fO.f —20:.f —~vf =0, t>0. (2.7)
By the linear transformation g(z,t) = f(z,t) — vz, we have
0ug +90:9 =7’z = 0f + (f —v2)(0:f =) =2 = Ouf + fO.f —720.f —~f =0,

which is the Burgers equation with force term ~2z (LI). Moreover, from the above
computation we see that the Dyson equation ([4) with v = 0 is equivalent to the
coupled Burgers system (LI3) with a = —72 and u = 7Hp.
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2.1. Analytical solutions to the Dyson equation (4], convergence to steady state,
and finite time blow up. In this subsection, we prove the existence and uniqueness of
positive analytical solutions to the Dyson equation (L4]) with v > 0 and initial datum
0 < po € H*(R) N L*(R) (s > 1/2) by proving the well-posedness results for complex
Burgers equation ([LI]). We also show the pointwise convergence to the steady state for
analytical solutions.

Let po(z) > 0, and let py € H*(R) N L*(R) with s > 1/2 be the initial datum for
the Dyson equation (I4)). The initial datum py can be extended to a C,-holomorphic
function by the Hilbert transform (also called the Stieltjes transform, Borel transform,
or Markov function) for positive measures:

fo(z) = %/R?)T(S;ds, z=x+1iy € Cy. (2.8)
Let
go(2) := fo(2) = vz, z=x +iy € C;. (2.9)

Then, go is a C;-holomorphic function. Consider the following Cauchy problem of the
Burgers equation with force term 2z in C:

{[&eg +90.9)(2,1) =7z, z =z +iy € Cy,

9(2,0) = go(2).

First let us list some simple estimates for the Dyson equation (L4)).
Fact 1 (L'-conservation law): |[p(t)|| 1) = [lpoll L1 (»)-

Fact 2 (Second moment estimate): Multiplying (L4) by z? and taking an integral
yields

(2.10)

d
x 2p(x,t)dx = 27r/ zpHpdz — 27/ x2p(x,t) d.
Notice from (2.5 that we have
1
/prdew = 5-lelis,

and hence d
T / 2?p(x,t)de = ||po|3: — 27/ x?p(x,t) de,
R R

which implies

2 2 2 0
ey < Wl ool =20ma©) e
2y 2y
Fact 3 (L? estimate): Multiplying (EIEI) by p and integration by parts show that
d ,t t)]?
dt |z — y|2 R

see more detalls in the proof of Theorem
Fact 4 (H2 estimate):

d

G i+ 7 [ @uttpode+m [ o007 do = 29| (-8) Vgl

see more details in the proof of Theorem
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THE COMPLEX BURGERS EQUATION 63

Fact 5 (Entropy estimate): Taking the time derivative to fR plog pdx and integration
by parts show that

% plogpdx—/ﬁtp(logwrl)dw:/—(pHp+7xp)z(logp+1)dw
R

:/R(Hp — y2)pe dz = —[(—=A)*p|3..

Fact 6 (Energy dissipation): Since the Dyson equation is a Wh-gradient flow with
respect to the energy (L9]), we have the following energy dissipation property:

d [ OE B (5E)2
th(”)_/Rép Oy = /Rp 0. (5

= —/p(x,t)}*yx—pr(x,t)ﬁdx.
R

Now we have the following theorem.

dx

THEOREM 2.1. Let v > 0, and let 0 < po € H*(R) N L}(R) with s > 1/2. Then:

(i) The complex Burgers equation (ZI0) has a unique C -holomorphic solution g(-,t)
for t € (0,00), and %g(, t) is an analytical function of z on C, for any positive integer
k and t > 0.

(ii) For any ¢ > 0, the trace of f(z,t) = g(z,t) + vz on the real line gives a positive
analytical solution p(z,¢) > 0 to the Dyson equation ([4) with p(z,0) = po(z) and
% p(x,t) is an analytical function of z € R for any positive integer k. The following
estimates hold:

(a) The total mass ||p(t)||: is conserved:

o)l = llpollLr (2.11)
(b) If 2%pg € L*(R), then the second moment my(t) := [, 2°p(x,t) dx satisfies

ool _ ool = 2ma(©) e
mo(t) = ¢ 27 2y (2.12)
ma(0) + lpollZst, v =0.
(c) The following energy dissipation holds:
d 2
GE@) == [ o0 - ol 0 da. (2.13)
R
with E defined by (L9).
(d) If polog po € L'(R), then the entropy 6(t) := [, p(x,t)log p(x,t) da satisfies
wwgvmmum+em» (2.14)

(iii) For v > 0, g(z,t) converges to the steady state:
hmgzt —/7?22 =2y VzeCy,

and p(z,t) converges to the steady state given by semicircle law:

@ =7

Vz € R. (2.15)
m

tlg]élo p(x,t) = poo(z) ==
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(iv) For v = 0, the solutions g(z,t) and p(z,t) converge to steady state after scaling

in the following sense:
2t—1
e
elg (etz,

2

>—z—>—\/zz—2 as t — 00

and

2t _q 2 _ 12
etp(etm,e 5 >—> ( )+ as t — oo.
s

We remark that part (i) of Theorem 2T]is derived directly by combining the solutions
given by [] and the space-time rescaling (7)) as described below. Consider the complex
Burgers equation

0-G + §0wd](w, 7) =0, w € Cy,
{[ J(w, T) + (2.16)

g(w,0) = go(w) +yw,
where g is defined by ([29). Castro and Cérdoba [4] proved global existence and unique-
ness of the C,-holomorphic solution ¢ to (ZI6) by the method of characteristics. For
t >0, (-, t) is C;-holomorphic. Hence, from (ILT)) we obtain a C-holomorphic solution
g to (2I0) with initial datum gy and for ¢ > 0, g(-,¢) is C;-holomorphic. This proves
part (i) of Theorem [ZIl For part (ii), let

f(z,t) == g(z,t) + vz, z € C4, t > 0.

Then, f is a C;-holomorphic solution to (2.7)) with initial datum fy given by (2.8), and
for t > 0, g(,t) is C,-holomorphic. Consider the trace of f on the real line and define

f(z,t) = u(z,t) —inp(x,t), z €R, t > 0.

Then, we have v = mHp and p(x,t) is an analytical solution to the Dyson equation (4]
with initial datum pg. This proves part (ii) of Theorem 211

Since, the acceleration of characteristics for complex Burgers (ZI0]) is not zero, which is
different with (2I6). This also brings some detailed information of solutions. Therefore,
for completeness and to unveil this information, we provide a direct proof for Theorem
21 in Appendix [Al

REMARK 2.1 (Finite time blow up). Note that condition py > 0 is essential to Theorem
21 Castro and Cérdoba [4, Theorem 4.4, Remark 4.5] proved that if pg > 0 and pg €
H?(R), then there exists a unique local solution p € C([0,T]; H*(R))NC*([0,T]; H*(R))
to (L4) with v = 0. Moreover, if po(xg) = 0 = inf,er po(x) for some point zy € R, the
solution blows up in finite time (see [, Theorem 4.8, Remark 4.9]). Precisely, along the
trajectories of characteristics X (xq,t) starting from zo, we have

X(xo,t) = Hpo(xo)t + Zo,

and )
O Hp(X (29,t),t) > —00 as t >t 1= ——n——.
(X {zo.2).1) 9z H po(z0)
Due to (L), there exists a unique local solution p to (4] for v > 0 given by
e —1
ply,7)=¢€"Tp <€Wy7 T) s yeR, 7>0.
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Moreover, we have

2yT _ 1
ayHﬁ(:%T) = 6277—6pr (e’YT:% e—) .

2y
Let
297 _ 1 H 27T
t=5 T2 =" X(zpt)=e 77 { polwo)(e ) + :vo} ;
2y 2y
and
“— Liog( 4 247
T = — 10 .
2y g Y
Then, we have
e —1
lim 0,Hp(y,7) = lim €79, Hp (e’ﬂ'y’ —>
T—T* T—T* 27
_ 6277* lim 8me(X(-/EO7t)7t) = —00.

t—t*

Hence, the solution to () with v > 0 also blows up in finite time.

2.2. Ezxplicit solutions to the Dyson equation (L4) from semicircle law and exponential
convergence to the steady state for v > 0. In this subsection, we give some explicit
solutions to the Dyson equation (L4) by using Wigner’s semicircle law (LII). When
v > 0 the explicit solutions converge exponentially to steady state given by (2I5).

2.2.1. An explicit solution to the Dyson equation ([LA)with v = 0. For v = 0, notice
that vV NA(t)//t is a Wigner matrix (Hermitian matrix with i.i.d. entries which have
mean zero and variance one), where A(t) is defined by (I5) with A(0) = 0. Let {A;()}}2,
be the eigenvalues of matrix A(t). Hence, as N goes to infinity, the empirical measure
= Z;vzl 03, (t)/vE @lmost surely converges to Wigner’s semicircle law 41 (x) given by (IIT)
weakly in probability measure space (see [30] or [29, Theorem 2.4.2]). On the other hand,
the empirical measure p (t) = + Zjvzl dx, (1) () almost surely converges to a measure
solution p(z,t) of the Dyson equation (4] with v = 0 [25]. We can obtain the relation

between p(z,t) and p;(x) by the following lemma.

LEMMA 2.1. For any constant a > 0, if we have the following narrow convergences in
probability measure space P(R):

N N
1 1
SN . ~ N(y .
v (x) = N jgzl 0u;/a(®) = P(z) and v (x):= N JE:l 0z, (x) = v(z)
for two probability measures o, v, then we have

v(x) = éf/ (%), (2.17)

a
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Proof. For any test function ¢ € Cj,(R), we have

N

[ e@ i@ = tim_ [ olw)az ¥ 2 #leslo)

R

= hm/ (y/a)dv™ —a_hm/ ax)

= [ et/ avty) = a / () dv(az).

Hence, av(azx) = v(z), which implies (2.17). O
From Lemma [ZT] we choose p as the rescaling of p; defined in ([TTl):

pla.t) =T (22) = VUG (2.18)

where p(z,t) is the limit of the empirical measure Zjvzl Ox;(ty(w) for v = 0. This
implies that p(z, t) is a kind of self-similar rarefaction wave solution of the Dyson equation
(C4) with v = 0. Next, we calculate u(z,t) using the Hilbert transform of mp(z,t) and

then verify that the obtained (p,u) satisfies (L4)) (v = 0). For # € R\ [-2v/%,2V/], by
changing of variable with y = 2v/tsin 6, we have

2Vt
(rHp)(x,t) = Vet

2t7r ovi Ty

1 /2 4t — g2 [™/? 1
= z+ 2Vtsin) df + / de
2t —r)2 ( ) 2t xj2 T — 2\/551119
x+4t—x2/”/2 1 W
2t 2t J_ ;0@ —2+/tsind

2 _
:£ + - 2 {arctan <$7M) + arctan (M)} .

2t 2tm 2 — 4t 22 — 4t 2 — 4t
(2.19)
Using the fact
T for x-y=1, x,y >0,
_ 2
arctan z + arctany = T
—5 for z-y=1, z,y <0,
we obtain
2 4t
%4—73:% ,x<—2\/¥,
(Hp)(z,t) = (2.20)
x T2 — 4t S 9E
— .
2t 2t
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For @ € [—2/t,2v/t], we have

2Vt
(mHp) (@, 1) == p. v V4 Yy

Then, using a similar calculation as in ZI9) we have (mHp)(z,t) = £, x € [-2V/1,2V/].
Therefore we have

Va? — 4t
rhveT oA , < =2V,
2t
%, € [-2v/, 2V, (2.21)
x—Va? — 4t
2t ’
and (p,u) satisfies (IL4) (v = 0) with initial datum

u(z,t) = (rHp)(z,t) =

x>2\/¥,

p(x,0) = 6(0), u(z,0) = (rHp)(z,0) = p.vé. (2.22)

Notice that the above self-similar solution (p,u) corresponds to the self-similar solution
to the complex Burgers equation given in [20], Section 1.2].

In Appendix [Bl we will give the same explicit solution by the Stieltjes transform of
Wigner’s semicircle law u (see (B).

REMARK 2.2 (Connection with Barenblatt solutions to porous media equation). Con-
sider the following one-dimensional porous media equation:

T 3 _
Ouh = -000(h%), hlio = 3(0).

It has a self-similar solution called the Barenblatt solution (see [26], page 104]) given by

— 2 4_(—)2
h(x,t)——(ll;/jr\/i Mz#- ( %/ )+.

Notice that
4t — 2
p(l‘,t) = h(I,tQ) = ﬁ
27t
is exactly the explicit solution (2I8) to the Dyson equation (L4]) with v = 0.

2.2.2. An explicit solution to the Dyson equation [LA)with v > 0 and exponential
convergence to the steady state. When v > 0, we first show that (ZI8]) with ¢ = % gives
a steady state of (L)) with v > 0. Actually, we have

( 1 ) (2y —7%2?)4
p\,— | ="———"——
2y s
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and
YT+ /P2 =2y, w < —V2,
1 1
U (il?, %) =nHp (!E, ﬂ) =47%, ZE [_\/5, \/5]7
v — /Y22 — 2y, & > V2.
Define
@) = p (2,5 ) usele) = u (2. 5-) (2.23)
) =plx,— |, uso(z) =ulz, — .
Poo P A oo "9y )
and then

Poo(Uoo — ) =0,
which implies that p. is a steady state of the Dyson equation (I4]) when v > 0. Due to
the convexity of the energy F in (L9), the steady state is the minimizer and it is unique
(see Remark [2.7]).
Next, we construct an explicit solution which converges to p~, exponentially. Let o(t)
be an unknown function, let o(0) = o > 0, and assume the solution p(z,t) to (I4) with
~ > 0 has the following form:

_ V(20(t) —2?)
plz,t) = T* (2.24)

Correspondingly, we have

u(z,t) = wHp(x,t) = g |lz| < /20(1),

2—20(t
U(t) R 3:>\/

Obviously, (p,u) satisfies (I4) when |z| > y/20(t). Next, we consider the case |z| <
\/20(t) to obtain a proper ordinary differential equation for o(¢) such that (p,u) is a
solution of (IL4]). Direct calculations show that

V2o —x2 . o T
Op=— 53— 0+ v Opp=———,
oV 20 — x? oV 20 — x?

o
V20 — x2 1
p+xd.p =20 7 23: — i
o wov20 — x2

Take the above equalities into (L4]) and obtain

Op + 0z[p(u —yz)] = Orp + (l - ”Y) (p + 20xp)

V20 — 12 1
—(=6 42— 2y0) [ L =0, |2] < /20(t).
o ToV20 — x2

and

Hence, we have
6(t) =2—2y0, o(0)=09 >0,
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which implies
1 1-
o(t) = — — —— 10 =2t
Y v

Hence, for any o > 0, an explicit solution to ([4]) is given by

V(2311 = (1 —yo0)e 271 — 72a2)
[l — (1 — yog)e 27

> 0.

p(z,t) = (2.25)
This solution tends to ps (defined by [2:23)) exponentially as ¢ — oco.

2.3. Global weak solutions of the Dyson equation (I4). In Theorem 21| we proved
global existence and uniqueness of a positive analytical solution to (I4]) with a strictly
positive initial datum pg > 0 and py € H*(R) N LY(R) with s > 1/2. If py > 0 and
po(zo) = 0 for some zy € R, the solution to (L4) blows up in finite time (see Remark
2.1) in the sense that 9,Hp goes to —oo. Consequently, there is also a finite time blow
up in the space H*(R) for s > 3/2. Next, we show global existence of the weak solution
in AH'/2(R) N L'(R). Note that we have an interpolation inequality

lellzz < 3lpl ol e
Hence p € HY/?(R)N L*(R) is equivalent to p € H'/?(R)N L*(R). Let us define the weak
solutions below.

DEFINITION 2.1. For T > 0, pg € H'/2(R)NL*(R), and py > 0, a nonnegative function
p € L=(0,T; HY/?(R) N LY(R)) N Wh*°(0,T; H~™(R)) for some m > 0 is said to be a
weak solution of the Dyson equation (4] if

T
| [ ostatiptant) dode+ [ 660, 01p(x) ds
0 R R
o _1 r 6w¢(xvt) — ax¢(y7t) T T
= 2/0 /R/R . p(z,t)p(y,t) dzdydt

-y

T
—|—'y/ /x@xgﬁ(x,t)p(x,t) dedt (2.26)
o Jr
holds for any test function ¢ € C°(R x [0,7)).

THEOREM 2.2. Assume 0 < pg € HY?(R) N L'(R) and m2(0) := [, 2%po(z)dz < oo.
Then, there exists a unique global nonnegative weak solution to the Dyson equation (4]
satisfying
pe L=(0,T; HY*(R) N LY(R)) N Wh>=(0,T; H~*(R))
for any time T > 0. Moreover, we have the following estimates:
(a)

lp®)llzz172 < € llpollzr/2, > 0. (2.27)

(b) The mass ||p(¢t)||: is conserved:

lp@ e = llpollzr- (2.28)
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(¢) For a.e. t > 0, the second moment my(t) := [, x*p(x,t) dz satisfies

loollZ: — llpollze = 29ma(0) sy V>0
ma(t) <{ 27y 2y ’ ’ (2.29)
m2(0) + [lpolZat, v =0.

(d) The following energy dissipation holds:

E(p(-,t)) + /Ot/Rp(x,s)hx — wHp(z, s)|2 dzds < E(pg) for any t >0, (2.30)
with E defined by (L9).
(e) If polog po € L'(R), then the entropy 0(t) := [, p(x,t)log p(x,t) da satisfies
0(t) < 1l poll it + 60 >, 10, (231)
Proof. Let ¢ > 0 (e > 0) be the standard Friedrichs mollifier. Set
Py = PO * Pe.

Then, for nontrival initial datum pg, we have p§(z) > 0 for x € R and p§ € H*(R)NL'(R)
(s > 1/2). Moreover, from Young’s inequality for convolution, we have

lpollz> < llpollzz, ool gere < llpollgrzy oolr = llpollze- (2.32)

By Theorem 2], we have a global positive analytical solution p¢ to (I4]) with initial data
P

Op® + Oz [p*(mHp® — vx)] = 0. (2.33)

STEP 1 (Uniform estimates for p¢). First, multiplying (233) by p¢ and integration by
parts show that

d (P€)2 ﬂ—/ €\2 € 7/ €\2 _
dt/R 5 dﬂc—k2 R(p)ame dz 5 R(p) dz =0.

Since the second term on the left-hand side is

/( )20, Hp* dx—// (x,t)) 2/ |x)—p|62( ’t)dydx

Ip x,t) — p(y,t)?
// \x—y|2 dz dy,

we obtain
d t)[?
dac—l—Q// x,t) (e, t) = 2( )l dxdyz’y/(pe)de. (2.34)
|z -y R
Grbnwall’s inequality and ([232)) imply
lp“ 1122 < e*llpiliz2 < e llpolZz, t > 0. (2.35)

Second, multiplying [233) by Hp¢, gives the following estimate:

1d

oRTLISES Raall +7r/ (5prE)2ped$+7T/&CpEameEHpe dz
2 R

—’y/ 0. Hp 0, (xp®) =0. (2.36)
R
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On the one hand, we have

7r/ 0:p°0. Hp Hp dx = —7r/ H(0,p 0, Hp)pS da = _g/[(aszf)Q — (0,p%)?)p¢ dz.
R R R
(2.37)

On the other hand, we estimate the last term in ([2:36) as below. Due to [24)), we derive

3 [ 0uttronen) == [ dupoutitar) = = [ oupontetip) s
R R R
= —’y/ O0:p°Hp®dx — 'y/ 20, p 0, Hp® dx
R R
=AY I = [ wduouty e
Use [24) again and we have

—’y/x@xpﬁé‘meﬁ dz :'y/ H(20,p%)0,p dz :'y/ 20, Hp 0, p© dx.
R R R

This implies 7 [ 28,p°0, Hp® dz = 0, and hence
7/ 0 Hp 0y (xp%) = v[(—A)4p°|172. (2.38)
R

Combining (2.36), (231), and ([238) shows that

d

=) 3 4 / (0. Hp)2of do + 7 / P (Dap)? da = 29[| (=) /4|22 (2.39)
R R

Gronwall’s inequality and (2.32)) imply

||p€(t)||§p/2 < 627t||/70‘|§;1/2a t>0. (2.40)
Inequalities (Z358) and (Z40) yield
1P )32 < € llpoll3ss  t>0, (2.41)

and hence we have
p¢ € L®(0,T; H/?(R)) for any T > 0.

Third, for time regularity, the following estimate holds for any ¢ € C°(R),

/ O (x)0p (x,t) do
R

= 1 chb(x) — 8x¢(y) € 3 €
T i/R/RTP (z,0)p°(y,1) dxdy+7/ 2o (z, t)p(z, 1) da

€ R
<C([|0z2Bl Lo + (m2(p) + P[0 @llLo) < CllD] 1,

and hence

1000 || o< (0,00, -2(r)) < C, Op® € L®(0,00; H*(R)). (2.42)
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STEP 2 (Take limits for p¢ as € goes to 0). First, from uniform estimates (2.41])
and ([Z42) in Step 1, there exist p € L>(0,T; H'/?(R)) N W*°(0,T; H3(R)) and a
subsequence of {p}.~o (still denoted as {p}es0) such that

pf = p in L®(0,T; HY/?(R)) as € —0
and
Oip® = 0yp in L®(0,T; H3(R)) as € — 0.

Hence, we have (2.27]).
Second, from (Z41)) and ([Z42]), by the Lions—Aubin Lemma, we also know that

pf—p in L®(0,T; L .(R) as e — 0,

and consequently
p¢— p in L>=(0,T;Li,.(R)) as €— 0. (2.43)
Due to [|p*(t) |1 = llpollz1, we have
R
o)l = hm / (z,t)de = lim lim p(z,t)dz = ||pol| L1,
R

R—+o00e—0 J

where in the last step we used the uniform bound of second momentum for p° (ZI2]).
Hence,

p € L>(0,T;L'(R)),
and ([2:28) holds. For any test function ¢ € C°(R x [0,T)), by (232) we have

/()T/Rat¢(x,t)ﬂ€(x,t) dxdt+/¢(x’0)p8(x) d
/ // mwt m¢(y7) pS (2, t)p(y, t) dadydt

T
—I—”y/o /Rxaw(b(x,t)pé(aj,t) dzdt. (2.44)

By the strong convergence of p¢ in ([243), we can take the limit as ¢ — 0 in ([2:44) and
conclude that p satisfies (Z26]). Hence, p is a global weak solution to (4.
STEP 3 (Consequent estimates for Hp). First, from (241 and

H(—A) |2, = / (Hp* HO, (Hp") de = | (~A) (Hp)| 2, (2.45)

we have uniform estimates

|Hp ||L°°(0,T;H2 ®) < C for any T > 0. (2.46)

Second, from the equation for u¢ (2Z.0) with u® = mwHp¢, we have for any ¢ € C°(R)

o(z)Opus (z,t)de = | Opp(x) (u)® - 7T—2(;16)2 — yaus| dz
R R 2 2

<Cloollillp3e + [ 1H(0.6)5° do = Clo0lo~ |5 I + [ H(@s0)a0 ds
R R

Clllowsl o= llpIl7z + (ma(p) 2 o1 2 ) [ HOpl 2] < C([1020] Lo + 102 ll),
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and hence
1000 || oo (0,00;57-2(R)) < €, Gyu € L0, 00; H*(R)). (2.47)

Similar to p¢, combining ([2:46]), (Z47), and the Lions—Aubin Lemma, we also know that
for u =mHp € L>(0,T; H'/2(R)) n W (0, T; H~%(R)),

ut 2w oin L®(0,T; HY2(R)) as e — 0, (2.48)
Ot = dwu in L®(0,T; H %(R)) as € — 0, (2.49)
u® = u in L>=(0,T;L} . (R)) as €— 0. (2.50)

Consequently, we have for a.e. t € [0,7],
Hp(-,t) = Hp(,t) for ae. z€R as € — 0. (2.51)

STEP 4. The uniqueness of weak solutions is a direct result of the contraction property
of Wasserstein distance as stated in (2.55).

STEP 5. We prove properties (2:29), [230), and 231) below.
Due to (ZI2]), we have

loollZs  llpollZs —2ym5(0) s,y
my(t) =< 27 2y (2.52)
m5(0) + [lpoll7:t, v =0,

where
ms(t) ::/x2p6(x,t) dz.
R

Due to strong convergence of p¢ to p in L>(0,T; L, .(R)), for a.e. t € (0,T) we have

loc

pe(-,t) = p(-,t) fora.e. x €R as € — 0. (2.53)

To take the limit in (2E52), first notice m5(0) — ma(0) by Young’s convolution inequality.
Second, by Levi’s lemma and Fatou’s lemma, we have

t)=li )nvpdr < lim liminf [ (2*)yp°d
ma(t) = Jim [ @pde < i timint [ (22)p do
(2.54)
< lim liminf/ 22 p¢ dz < liminf ms(t),
N—+4o00 €—0 R e—0

where (22)y means the cutoff (22)y = min{z?, N}. Hence, we obtain (2.29).
For the energy dissipation (Z30), we prove it by taking limit in ([2.I3]), Levi’s lemma,
and Fatou’s lemma. First by pointwise convergence of p¢ in ([2.53]), pointwise convergence

of Hp¢ in (25]]), and Fatou’s lemma, we have

T T
/ / plyz — rHp(z,t)|* dz < lim inf/ / plyx — mHp(z,t)|* d. (2.55)
o Jr <=0 Jo Jr
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Second, there exists a constant ¢ such that K(z,y) := %’y(:ﬁ +92) + log ﬁ +c¢ >0,
so we rewire the energy as
1 c
E(p) =5 | K(zy)p()p(y)dzdy - 5. (2.56)
R

Denote the cutoff of K as Ky(z,y) := min{K(z,y), N} such that 0 < Ky(z,y) <
K (x,y), which increasingly converges to K(x,y) for a.e. (z,y) € R%. Then by Levi’s
lemma and Fatou’s lemma, we obtain

1
= lim =

c
E z
(p) + 2 N-o+4oo2

|, @ pwpdry
1

< . . . - € €
< i liminf 5 g Kn(x,y)p"(x)p"(y) dz dy -

1
< . . . - € €
< Jlm liminf o g K(z,y)p*(x)p(y) dzdy

c
< T o, <
—hIEIl}éle(p )+ 5

The entropy inequality (Z31I]) can be obtained by ([2I4) and the weak lower semi-
continuity of the entropy [10]. a

REMARK 2.3. We shall remark that the global existence of weak solutions for the
following nonconservative equation remains open:

Otp —ulyp =0, u = Hp.

We refer to [6128] for an in-depth study of this equation with or without a viscous term.

REMARK 2.4 (Exponential convergence to the steady state). Carrillo et al. [3] proved
the existence and uniqueness of probability solutions by using gradient flow structure in
Wasserstein distance. Notice the free energy F(p) given by (L9) for the Dyson equation
consists of a harmonic trap energy Ey, and an interaction energy F;. E; is convex (or
displacement convex) along generalized Wasserstein geodesics and Ey, is y-convex along
Wasserstein geodesics as explained below. Assume pg, p1 € Pac(R) and T : podx —
p1dy is a Wh-optimal transport (Bernier’s map). Then p, = [tI + (1 — t)T)xpo is
a Wasserstein geodesic (or displacement interpolation between pg and p;). From the
definition of push forward (see [1 Section 5.2]),

Bup) = [ Sotar) = [ LEELZOTEE, )

2 2

2?2 —t(1 —t)(x —T(x))? —)T?%(x
ZW/Rt t(1—t)( T2( N+ (1 —t)T%( )po(dx)
—tB(po) + (1 — )Fn(pr) — 7D w2(0, ).

2

Therefore Ey(p) is y-geodesically convex (see [I Definition 2.4.3]). For the geodesical
convexity of the interaction energy Fji(p), due to the singularity in logarithmic func-
tion, it relies heavily on monotonicity of the optimal map. We illustrate the idea for
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00, p1 € Pac(R), po > 0, which ensures that the optimal map T is strictly increasing:

Bi(p) = | | loa(lz = D) ()
= [ = o8lltta =) + (L= D7) = T o(hm(w) dr dy
<t / —logl — ylpo(e)po(y) d dy
H1-1) [ —1og]T(@) ~ TWlao(a)n(y) do dy
Rz

= t/ —log |z — ylpo(2)po(y) dzdy + (1 — 1) / —log |z — ylp1(2)p1(y) dz dy
R2 R2
= tEi(po) + (1 = t)Ei(p1),

where we used the convexity of logarithmic function in the first inequality and strict
increase of T' in the third equality. However, without the strictly increasing property, we
refer to |3l Proposition 2.7], where Carrillo et al. proved the generalized geodesic convex
of E;(p) using the essential monotonicity property (excluding a null set) of the optimal
transport maps between absolutely continuous probability measures in one dimension.
The standard gradient flow theory [I, Theorem 11.2.1] yields the exponential convergence
to the steady state in Wy distance; see also [2,[3]. More precisely, if p and p are two
probability measure solutions for initial date py and py respectively, then we have

Wa(p(t), p(t)) < eV Wa(po, po)- (2.58)

This implies the uniqueness of probability measure solutions and exponential convergence
to the steady state.

When v > 0, we also remark that ~-convexity of F implies the uniqueness of the
steady state (minimizer). Indeed, if 4 and v are two distinct minimizers, consider p; /5 1=
[%I + %T}#u, where T is Bernier’s map between p and v. Then, we have

Bl ) < 5[BG0) + B0)] = IW3(uv) < 5[BG0) + B))

which is a contradiction with the assumption that p and v are distinct.

3. Bi-Hamiltonian structures. In this section, we construct a bi-Hamiltonian
structure for the coupled Burgers system (I.I3]) by using the decoupled Burgers equations
(CI8) and (CIT). First, we present infinitely many conserved quantities for the coupled
Burgers system (LI3). Recall (LI5). Because [, f5(x,t) dz are conserved quantities of
the decoupled Burgers equations (LI6) and (LIT), we have the following proposition.

PROPOSITION 3.1. Let (p, u) be a classical solution to the coupled Burgers system (LI3]).
Then, the quantities

k1 qa 2 u — ap)k? dx .
M [ vap) de s [ (= vap)d (3.1)

are conserved for any constants A1, Ao € C and any positive integers ki, ko € N.
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REMARK 3.1. Notice that when a < 0, we have f_ = f.. When A\; = )y and
k1 = ko = k in (BI]), we have

A (u+ Vap)k = Xy (u—vap)*.

In this case, B1) gives real conserved quantities.
Next, we consider the case for ky = ko = 3 in (I and derive a bi-Hamiltonian
structure for the coupled Burgers system ([I3). Define the following functionals of

fr(=u+Vap):

3 3
T /f++f Hi(f ) = Rf;Nf ar. (32

Due to Remark B, we know that both H; i and Hg are real conserved quantities. More-
over, the decoupled Burgers equations (ILI6) and (II7) can be rewritten as

f f
atf++2az<5H1) =0, Oifr +2v/ad, <5H )—0,

0 0
I+ and I+ (3.3)
O f— + 20 6H{ =0 O f— — 24/ad 6Hg =0
t)— T (5f7 - t)— (670 (Sf; = u.
Define
H(p,u) := / (1u3 + gp2u) dz, H(p,u):= / (lpu2 + gp?’) dz. (3.4)
r \6 2 r \2 6
Then, direct calculations show that
H(pu) = Hf (f+.[-), j=12, (3.5)

and we have the following theorem.

THEOREM 3.1. For a # 0, the coupled Burgers system ([I3) has a bi-Hamiltonian

structure:
SHY SHY
L Y A I (3.6)
ot SHY sHY |’
U
ou ou

where J and K are antisymmetric operators given by

19, 0 0 -0,
Ji=[ © . K= . (3.7)
0 -0, -9, 0
Proof. Due to f+ = u+ \/ap, we have p = (f+ —f-)and u = 3(fy + f-). From
B3), we obtain
1 sH!  sH! §HI  6HI
Orp+ —=0 L) =0, Oip+ 0y | =2 2 ) =0
MRV ( 6+ of- > o ( 6+ of-
sHI  §H; and sHI sHI (38)
Opu + 0Oy +—L)=0 du+Vad, | —2 — —2 ) =0.
t ( 6fy 1= ) ko ( T
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Due to (B.5]), we have the following relations:

u f f u f f
5Hj _Ja 5Hj_5Hj §Hj :(5Hj+6Hj =12
dp 6f+  of- )7 du ofy  of’ o
Put (B9) into (B.8) and we obtain
1 OHY OHY
Owp + —0, (—1)20, 8tp+8x( 2) =0,
o op and ou
OHY OHY
&gu—l—az( 1>:0 5‘tu+(9z( 2)20,
ou p

which is (3:6).

7

O

From Theorem Bl we can directly obtain a bi-Hamiltonian structure for system

(LI])), as shown in the following corollary.

COROLLARY 3.1. For a # 0, the isentropic gas dynamics (LIS) can be rewritten as the

following bi-Hamiltonian structure:

9 P SHI" SHI"

v _ j op _ K op

6t 5HIn (SH;," ’
m om om

where J and K are antisymmetric operators given by

<
[
=
[

—Lud, —Ludyu— pdyp —p0y  —udpp — pdyu

and the Hamiltonians are given by

md o« m2  «
Hi"(p,m Z/(——f——m)dx, H3"(p,m z/(—+—3>dx.
1"(p,m) G T2 2" (p,m) (5, F 57

Proof. Due to m = pu, we have

HJm(p,m) = H;‘(p,u), J=12
Moreover, we have the following relations:

OHy OHp  SHP  SHY  OH}

+u ) - 3
op op om ou om
or equivalently
T (Y ()
)= o) i=1e
5u 0 p 5
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Combining (3.6) and ([B.I3]), we obtain

o (r 1 0\ [ 10J1u5§’p1m
ot m u P Jru U p 0 p 5;27”
10 1w [
= K ». (3.14)
SHI
u p 0 p S
Hence, we have
- 10 1 u 19, —19,u
J= J =
U op 0 p —éu@m —éu@xu — POy p
and
1 0 1 u 0 -
K = K - =P
u op 0 p —pOy  —udyp — pdyu
Hence, we obtain a bi-Hamiltonian structure for system (LIS]). O

Notice that H* is nothing but the total energy of system ([LI8]), which is given by

1 a m? Oépg
e pom) = [ E(e.t)de = (_ 2 o 3>d :/<_ —)d . (315
2" (p,m) /R (z,t)dx /}R 5PU +6p x A 2p+ 6 T (3.15)

where F(z,t) is defined by (L22]).
REMARK 3.2 (A bi-Hamiltonian structure for p-system (L23])). Set

1

n(,t) = D £e(0,1), t>0.
Then, the p-system (L23]) becomes the following system for (n, V) :
2
{zf‘n/ _ _ij;; 777- (3.16)

We have the following bi-Hamiltonian structure for system (BI0]):
o (n)_ ~ 110N — 0V + BV — LoV (2
O\v) =&V + Zndv - Lava LV + Lnden LA
and

o (n) 0 25, 657;1

M\v) \omz 0 )
where
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4. Kinetic formulations and entropy solutions for the coupled Burgers sys-
tem (LI3) with o > 0. In this section, we study the kinetic formulation for the coupled
Burgers system (IL.I3]) with a > 0. In contrast, Lions, Perthame, and Tadmor [15] studied
system (L.I8) and used the kinetic formulation to obtain global entropy solutions without
uniqueness. Here, we show the existence and uniqueness of global entropy solutions for
(L.I3).

4.1. Kinetic formulations. Kinetic formulation is a method which uses the distribution
function (v, x,t) at time ¢ in the phase plane for velocity v and the position z to study
the continuum equation for u(x,t) (and p(z,t)). At fixed continnum variable (z,t), u and
p are some v-moments of k. In the local thermal equilibrium the distribution function
k(v, x,t) can be described by v-equilibrium distribution x(v; u, p) with parameters u and
p, e, k(v z,t) = x(v;u(z,t), p(x,t)). In kinetic theory, the v-equilibrium distribution is
also known as Maxwellian. Following the idea of the celebrated work by Lions, Perthame,
and Tadmor [I5], we use the combinations of the Heaviside function,

1, v>0,
HW =130 w<o

to construct the equilibrium distribution. Let (p, u) be a solution to the coupled Burgers

system (LI3]) with o > 0. Recall (LIT)
f+ =uxap.

Then, fi are solutions to the decoupled Burgers equations (IL16) and (LI7). We use the
following v-equilibrium distributions:

X+ (v;p,u) == H(v) — H(v — fy), x—(vip,u):=H()—H(v— f_),

X(wip) = o =) = = ) = HEe =Ll (@)
and

%05 prw) = 5 0cr +x) = H2H () — H(o = f) ~ H(w — 1))

For any nonnegative integer k, direct calculations show that the following k-moment
equality holds:

k+1

k 5
sp,u)dv = . 4.2
/RUXi(UPU)U r 1 (4.2)

Hence, the conserved quantities given by (B correspond to the integration (w.r.t. the
x variable) of the following kinetic formulations:

Al/vklir(v;p,u) dv—i—)\g/vk?X,(v;p,u)dv, MeEC, keNy, i=1,2. (4.3)
R R

Choosing A1 = Ay = i and k; = ko = 2, we obtain the Hamiltonian H7', and choosing
A=A = ﬁ and k1 = k2 = 2, we obtain the Hamiltonian HY given by ([34]). More
precisely, we have
1 1
Hpw = [ Plepnd, B0 =g [ P @)
R R
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By (@2]), the decoupled Burgers equations ([LI6) and (LI7) have the following kinetic
formulations:

/(@Xi +v0px+)dv = Oy f+ + f+0, f+ = 0.
R

Besides, we also have
= / (i pou)dv, p= / X(v; p, ) dv.
R R

Hence, the coupled Burgers system ([LI3]) has the following kinetic formulation:

v= = . (4.5)

/ Opx + 0z X q Orp + 0z (pu) 0
B\ 8, + 09, % Opu + 0, (52 0

Moreover, direct calculations show that

pu v
- :/R 2 | X(wipu)dv, (4.6)

where F is the total energy given by ([L22)). Comparing with (LX), we have the following
kinetic formulation for the isentropic gas system (II8):

1 Oip + Oz (pu 0
/ (O + vp) dv = 0+ ulp) -
R\ v ¢ (pu) + 0. (pu? + p) 0

4.2. Existence and uniqueness of entropy solutions for the coupled Burgers system
([CI3). The notion of the entropy-entropy-flux pair refers to the pair of regular functions
(1, q) defined on the space of the states (p, u) for which every classical solution (p,u) of
the coupled Burgers system ([LI3)) also satisfies

din(p,u) + 0zq(p,u) = 0. (4.7)
Combining the coupled Burgers system ([LI3) and ({7 gives
(9pq — uBpn — apdyn)dup + (Ouq — pOpn — udyn)Opu = 0,

which holds for any smooth solutions (p,u). The entropy pair (n,¢q) can be found by
solving the following Euler—Poisson-Darboux equations. First, given ¥ (u), g(u), we solve

n(p, u) satisfying

0 U aauun =0,
{ e (4.8)
(0, u) =P (u), dn(0,u) = g(u).
Then we solve the entropy flux ¢ by
0uq = pOpn +udyn,  0pq = ud,n + apdyn. (4.9)

From ([.8), we know 0,,q = J,uq, so ([£9) is solvable. We have the following results.
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PROPOSITION 4.1. For two given functions ¢,g € C?(R), let (n(0,u),d,m(0,u)) =
(¥(u), g(u)) be the initial datum for (£8]). Then:
(i) The solution 7n(p, u) to (A8 can be recast in a kinetic representation

/@/} (v; p, )dv—l—/ﬂ{g(v)x(v;p, u) dv. (4.10)

(ii) When ¥ = 0 and p > 0, we have kinetic representations

Ng(ps 1) ::/Rg(v)x(v;p,wdv, qq(p; u) r:/Rvg(v)x(v;mU)dv (4.11)

Moreover, 7, is convex with respect to (p, m) if and only if g(v) is convex, where m = pu.
(iii) When g = 0, we have kinetic representations

/ ¥ (0)X(v; p,u) dv (4.12)

ay(p.u) = /vw)(vp, w)do = (“+”)§¢(“‘”), (4.13)

where ¢'(v) = v¢/(v) for v € R. Moreover, 7, is convex with respect to (p,u) if and
only if v is a convex function.

Proof.
(i) By d’Alembert’s formula, we have
V() +P(f) 1 /f+
n(p,u) = 5 e, g(v) do, (4.14)

where fi(p,u) = u+ \/ap. Formula (£I0) is exactly the kinetic formulation for the

formula (£14]).
(ii) First we verify that (4I1]) satisfies (£9). We have

dung = g(u+ Vap) — glu —Vap), 9,ny = \/E(g(u +Vap) + g(u — \/Ep)>,
and

Iy =(u+ Vap)g(u+ vVap) — (u—Vap)g(u — Vap)
=uOyng + pOpng-

Similarly, we also have 0,qy = u0,ny + pOuny.
Second, we check the convexity condition for 7, in terms of (p, m), where m = pu. By
the changing of variables v = u & £p, we have

1 I+
Ng(ps 1) —/Rg(v)x(v;p, u)dv = m/f g(v)dv

=%/\/j&pg(%+§p) d¢. (4.15)

Taking derivatives of (m we can obtain

Oy = 5 / ot (5 +0) (-5 +¢) Cagr L NG / o (ut€p)—g (u—€p)] de.
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When g is convex, ¢’ is increasing and g’ > 0. Hence 9,,n, > 0. Moreover, we have

Dty = 2f/ (Bren) (-5 +e) e

and

Oty = 5= / o (% +¢0)ae 0,

By Hoélder’s inequality, we can obtain

DppNg * Ommng — (apmng)Q = 0.

Hence, 14(p,u) is convex about (p,m). When g is not convex, we have ¢” < 0 in some
interval. This implies Ommng < 0. Hence, 74 is not convex. This proves that n, is convex
if and only if g is convex.

(iii) First, we verify that the equalities in (£3) hold for (ny,qy). For fi = u =+ ap,
we have

gy = LU I W) WU VU | VEE ) — Ve )

2 2 2
=uduMy + PO,y

Similarly, 0,qy = u0,ny + apduny. Hence, equalities in (3] hold for (ny,qy). This
proves that g, is the corresponding entropy flux of 7.
Second, we check the convexity condition for n, in terms of (p,u). Notice that

/ 03y o = PID T (4.16)

where fi = u + \/ap. Taking the derivative of ([@I6]), we can obtain
Va@W'(fe) —v"(f) 5 e (fo) +97(f)
2 ) ppTlp = 2 )

() + 9" (f)
5 .

Dpully =

and

Ouully =

When v is convex, we have

3uu77w >0, 3uu77w >0 and 3pp77w3uu77w > (3pu77w)2’

which means 7y, is convex with respect to (p,u). Conversely, if 7, is convex with respect
o (p,u), Y(u) = ny(0,u) is convex. O

In [I5], Lions, Perthame, and Tadmor studied the kinetic formulation of the isentropic
gas system ([LI8). The convex entropies they used to define solutions correspond to
ng(p,u) given by ([@I0) for convex functions g. The corresponding entropy flux is given
by (@II). Recall their definition of the entropy solutions to the isentropic gas system
([ILIB)) (see [15 Definition 2]).

DEFINITION 4.1. A couple (p,m) is called an entropy solution of (I]) if it satisfies

9ng(psu) + Ouqy(p,u) <0 (4.17)

in distribution sense for all convex entropies 7, given by ([@I0) with convex g.
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1)2

An important example for this is taking g(v) = % in (@IH). Direct calculations show
that the entropy has the kinetic formulation

Loy a3
Ng = ZpU” + —p~ =: E
and that the entropic flux is

1 f+ . 1
qg_Avg(v)X(v;p,u)dv—mA v} dv = 16\/a(fj_—ff):U(E+p)-

Then (@I7) in Definition BTl becomes
OE + 0;[(E+p)u) <0 (4.18)

in the distributional sense. Notice that g(v) = 2 is convex and hence E is convex with

respect to (p,m). ’

REMARK 4.1. Note that global existence of entropy solutions to system ([LI8]) was
proved [I5]. It is shown in [I5] that (p,m) is a weak entropy solution with respect to the
family {n,}, if and only if the kinetic function x(v; p,u) given by (@) is a weak solution
of the kinetic equation

atX + Uaxx = _avvﬂu

for some finite Radon measure y € M. Hence, the entropy inequality ([@I7) has a
kinetic formulation

Oing(p,u) + 0rqy(p,u) = / g(v)(Oex + v0px) dv = — / g"(v)dp <0
R R

in the distributional sense for all g € C3(R) and ¢g” > 0 on the support of j.

4.2.1. Existence and uniqueness of entropy solutions of (LI3). Next, to obtain the
uniqueness of entropy solutions, we consider the entropy solutions of the coupled Burgers
system ([LI3]). We have the following proposition for entropy pairs (7, q).

PROPOSITION 4.2. Let 91,15 € C?(R) be two convex functions. Define

n(p,u) : = ki /Rwi (v)x+(v5 p, ) dv + ko /R%(v)x(v; p,u) dv
= k1 (u + vVap) + katha(u — Vap) (4.19)
and
alp,u) : =k /Rvi/}i (v)x+(v5 p,u) dv + ko /}vaé(v)x(v; p,u) dv
= k161 (u + Vap) + kada(u — Vap), (4.20)

where ky and ko are two nonnegative real numbers and ¢ satisfies ¢;(v) = vi}(v) for
t=1,2 and v € R. Then, n(p,u) are convex entropies with respect to (p,u). Moreover,
q(p,u) is the corresponding entropy flux of n(p, u).

Proof. The proof is similar to Proposition [4.1] and we therefore omit it. O
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REMARK 4.2. When ki = ko = % and 91 = 1Py = 1, the entropy 1 defined by (£19)
is equivalent to 7y, given in ([@I0). Recall Definition 1l For system (LI8), the entropy
is defined by 7y which is one part of (£I0). If we use the counter part n, in (@I0)
to define entropy class and entropy solutions of the coupled Burgers system (LI13)), we
can also obtain the global existence of solutions. This cannot ensure the uniqueness of
entropy solutions. However, if we use the entropies given by ([£I9), which can be viewed
as a class of entropies modifying 7, to define entropy solutions of the coupled Burgers
system (ILI3]), we can obtain the stability (hence uniqueness) of solutions (see Theorem
[41).

We give the definition of entropy solutions of the coupled Burgers system (LI3).

DEFINITION 4.2. A couple (p,u) is called an entropy solution of the coupled Burgers
system (LI3)) if p > 0 and it satisfies

In(p,u) + 9zq(p,u) <0 (4.21)

in the distribution sense for any convex entropies (1, q) given by (EI9), ([{20).
Next, we present an important result about the equivalent relations between entropy
solutions of the coupled Burgers system (I3) and solutions of the decoupled Burgers

equations (LI6]) and (TI).

PROPOSITION 4.3. If (p,u) is an entropy solution to the coupled Burgers system (L13)),
then fi = u 4 y/ap are entropy solutions to the decoupled Burgers equations (18]
and (LIT). Conversely, if fi such that fi > f_ are entropy solutions to the decoupled
Burgers equations (LI6) and (LI7), then (p,u) = (#, %) is an entropy solution
to the coupled Burgers system ([LI3]).

Proof.
STEP 1. Assume (p,u) is an entropy solution to the coupled Burgers system ([LI3]).

Hence, the inequality ([@21) holds for any n given by ([@I9). For any convex function %,
let ky =1, ko = 0, and ¢y = ¢ in [@I9)). At this time, the inequality (LZI]) gives

O (f+) + 020(f4+) <0, (4.22)

where ¢'(v) = vi)'(v) and fi = u+ /ap. Similarly, when k1 = 0, ko = 1 and ¢y = ¥,
we can obtain

Ob(f-) + 0x0(f-) <0 (4.23)

in the distribution sense. Inequalities (£22) and ([@23)) are exactly the entropy inequal-
ities for the decoupled Burgers equations ([I6) and (LI7). Hence, fi are entropy
solutions to (LI6)) and (TI7T).

STEP 2. Let fi be an entropy solution of the decoupled Burgers equations (.I6]) and
(CI0). Due to fy > f-, we have p = % > 0. Moreover, inequality ([@22]) holds
for any entropy pair (¢, ¢1) with ¢ (v) = v (v), and inequality (23] holds for any
entropy pair (12, ¢2) with ¢5(v) = viph(v). The linear combination of [@22)) and (L£23)
with nonnegative coefficients k1 and kg generates the inequality (LZI). Hence, (p,u) is
an entropy solution to the coupled Burgers system (LI3). O
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Due to the well-posedness of the scalar conservation law (Burgers equation), we have
the following well-posedness result for the coupled Burgers system (LI3).

THEOREM 4.1. Let po(x) and ug(xz) be two bounded measurable functions satisfying
po > 0. Then

(i) There exist a unique entropy solution (p(x,t),u(z,t)) to the coupled Burgers system
([TI3) such that p > 0 and (p,u)|:=0 = (po,uo)-

(ii) Let (p, @) be another entropy solution of the coupled Burgers system (LI3) subject
to initial datum (po(x), Go(x)) with po > 0. If ug — g, po — po € L*(R), then u(-,t) —
a('vt)v p(-,t) - ﬁ('vt) € Ll(R)7 and

Vallp( ) = a6, )l + llu(t) = a( )l < 2(Vallpo = pollr + lluo — tol[rr). (4.24)

Proof.

(i) Consider the decoupled Burgers equations ([LI0) and (LI7)) with initial datum
f(x,0) := ug(x) & y/apy(z). Then, there is a unique entropy solution fy(z,t) to (LI6)
and (LIT), respectively. Due to pg > 0, we have fy(z,0) > f_(z,0). Hence, from
[27, Proposition 2.3.6 |, we have fi(z,t) > f_(z,t) for any ¢ > 0 and z € R. By
Proposition [4.3] there is a unique solution to the coupled Burgers system (LI3]) given by

_f (I,t)—Ff_(I,t) _f (x,t)—f_(x,t)
- + 9 ) p(.l?,t)— - 2\/& .

u(, t) (4.25)

Moreover, we have p > 0.

(ii) Let fy := ut+/ap, and let fi = u++/ap. Then, fi and fi are entropy solutions
to the decoupled Burgers equations (LI6) and (II7). By the stability results for scalar
conservation law (see [27, Proposition 2.3.6 ]), we have

Valp(t) = o)l + llul,t) = al, t)] e
:‘ f+('7t) - f*('vt) _ er('vt) - fl('vt)

2 2
<UF(50) = Fr GO + (1~ (0) = F-(,0)]| 1
<2(vallpo — pollLr + lluo — o)l L1).

Lt

er(-,t)—f—f,(-,t) f+('=t)+ *('7’1')
2 2

+

Ll

(|
REMARK 4.3. We remark that f; and f_ are entropy solutions to the decoupled
Burgers equations (LI6) and (IIT), respectively, if and only if there are two positive
Radon measures py,p— € M (R) such that the kinetic functions x4 (v; p,u) given by
T) are a weak solution of the kinetic equations [24]
DX+ + 00X+ = Oppix.

Actually, for an entropy pair (¢, ¢), one has

b(fi) + 00 fs) = / & (0)(Boxs + vBoxs) dv = — / W (o)pa dv < 0
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in the distributional sense. For more detailed discussions of using these kinetic density
functions to study the coupled Burgers system ([LI3]) for (p,u), one can refer to [24].

REMARK 4.4 (Difference between Definition 1] and Definition ). From (@A), the
Hamiltonian H{* corresponds to [@I9) for ¢ (v) = a(v) = v* and ky = ke = 1/12.
At this time % is not convex, and hence from Proposition 4.1l we know that H{* is not
convex with respect to (p,u). When p > 0, we also have that HY is convex with respect
to (p,u). However, we have

. 1 1
Hy (pu) = 5 / Vx4 (0 py) do — / v2x (45 p, ) do,

which is not a proper entropy as in Definition

Similarly, one can show that H{" is not a proper entropy as in Definition {1 while
HY" is a convex entropy for system (LIS).

To end this subsection, we give the kinetic formulation for the well-known Lax entropy
[13]. Let the solution of the wave equation (8] have the form 7(k; p, u) = e¥“o(k; p) for
some constant parameter k # 0. Then, equation ([&8]) becomes the ODE

00p(p) = ak?a(p), (0) =0, o'(0) = 1.
Hence, we have
evVeakp _ o—okp ekl — ekf-
o(p) = W’ n(k; p,u) = W
This yields a family of Lax entropy pairs:

ekf+ — ehf- (kfy — 1)ekf+ — (kf- - 1)ekf*
k' = ]{} = . 4.2
n(k; p,u) NG q(k; p,w) NG (4.26)

Note that both 7 and ¢ are real functions. When g(v) = e* in (@IH), n,(p, m) recovers
the Lax entropy given in ([€.26]).

5. Lagrangian dynamics for (II3) and its relation with the Calogero—Moser
model. In this section, we derive the Lagrangian dynamics for the coupled Burgers sys-
tem (I3, which recovers the dynamics (23] for gas. Moreover, we present a nonlinear
spring-mass system (Fermi—Pasta—Ulam-Tsingou model) with nearest-neighbor interac-
tions, and its continuum limit yields the Lagrangian dynamics of the coupled Burgers
system ([LI3)).

5.1. Lagrangian dynamics for the coupled Burgers system (LI3]). Consider an initial
datum for the coupled Burgers system (I3):

u(z,0) =up(z), p(z,0)=po(z), ze€R. (5.1)

Assume that the initial density function py : R — R satisfies pg(x) > 0 and the total
mass ||po||r = 1. Define the initial cumulative mass distribution function Zj:

Zo(x) == /z po(y)dy for z e R. (5.2)

—00
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Then, function Zp : R — (0, 1) is strictly increasing. Hence, there is an inverse function
X :(0,1) = R such that

Zo(X0(8)) =& Xo(Z(x)) =z for xR, £€(0,1). (5:3)

Moreover, we have

1
Zo(0) = X0(0) =0, and ——= = Zy(x) = po(z) for &= Zy(z). (5.4)
Xo(&)
Here, x is the Eulerian coordinates and we take £ as the Lagrangian coordinates.
Give an Eulerian velocity field 4 : R x [0,00) — R. Define the flow map X(¢,t)

satisfying
{X(E,t)—U(X(f,t),t), £€(0,1), t>0, (5.5)
X(€,0) = Xo(€). '
Here, X(f,t) denotes 0; X (&,t). Hence, we have agX = 0,ud¢ X, and thus
DX (€,1) = Xp(E)eho 2 XEDD% 5 0 e e (0,1), (5.6)
Define the density function in Lagrangian coordinates at time ¢ as
1
X(E,4),1) = —— . 5.7
O s 5.7
Hence,
plz,t)yde =d¢ and Oip+ Jx(pu) =0, p(x,0) = po(x), (5.8)

which is the first equation in the coupled Burgers system ([LI3]). We also have local mass
conservation law:

X (&2,1) Xo(&1)
/ ple,t)de =& — & = / po(z)dz for any & €(0,1), i=1,2.
X(&1,t) Xo(&2)

By (&), we obtain

1 1 _ O X(&1)
02p(X(§,1),t) = 85)((5,15)85 (8£X(f,t)) T (agX)3(§7t)7
which gives
Oee X (&, 1)

—(apdzp)(X(&,t),t) = QW-

(5.9)

Set
V(€ t) == u(X(& 1), 1). (5.10)
Combining (B.9)), the coupled Burgers system ([LI3]) is recast to the Lagrangian dynamics:

X(&t)=VI(EL), €€(0,1), t>0,

.  aexen o« 1 (5.11)
Ven =iy = 5% (aren)
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subject to initial datum

{X(g,o) = Xo(), £€(0,1), (5.12)

Here, ug is given by (B.1) and Xo(€) is given by (B.3]). Taking the derivative of the first
equation in (BII]) with respect to &, we can recover the dynamics (23] for gas with
7(&,1) = Xﬁ(fv t).

Next, we briefly show the least action principle for the Lagrangian dynamics (5.11]).
Corresponding to the total energy H3"(p,m) given by (BI2), we use Legendre transfor-
mation to obtain the Lagrangian functional as

511511 m <1 2 o 3)
= _H = oy - .
.,Sf(p,u) /Rm om dz 2 (p,m) /R 2pu Gp de

The momentum m is recovered by taking the variation of .Z with respect to u:

_0Z_
m= <= pu.

The action is defined by
@ 2
/ / pu? p dxdt / / X (&) 3 5X) E t))df(d;.lg)

Next, consider two increasing functions for £ € [0,1]: X (&,0) = Xo(§) and X (£,1) =
X1(€). We formally show that the coupled Burgers system (L.I3]) corresponds to a critical

path of the action A(X) in some manifold connecting Xy and X; for ¢ € [0,1]. For any
Y € C°((0,1) x (0,1)), we have

/ / ngdt—llmA(XJreY)_A(X)

// 2XY + aX) agy dédt = // —X - ag (6X) )}ngdt.

This gives

Take g—;} = 0, and we have

Oee X
o288

%X

=0, (5.14)

which corresponds to the Lagrangian dynamics (5.11]).
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5.2. A spring-mass system with nearest-neighbor interactions. In this subsection, we
present a local interaction model for N masses and show that the Lagrangian dynamics
system (B.I0) is exactly the continuum limit equation of this model. For N ordered
masses z1(t) < --- < xn(t), each mass is evolved by a force generated by interactions
between nearest neighbors and the model is described by

2j(t) =v;(t), 1<j<N,
o 1 . 1 (5.15)
3N2 L@y (t) —z;(1)®  (2j-1(t) — ()2

0;(t) =

Here we assume

1 1
To = TN+l = +00 and = = 0. 5.16
s @@~ OF vl — an(@)° (2:10)
The masses accelerate by a repulsive force if & < 0. While a@ > 0, the masses attract
each other. System (B.I5) is a Hamiltonian system corresponding to the Hamiltonian

functional:

N
H(z,p) = gz_:lpj P Z Z (5.17)

j=1k= jil Tj = Ik
Momentum p; equals to mass 1/N times velocity v;, which means v; = Np;. Hence,
(EI5) equals
{a‘;j(t) =9,H, 1<j<N,
Pj(t) = =0, H.
Model (G5I5) describes local interactions between masses and their nearest-neighbors,
which is a special case of the Fermi—Pasta—Ulam—Tsingou lattice system. We compare

(EI5) with another Fermi-Pasta—Ulam-Tsingou lattice system, the Toda lattice, given
by the system of ordinary differential equations
2

% — BTG ol e 7, (5.18)
Note that the Toda lattice is an integrable system. We do not know whether or not
system (B.I5)) is an integrable system. However, if each mass interacts with all the other
masses in the same manner, we can obtain an integrable global interaction model, the
Calogero-Moser model (see Remark [B.T]).

Next, we formally derive the continuum limit of the local interaction mass system. To
do this, we assume that the masses initially distribute uniformly and z;(t) = X (&,1),
zj41(t) = X(§+ 1/N,t), and x;_1(t) = X(§ —1/N,t) for some £ € (0,1) and 2 < j <
N — 1. Using Taylor expansion, we have

Eiaa(0) = 25(6) = O X(E ON ™ + S0 X(EON + Z0kee X(E N + O((N )
and

7y a(t) — 25(0) = ~0X(E N 4 L0 X (N — L0 X (€, N + O((N ).
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Hence, we can obtain

« { 1 L 1 }
3N? L(@ja(t) —2;(0))®  (w5-1(t) — ;(¢))°

o (@1t —225) [(;vj,l —;)? + (w31 — 25)* — (wj-1 — 2;) (@541 — 75)

3N? (@j41 — 25)* (251 — 75)?

o [PeeX(EON2H O] - [30:X)2(€. N2 + O(N )]
“3N? (9:X)°(E. )N + O(N )

o N1 [0 X(68) + O(N2)] - [3(0eX)2(6, 1) + OV

“INZNE @ X)(.0) + O(N 1)

_, OeeX(&,1) + O(N )
(0eX)4(&,t) +O(N-1)
Let N — oo and we obtain

im ——
Ngnoo 3N2

1 1 } 0 X(E,1)

@ — 0P | (@) — ;0] “@X)HE D’

This gives the continuum coupled Burgers system in Lagrangian coordinate (&.1T]).
REMARK 5.1. If each mass interacts with all the other masses in the same manner (the

force between each pair of two masses is of reciprocal proportion to the cubic of distance

between them), we can obtain an integrable global interaction model, the Calogero-Moser
model [21]:

5.19

The coefficients of ([B.I19) are different from the coefficients in (GI5). System (GI9) is
also a Hamiltonian system and the rescaled (p; = v;/N) Hamiltonian is given by

Y B Y ey (520)

J= 1k7éj
By using the Euler-MacLaurin asymptotic expansion for the Riemann integral of func-
tions, Menon [I9] showed that system (G.I1)) is the N — oo limit of the Calogero-Moser
system corresponding to the rescaled Hamiltonian (520). As shown by [19, Egs. (5.13),
(5.26)], the Hamiltonian H corresponds to the total energy H3" (see (3I5)) of system

LIY).

Appendix A. Proof of Theorem 2.1 Consider the initial datum given by (23).
Direct calculation shows that

= [ i i
= Rp0($>y) - 1PPO($>Z/)7
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where Ppo(z,y) and Rpo(z,y) are given by the convolution of py with the Poisson kernel
and the conjugate Poisson kernel given by

1 v 1 =z

Py(z) = and Ry(x):= AR (A.1)

T y2 + I2
Furthermore, we have

lir(r)1+[Rp0(x,y) —iPpo(x,y)] = Hpo(x) —ipo(x) for a.e. x € R.
Yy—r
Recall the following properties of the Poisson kernel:

(i) If h € L*(R), then

Rh(z,y) = PHh(z,y) on R3.
(ii) If h € L*°(R) and is vanishing at infinity, then
yglfoo Ph(z,y) =0, z € R,

and
lim Ph(z,y) =0, y > 0.

r—Fo0
(iii) If h € L>(R), then Ph(z,y) is a bounded function on R?.
Next, we prove the existence and uniqueness of C-holomorphic solutions to (ZI0)
by the characteristics method. Consider the characteristics given by

%Z(w,t) =g(Z(w,t),t), Z(w,0)=w e C,. (A.2)
Then,

dQZ n=Loz = [0, 0.91(Z =~*Z

a2 (w7 )_ Eg( (wvt)vt)_[ g+ g zg]( (w7t)7t) =7 (wvt)7

with initial data

d
EZ(w,t) o go(w), w e Cy.

Equation (A.2) gives the following complex trajectories:

Z(w,0) = w,

1
wcoshyt + —go(w) sinh ¢, v > 0,
Y

Z(w,t) = (A3)

go(w)t +w = fo(w)t+ w, v=0.

Here, we only treat the case for v > 0 where the convergence to the steady state for
analytical solutions happens. For the well-posedness results of the case v = 0, one can
refer to [4]. Let

Z(w,t) = Zy(x,y,t) + iZs(x,y,t), w=2x+1iy € C,,
and we have

Z1(x,y,t) = xcosh~t + IRpo(:lc, y)sinht — zsinh vt = xze 7" + ERpo(gc, y) sinh ~t,
Y Y

(A.4)
Zs(x,y,t) = ycoshyt — %Ppo(x, y)sinh vt — ysinh vt = ye™ 7" — %Ppo(x, y) sinh t.
(A.5)
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Because the initial data go(w) in (2I0) is a C4-holomorphic function, Z(w,t) given by
(A3) is C,-holomorphic of w for any ¢ > 0. Next, we present a lemma to show that for
any fixed time ¢ > 0 the backward characteristics of (A3]) are well defined on the set
C,. We have the following lemma.

LEMMA A.1. Let 0 < pg € H*(R) N L*(R) with s > 1/2. For fixed ¢, > 0 and fixed
7 = 7y +iZy € C,, there exists a unique w = x + iy € C; such that (A4) and (A.5)
hold.

Proof. Given ty > 0, denote

a=e o, b= il sinh ~tg.
Y

Then (A4) and (A.D) become
Zy = ax +bRpo(z,y), Zo=ay—bPpo(z,y).

STEP 1. In this step, we prove that for any x, there exists a unique y > 0 that satisfies
(A5) for Zy > 0 and to > 0.

Because Ppg(z,y) > 0 is a bounded function on Ri, by the property of the Poisson
kernel we have

lim Zs(x,y,t9) = +o0, lim Zy(z,y,to) = —bpo(x) < 0. (A.6)
y—0+

y—r+o00
Hence, for any fixed Z5 > 0, there exists a point y > 0 depending on z such that
Zy = ay — bPpo(z,y).
Now we prove that y is unique. Suppose that there exist y; > yo such that
Zy = ayr — prO(xvyl)a
Zy = ayz — bPpo(z,y2),
which implies

P P
Y1,y2 > Zz/a and po(z, 1) _ po(z,y2)

1 —Zafa Y2 —Za/a

Because function

_ ¥ 1
S AT R P

is a decreasing function for y > Z5/a, we obtain a contradiction.
Now we denote by yz,(x) the solution of (AH) with fixed Zs > 0, to > 0, and = € R.
Hence, we obtain

ayz, (:E) —Zy = bPP0($7yZ2 (‘T)) (A7)

STEP 2. In this step, we prove that there exists a unique z that satisfies (A4]) for
fixed Z1, Zs, and ty. Taking the derivative of (AT with respect to z gives

iy ($) _ 8$Ppo(1:,yzz(x))
dx 22 a/b_ayPPO(xayZ2($))

(A.8)
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Since pg € H*(R) N LY(R) (s > 1/2), it follows that Hpy € L*°(R), and therefore
Rpo = PHpyg is a bounded function over ]Ri. Furthermore,

li)rinoo[a:c + bRpo(x,yz,(x))] = Loc. (A.9)

x

Hence, for any Z; € R, we can find an x € R such that
Zy = ax + bRpo(z, yz, (2)).
To prove the uniqueness, we only have to prove that the function
q(z) = az + bRpo(z, Yz, (z))
is an increasing function. By using (A.8) and the Cauchy-Riemann equations
azRPO = —8ypp0, azPPO = apro, (A].O)
and taking the derivative of ¢(z) gives
d ) = b(a/b+ 3xRP0)2 + (axPpO)Z

£Q( ) - a/b ¥ aszO (I7yZ2 (.I))
To prove the increase of g(x), it is sufficient to prove
a/b+ 0, Rpo(x,y) >0 (A.11)

for any (z,y) € R2 satisfying ay — bPpo(z,y) > 0 and y > 0. Suppose that
a/b+ 9y Rpo(z0,y0) <0
for some point (zg,yo) € Ri with ayo — bPpo(xo,y0) > 0. Then, we have

1 y2 — (zg — )2 1 —y2 — (z0 — )2
—a/b > 9, Rpo(xo, yo) = ;Ampo(s) ds > ;/}RMPO(S) ds
1 -1 Ppo(wo, yo)
== | ——————po(s)ds = ————"=,
At m

which implies a contradiction:

ayo — bPpo(zo,%0) < 0.

O

From the above lemma, we know that the backward characteristics are well defined.

More importantly, for any Z € C, the initial point w must be an interior point in C..
For any ¢ > 0, we denote the backward characteristics as

Z_l(',t) : (C_+ — (C+.

From the uniqueness in Lemma [Adl Z~1(-,t) is a 1-1 map.

Proof of Theorem [Z1l. For simplicity, we only consider the case v = 1. The proof for
arbitrary v > 0 is similar.

STEP 3. Proof of (i). From Lemma [A1l we have C; C {Z(w,t) : w € C,}, and
Z~1(-,t) is well defined on C, for any fixed time ¢ > 0. Denote the preimage of Z(-,t)
as

Z7HCy,t) :={we Cy; Z(w,t) € Cy}.
Denote
a(t) :=e” ", b(t) := wsinht.

Licensed to AMS.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



94 YU GAO, YUAN GAO, anp JIAN-GUO LIU

For (z,y) € R% and Zs(z,y,t) > 0, by the Cauchy—Riemann equation (AI0), we have

6(217 ZQ) azzl ayZl (l(t) + b(t)ameO b(t)apro
| Zw(w, t)|= 0y (z,y)= =
Y 0uZs  O0yZs —b0,Ppo a(t) — b(t)d, Ppo
2 2
=[alt) + b(t)0. Rpo| "+ [b(1)0:Ppo] Ly >0 (A1)
z,Y

Due to (Af) and ([(A9), we obtain
|Z(w,t)| = +o00 as |w| = 400,

which means that Z(-,t) is proper [12, Definition 6.2.2]. By the Hadamard global inverse
function theorem [I2, Theorem 6.2.8], there exists an inverse function Z (-, ¢) such that

27,0 Ty » 27T 1)

is a bijection. We also know that Z~! is C-holomorphic since Z is C-holomorphic.
Moreover, for any z € C, there exists w = Z~!(z,t) € C;. Dueto z = Z(Z71(2,t),t) €
Cy and |Zy(w,t)| # 0 (by (AI2)), we have

8tZ(U}, t)

A7 = Lty

w=Z"1(z1).

Because of (A3), we know that (?T’ZZ (w, t) is C-holomorphic for any positive integer k.

Hence, %Z ~1(2,t) is C-holomorphic for any positive integer k. From ([A.3)), we have
z=Z"Yz,t)cosht + go(Z *(z,t))sinht, z € Cy. (A.13)
By (A2), we obtain

d
9(Z(w,t),t) = &Z(mt) = wsinht + go(w) cosh t.

Hence,

g(z,t) = Z7 (2, t) sinht + go(Z*(2,t)) cosht, (A.14)

which is a C,-holomorphic solution to the complex Burgers equation ([ZI0) satisfy-
ing g(2,0) = go(z). Moreover, due to the time regularity for Z~1(z,t), we know that
5’7}1 g(z,t) is C-holomorphic for any positive integer k and t > 0.

STEP 4. Proof of (ii). A C -holomorphic solution to (2.1 is given by

f(z,t) :==g(z,t)+ 2z, 2€Cq, t >0, (A.15)

with initial datum fy(2) = TRpo(z,y) —imPpo(x,y), z = z+iy € C;. Combining (AT3)

and (A.14)), we obtain
f(z,t) = fo(Z7 2, t))e! and z=e'Z7 (2,t) + fo(Z (2,t))sinht, 2 € C,. (A.16)
Consider the trace of f(z,t) on the real line and define

f(z,t) = u(z,t) — imp(x, t).
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Due to Lemma [A]] for any = € R, we have Z71(z,t) =: a, + ib, € C; with some
positive real number b, > 0. From (AI6]), we have

f(l‘,lf) = fO(az + ibx)et = WRPO(ama bm)et - i’ITPpo((lm bz)et'
Therefore,
p(z,t) = Ppo(az, by)e’ >0, x € R. (A.17)

Hence, p(z,t) is a positive analytical solution to the Dyson equation (I4]). Moreover, by
the uniqueness of solutions to the characteristics equation (2I0) we know that analytical
solutions to the Dyson equation (L4 are unique.

The energy estimate (LZI)) follows from

d_ . [6E - (5E)
FE0) = [ G o - /Rp 0. (5

= —/p(x,t)}*yx—pr(:c,t)ﬁdx.
R

2
dx

For (2I2), direct calculations show that |[p(t)|[z1 () = [|pollL1®). Multiplying (L4) by
2?2 and taking an integral yields

d
— [ 2*p(z,t)dz = 277/

ootpds =2 [ olast)do = |l — 2 [ ap(a0)do.
dt Jr R R R

which implies ([Z12)). Inequality (2I4) follows from Gronwall’s inequality and gives the
following estimate:

d
% plogpdx:/ﬁtp(logwrl)dw:/—(pHp+7xp)z(logp+1)dw
R R R

_/R(HP —y2)pe da = —[|(=2)*pl|72 + Vol -

STEP 5. We prove (iii) following the idea of [25]. Recall formula (AJ6). For fixed
z € C4, denote

2, (t) +izi(t) == e Z7 (2, 1).

Next, we prove that z,(t) + iz;(t) converges to a point w = z} + iz} € Cy as t — oc.
To this end, we first prove that |z.(t)| and z;(t) are all bounded from above and below
uniformly in time ¢.

Because

Fo 2 (1)) = mRpo(e 2 (t), et t)) — i Ppo(e (1), € 2i(1),
by (AIG), we have

z = z.(t) + TRpo(e' 2, (1), €'z (t)) sinh t + i [2;(t) — mPpo(e'z(t), €' zi(t)) sinh t] .
(A.18)

Due to mPpo(€'z,(t),e'z;(t)) sinht > 0, we have

zi(t) > S(z) > 0.
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Moreover, we have
S(z) = 2 (t) — 7Ppo(e'z,(t), e z(t)) sinh
) o GtZi (t)
=a(t) /R Ty e 3
etz (t)
wi(t) — /R Ry s s HOLE

1
zi(t) — 2@

5p0(s) dssinht

Y

Y

which implies
zi(t) < S(z) + 1.
Hence, z;(t) is bounded as
0<S(2) <z(t) <3(2) + 1.
Next, we prove

sup |z (t)| < +o0.
>0

We prove this by a contradiction argument. If there exists t,, — oo such that z,.(t,) — oo,
then by the dominated convergence theorem we have

TRpo (e 2, (tn), €' 2i(t,)) sinht,,

etnz.(ty) — s
= dzsinht, — 0, n — oo.
/]R eztnzf(tn) T (et”Zr(tn) — 5)2 T s n 00

By (A.18), we obtain a contradiction that
R(2) = 2, (tn) + TRpo(e' 2, (t,), €' 2;(t,)) sinh t,, — o0.

Since |z, (t)| and z;(t) are bounded, there exists ¢, — oo and two constants z, z; > 0

such that
zr(tn) = 25, zi(tn) = 27, n — oo.
Let w := 2 +4z}. For any s € R, we have
etz (ty) — s 2
sinht, - ———————, n — 0.
e2n 2z (tn) + (e 2 (tn) — 5)2 T 2(ep) - 2(20)?
Then, by the dominated convergence theorem we have
lim 7Rpo(e 2. (t,), €' 2 (t,)) sinh t,,
n—oo
etz (tn) — s
= lim dx sinht
n—oo Jp th"Z?(tn) + (etrz(tn) — 5)? "
_ %
2(z7)? +2(2)?
Similarly, we have
- t t. - _ 2
nlgr;o wPpo(e'z.(tn), e zi(ty)) sinh t = —Q(z;“)Q npTEvE
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Hence, from (A8]) we obtain

z—w—i—l zZr — iz —wt 1
N 2(25)2+ (2)2 2w
Similar to the calculation of (B.3]), we know that the above equation has a unique solution
in (C+I
1
w =
z—Vz22 -2
Hence, we have
—trr—1 . 1
e 77 (2, t) = 20 (8) +izi(t) 2w = ————, t = 0.
z—z2 =2

By (A1) and using the dominated convergence theorem again, we have
fzt) = fo(Z7H(z,0))e!

_ ez (1) — s » ei(t)
- /R () + [elar(B) — 20 08 Z/R 20 + (et (7] — 2100 48

Z:—’L'Zf 1 \/27

CP G w

The trace of z — v/22 — 2 on the real line is

xr—iy2—a22 xe[—V2,V72),
z—a2 -2, x>V

foo(x) = ﬂ-Hpoo(x) - ZﬁTpoo(x) =

{z—l— 2 —2, < —V72,

Hence,

p(x,t) = poo(x) = Y—=—,

which proves part (iii) in Theorem 211
STEP 6. We prove (iv). From (7)), if g(z,t) and p(z,t) are analytical solutions to

@I8) and ([4) with v = 0, then

e22571

2

g(z,t) :=€'g (etz, ) —2,2€C,, t>0,

is a C,-holomorphic solution to (Z.I0), and

et —1

p(x,t) :=elp (et:t, ) , x€R, >0,

gives an analytical solution to (L4]) for v = 1. By part (iii), we obtain part (iv). O
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Appendix B. An explicit solution to ([)with v = 0. In this section, by the
Stieltjes transform of Wigner’s semicircle law p; in (LI]), we recover an explicit solution,
which is same as the explicit solution of the Dyson equation (4] constructed in (2.I8])
and (221)) (see (BF)).

First, we begin by taking the Stieltjes transformation. Let fi(z) be the Stieltjes
transform of the Wigner’s semicircle law p; given by (LII):

1o = [ ), zech -2

-2

Let y = 2cos# for § € [—7,0], « = —6 and we have

0 s 2 ™ 2
/ V4 — y / 2sin” 0 dﬂ—l/ 2sin” « da
T or R 0

. z—2cosf z—2cosa
1 [T sin®6
_;/ﬂ z—2cos9d9'
Let ¢ = e and we obtain
| (¢2 - 1)?
= —d .
M= i g oo+ 1-20 %
Set @ 2
-1
MO = s

(¢ +1-20)
Function h(¢) has three poles: (o = 0, (; = ZH¥z=4 V222_4, and (o = Z=YE== V222_4. Next, we
choose the branch cut of v/z2 — 4. Due to

V22 4= |2 — 42 lrs2rans(=42)]

we see that —2 and 2 are branch points. We take the branch cut along the interval
[—2,2] and we set arg(z — 2) = 7 and arg(z + 2) = 0 for z on the upside of the branch
cut. In this case, on the upside of [-2,2] we have V22 — 4 = iv/4 — 22, while on the
downside of [-2,2], V22 —4 = —iy/4— 22 . Moreover, the square root of 22 — 4 has
a positive imaginary part when z € C, and it has a negative imaginary part when
z € C_ :={z:3(z) < 0}. Hence, for the imaginary part, we have

IS(z — V22 —4)| <|S(z+ V22 —4)] for ze C\[-2,2], (B.1)

which implies
IS(¢2)| < |S(¢1)| for z € C\[-2,2].
Due to (1¢2 = 1, we have

|¢2] <1 and |(1] >1 for z€ C\[-2,2],
and we obtain for z € C\ [-2, 2],

Resh(Gy) = lim d—c[@ G)(C)] = 2, Resh(Ga) = —v/z — 4.
Hence, by the residue theorem,
— 2 _
A =20  e\a (B2)
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Second, we show that f1(—z) is a Herglotz (Pick) function, which is analytical on
C\ [-2,2] and 3(2)S(f1(—2)) > 0 for J(z) # 0, and we show that the decay order of
R(f1) and I(f1) as R(z) and J(z) tends to infinity. Direct calculations give

2R(V2)S(VZ) = 3(2), R(V2)? = [z + R(2)

2 )
For z = x + iy, we obtain

and S(v/2)% = w. (B.3)

%(22 — 4) = Qxy 87{( 22 _ 4)2 — \/(I2 - y2 - 4)2 + 4I2y2 —+ T2 — y2 —4
) 2 ,

and

SV —4)? = V(@2 —y? — 47 1 4?2 — (2% — 3P — 4)

5 .
Recall that in our settings of the branch cut, the square root of z? — 4 has a positive
imaginary part when z € C; and it has a negative imaginary part when z € C_. Due

to (B3), we know that the sign of R(v/22 — 4) is the same as $(v22 — 4) when xy > 0
and that they have different signs if zy < 0. By elementary calculations, we have

Var — /(@7 =2 — D2+ Py + (22 — 2 — 4)

, x>0,
R(f1(2)) = 2“5 (B.4)
\/_x+\/\/ —y? —4)2 +4a2y? + (22 —y? — 4) 0
2\/5 ’ ’
and
V2y — /(@ — g7 - +4x2y2—(:t2—y2—4)<07y>0,
S(f1(2)) = Nﬁ (B.5)
Vay+ V(@ =y - +4w2y2—(ﬂc2—y2—4)>0’y<0.

2v2

From the sign in (BA), S(z) > 0 implies (—z) < 0 and I(f(—z)) > 0. Therefore we
have S(z) - S(f1(—2)) > O, and thus fi(—z) is a Herglotz function. Moreover, for fixed
y € R in (B4), dividing R(f1(2)) by x shows that R(f1(z)) decays in the order O(|z|~!)
as |z| — oo. Similarly, I(f1(2)) decays in the order O(|y|~1) as |y| — oo for fixed = € R.
Third, we use f; to recover the explicit solution to the Dyson equation (L)) with

~v =0 given by (2I8) and 221]). Define
1 z
Fla) = (%) L 2eC\ =2V 2V,

Then, direct checking shows that f;(z) is a self-similar solution to the complex Burgers

equation (L.TJ).
Finally, we try to obtain the traces of f; on the upper and lower half-planes, respec-
tively. In the above settings of the branch cut, we have

arg(z —2) = = arg(z + 2), z € (—o0, —2),

which implies

V22 =4 =122 —4e™ = /22 —4, z =1z € (—o0, —2).
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Similarly, we have

V22 —4=1/22 —4e™" = /22 — 4, z =z € (2,+0).

Hence, the trace of function fi(z) defined by (B.2)) from the upper half-plane C, is given
by

T+ V2 —4
TTVE T e

5 < =2,
— 4 — 2
filat) = %,xe[—m, (B.6)
_ 2 _ 4
AL

The trace of function fi(z) given by (B2) from the lower half-plane C_ is

T+ Vi —4 .

5 < =2,
N
fiz—) = rrwd -7 szf zel-2,2], (B.7)
x—+va?2 -4
#’ $>2.

Direct computations show that % f (%j:) are solutions to the complex Burgers equation
on the real line R.

Recall Section2l If p is a solution to the Dyson equation (L4, then g = nHp—imp—2a
is a solution to the complex Burgers equation (II)) on the real line and f = 7Hp — imp
gives a trace of an analytical function on the upper half-plane. Hence, we use the trace

fi(z+) (given by ([BE)) to define

T 2 — 4t
- =N
2t+ 2t @ < =2V4,

1 T T 4t — 22
PIPEEUYEINS R =
wO= G\ =\ eV

T 2 — 4t
Z_¥Yr = 21
2 o >V

and

24t
DI o

2
u(z,t) = % x € [—2V2, 2V, pla,t) = (4%;”2)* (B.8)
il Ll P WS

2t ’
To end this section, we provide another method to prove that fi(—z) is a Herglotz

(Pick) analytic on (—oo, —2) U (2, +00). Recall that p1(dy) = 5=1/(4 — 4?)4 dy. Then
changing the variable y = ¢t — 2 gives that

4
fi=) = | gV (B.9)
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Define the measure dy. (t) := 5=+/(t(4 — t))4 dt and recast fi(—z2) as

4
1

—z) = —————— dp(t). B.10
hi=n) = [ g e (8.10)

Changing the variable —z + 2 = % gives

| 1w

—z) = —— du(t) = dps(t) = wF(w). B.11
fea= [ e = [ e e, @)

Here F(w) = f04 —L— dp.(t) is a Pick function analytic on (—oo, 1). F(w) is also the
generating function of a completely monotone sequence {A4,,(2,2)},>0 [I7, Lemma 3],
where A, (2,2) is the general Fuss—Catalan number (also called a Raney number) with
index (2,2). Therefore from [I7, Corollary 1 (iii)], F1(w) := wF(w) is a Pick function

analytic on w € (—o0, ;). From the relation —z + 2 = L, we know that w(z) = 51—

» 4 2—w
is a Pick function mapping (—oo, —2) U (2, +00) to (—00, ;). Therefore the composition
fi(=z) = F1 ow(z) is a Pick function analytic on z € (—o0, —2) U (2, +00).
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