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Abstract

We focus on the existence and rigidity problems of the vectorial Peierls—
Nabarro (PN) model for dislocations. Under the assumption that the misfit
potential on the slip plane only depends on the shear displacement along the
Burgers vector, a reduced non-local scalar Ginzburg—Landau equation with an
anisotropic positive (if Poisson ratio belongs to (—1/2, 1/3)) singular kernel is
derived on the slip plane. We first prove that minimizers of the PN energy for
this reduced scalar problem exist. Starting from H'/? regularity, we prove that
these minimizers are smooth 1D profiles only depending on the shear direction,
monotonically and uniformly converge to two stable states at far fields in the
direction of the Burgers vector. Then a De Giorgi-type conjecture of single-
variable symmetry for both minimizers and layer solutions is established. As a
direct corollary, minimizers and layer solutions are unique up to translations.
The proof of this De Giorgi-type conjecture relies on a delicate spectral analy-
sis which is especially powerful for nonlocal pseudo-differential operators with
strong maximal principle. All these results hold in any dimension since we
work on the domain periodic in the transverse directions of the slip plane. The
physical interpretation of this rigidity result is that the equilibrium dislocation
on the slip plane only admits shear displacements and is a strictly monotonic
1D profile provided exclusive dependence of the misfit potential on the shear
displacement.
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1. Introduction and main results

In materials science, the Peierls—Nabarro (PN) model with Poisson ratio v € [—1, 1 /2] plays
a fundamental role in describing dislocations or line defects in materials [6, 27]. Under-
standing this model provides insights on designing new materials with robust performance
[8, 16, 21, 24]. However, the existence and rigidity problem regarding the vector-field PN
model has not been explored.

The PN model is a nonlinear model that studies the core structure of the dislocation by
incorporating the atomistic effect in the dislocation core into the continuum elastic model. In
the PN model in three dimensions, two half-spaces separated by the slip plane of a dislocation
are assumed to be linear elastic continua. Here the slip plane is assumed to be a fixed plane
I' = {(x,y,2) : y = 0}, where the horizontal displacement discontinuity (known as disregistry)
happens. Without loss of generality, we assume that the Burgers vector is b = (b, 0, 0) where
b > 0. The magnitude of the Burgers vector represents the typical length to observe a heavily
distorted region in the dislocation core. Hence it is natural to rescale all the quantities including
spatial variable x, y, z, the displacement vector u = (u;, uy, u3) and b with respect to the magni-
tude of the Burgers vector. After rescaling, we regard all these quantities (with same notations)
as dimensionless quantities and b = 1.

In this paper, the shear direction is referred to as the direction of the Burgers vector, i.e.
the x direction; the vertical direction of the slip plane is referred to as the y direction and the
transverse direction in the slip plane is referred to as the z direction.

The PN model is a minimization problem for the total energy E which is given by

E(u) := Ees(u) + Enis(@). (1.1)
Here u = (u;, u, u3) is the displacement vector. (1.1) incorporates not only the elastic energy

in the bulk but also the atomistic effect in the dislocation core. The elastic energy in the two
half-spaces is defined as

1
Ees(u) = / ~o:edxdydz, (1.2)
R3\F2

3 . .
whereo :e =3 ;.| 0iji;. Here € and o are the strain tensor and the stress tensor respectively,
defined as

€ij = %(@ui + Otj), oij = 2Ge;j+ %i ewbij, 6, j=1,2,3.
k=1
(1.3)
Here v € [—1, 1/2] is the Poisson ratio and G is the shear modulus.
On the slip plane, we denote the upper limit and lower limit of the displacement as
u;r(x, 2) = ui(x,07, 2), u; (x,2) =ui(x,07,2), i=12,3. (1.4)
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Moreover, we assume that u;, i = 1, 2, 3 are subject to the following boundary conditions at the
slip plane:

ufr(x, 2) = —u; (x,2), uj(x, 7) = u, (X, 2), u3+(x, 7) = —uz (x,2).

(1.5)

We call (1.5) the symmetric assumption. Characterizing the nonlinear atomistic interactions,
the misfit energy En,;s(u) is defined as the integral of the misfit potential ~ : R? — R on the slip
plane:

Enis(u) = /W(Mfr —uy, u;r —uy)dx dz = /7(2u1+, 2u3+)dx dz. (1.6)
r r

The last equality is due to the symmetric assumption (1.5). Notice, u is already dimensionless
quantity so Ens is well-defined. For brevity, we will omit factor 2 in (1.6) before uf“ and u3+
which makes no difference in the conclusions.

In this paper, to characterize the key property imposed by the Burgers vector, i.e., the direc-
tion of the dislocation and existence of two stable states, we assume that v depends only on
the shear displacement in the Burgers direction, i.e.,

y(uy, uz) = y(ur), (1.7)

where the misfit potential is a double-well type potential, i.e. 7:R — R is a C*> function
satisfying

YX) >0 if —l<x<l1, ~£1)=0, ~"(£l)>0. (1.8)

We remark that this assumption on the misfit potential also includes some other typical peri-
odic potentials which satisfy v(x + 2) = v(x) and represent the periodic lattice structure of
crystalline materials; see -y, in an explicit example (1.16).

Because the magnitude of the rescaled Burgers vector is order 1, for convenience, we take
u; = *1 as bi-states at far fields, i.e.,

lim u(x)=+1, (1.9)
X1—=Eo0
which equivalent to the magnitude of the dislocation is assumed to be b = 4.

In this bi-states case (1.9), the total energy E in (1.1) in the whole space is always infinite.
Therefore, we consider the global minimizer in the following perturbed sense. However we
remark that for a dislocation loop, i.e., a disregistry with compact support instead of the bi-
states far field condition, energy E in (1.1) is finite.

Definition 1. A function u : R? — R? satisfying (1.9) is called a global minimizer of E
defined in (1.1) if it satisfies

E@+ ) — Ew) >0 (1.10)
for any perturbation ¢ = (1, 02, 3) € C*(R*\TI'; R?) supported in some ball B(R) C R?
satisfying (1.5), i.e.

<pfr(x, 2) = —p, (x,2), cpzr(x,z) =, (x,2), cpgr(x,z) = —5(x,2).
(1.11)
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The problem of existence and rigidity for the PN model interests us the most:

(a) Does the minimizer of total energy (1.1) in the sense of definition 1 exist?

(b) Do minimizers in (a) and layer solutions (see definition 3) have 1D symmetry on the slip
plane, i.e. are only depending on the shear direction, but independent with the transverse
direction?

The answers to these two questions are both positive. To provide explicit and complete
answers to these two questions, we consider the resulting Euler—Lagrange equation satisfied
by the minimizer, which is a Lamé system with nonlinear boundary conditions on the slip
plane (see (1.13)). Because we assume (1.7), i.e., the misfit potential v depends only on the
shear displacement u;, this Euler—Lagrange equation is reduced to a nonlocal semi-linear scalar
equation on the slip plane with an elliptic pseudo-differential operator of order 1 (see (1.15)).
In particular, when v € (—1/2, 1/3), the pseudo-differential operator can be described in the
singular kernel formulation; see assumptions (A)—(D).

After these simplifications and reformulation, we only need to focus on the existence
and rigidity of this reduced scalar nonlocal equation (see (1.23)). This equation is the
Euler—Lagrange equation of a reduced energy function F on the slip plane (see (1.37)). We
will first prove that minimizers of energy functional F' (see (1.37)) in set (1.35) exist by con-
structing a minimizing sequence in which each function is an H'/? perturbation of a given 1D
profile; see theorem 1. Although starting from this weak regularity, we finally prove that these
minimizers are smooth 1D profiles that monotonically and uniformly converge to stable states
of the misfit functional ~y in the shear direction, i.e., they converge to =1 as x — £oc.

After proving theorem 1, we also establish a rigidity result of De Giorgi-type conjecture on
1D symmetry for all minimizers in set (1.35), and more generally for all layer solutions (see
definition 3). As a corollary, the uniqueness of these minimizers, as well as layer solutions, is
also demonstrated; see theorems 2 and 3. The existence and rigidity results are also stated for
the original vectorial PN model (1.13) in theorem 4.

Our results on both existence and rigidity hold in any dimension d > 1 due to the periodic
assumption: we are interested in solutions that are periodic in d — 1 transverse directions. This
dimension-independentrigidity is also observed in other equations if the domain is armed with
periodicity [22].

In terms of materials science, our results provide a compatible physical interpretation. For
Poissonratio v € (—1/2, 1/3), if the misfit potential -y depends only on the shear displacement,
then the equilibrium dislocation profile only admits shear displacements on the slip plane.
Furthermore, this uniquely (up to translations) determined shear displacement is a strictly
monotonic 1D profile connecting two stable states. In view of this rigidity result, the vecto-
rial PN model (1.13) in three dimensions is reduced to a two-dimensional problem which was
thoroughly investigated in our previous work [19].

In the remaining parts of the introduction, we will introduce the vectorial PN model and
its reduced scalar equation (see (1.15)) in section 1.1. From the reduced scalar equation, in
section 1.3, we introduce the nonlocal high-dimensional equation (see (1.23)) which contains
the PN model as a special case. Finally, in this general context, we will present our main results
and strategies in section 1.4 to provide a rigorous and complete answer to the main questions
(a) and (b).

7781



Nonlinearity 34 (2021) 7778 Y Gao et al

1.1. The vectorial Peierls—Nabarro model and its reduced scalar equation

Denote the unit torus R /Z as T. Instead of minimizing the total energy (1.1) on R3, we consider
the model on R? x T. Correspondingly, the slip plane I is replaced by I'" which is defined as

I" = {(x,y,2) ER* x T: y=0}. (1.12)

A standard calculation of the first variation of the total energy (1.1) derives the following
Euler—Lagrange equation satisfied by minimizers of (1.1) in the sense of definition 1. The
proof of this lemma can be found in appendix B or our previous work [19].

Lemma1.1. Assumethatu € C*(R?* x T\I") is a minimizer of the total energy E in the sense
of definition 1 satisfying the boundary conditions (1.5). Then u satisfies the Euler—Lagrange
equation

1
Au+ ——V(V-u)=0, in R? x T\I",
1—-2v

0
O’IS +o,= —a;ll (u?',u;'), on I, 013)
oy = 05, on TV, '

0
U;'z +oy, = —a;; (u?',u;'), onI".

Remark 1. We can view (1.13), especially the second and the fourth equations as an incorpo-
ration of the linear response theory. Moreover, they are coupled equations of #; and u3. Notice
that taking trace in (1.3), 012 = G(O1uy + G»uy) on I". (i) Regard the elastic bulks R*\I" as an
environment and the slip plane I' as an open system. (ii) Given a Dirichlet disregistry boundary
condition uf, uj , by solving V - ¢ = 0 in the environment, one can obtain the trace o, 03 on
I (iii) We call this operator (u;", uf") = (073, 03;) the Dirichlet to Neumann map; also known
as anonlocal linear response operator. As a consequence, this enables us to consider a nonlocal
semi-linear elliptic system on I['; see section 2 on the kernel representation of this Dirichlet to
Neumann map.

For the special case in (1.7), where v only depends on the shear displacement ufr, we can
simplify and decouple the system (1.13) into two independent equations and finally drive a
reduced scalar equation of u;", i.e. (1.15). In details, one can employ the Dirichlet to Neumann
map and the elastic extension introduced in [19] to reduce the problem from R? x T onto I/,
i.e., to equations of (uf, u;r) on the split plane I''. Second, if further employing (1.7), one can
derive a linear representation formula between u;” and u3 on the Fourier side, i.e.,

Vk1k2

At y AW LS B
s vy

i (k). (1.14)
Here it (ky, ky),i = 1,3 are the Fourier transform of u;",i = 1,3 with frequency vector k =
(k1,k2), k1 € R, ky € 2wZ. Substituting (1.14) into system (1.13), an independent equation of
ufr is derived, which contains a pseudo-differential operator £ defined on H'(R x T):

Vi (x,2) 0 Fano) — |k[?ity (k)

Lut(x, At
up (62 + 57 A—0k+ 1

(1.15)

The derivation of (1.15) is standard and can be found in section 2. Therefore, as long as
we can solve the non-local semi-linear equation of ufr, i.e. the first equation in (1.15), we can
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also find 143+ by (1.14), and then derive the solution of the original system (1.13). For brevity,
we will omit the superscript ‘+ in the following sections. We call (1.15) the reduced scalar
equation.

To solve (1.15), a meaningful observation is that we can write down an explicit solution
to it for certain double-well potential 4’s. Highly compatible with dislocations in Halite, the
cosine potential yy = ﬂ%(cos(wu) + 1) in the PN model implements an explicit solution [6, 17]
to (1.15) and (1.14):

(1 —v)x

2
u(x,z) = - arctan (2(}) , uz(x,z) = 0. (1.16)

In particular, u; in (1.16) is a layer solution (see definition 3) since it is strictly monotonic in
x direction and satisfies assumption (1.9). In fact, (1.16) is a good candidate for minimizers
of total energy (1.1) in the sense of definition 1. We will prove that this solution is the unique
minimizer up to translations which concludes the question on existence and rigidity. We remark
here that this is just a concrete example of our general result: for general double-well type
potentials, we prove that minimizers of the total energy F (see (1.37)) in function set (1.35)
exist and they are layer solutions (see definition 3). Moreover, they are unique up to translations.

1.2. Unsolved problems on the vectorial PN model

The existence and rigidity of the vectorial PN model are important in understanding disloca-
tions. Previous literature on the vectorial PN model mainly focused on numerical simulations
[28, 36, 40, 42] and physical experiments [39, 42], while only few rigorous mathematical
results [19] were derived. In this section, we aim at mathematically formulating those impor-
tant but unsolved problems into a framework and embedding our result into this macroscopic
framework.

Consider the Euler—Lagrange equation of the vectorial model. We first observed that the
second and fourth equations of (1.13) can be rewritten as

Ll ko 1 kR v kk
A(“D:l %uf A= | Il 1—;{/kaH kzl—vlllkllk2
wy ) 2G| 9 |° v kko K LA
du L—v |l [kl T—v [k
(1.17)

where A is a pseudo-differential operator with Fourier symbol A. Equation (1.17) is a non-
local reduced elliptic equations on slip plane I', which is an open system. Meanwhile, the
misfit potential here may depend on both u; and us: v = v(u;, u3). As far as we know, neither
existence nor rigidity of (1.17) was studied by previous literatures.

In fact, if the misfit potential is carefully selected [6, 28, 36, 42], solutions of (1.17)
determine the underlying structure of dislocations in crystals such as Cu (v = 0.36) and Al
(v = 0.33), no matter straight ones or curved ones. Considering symmetry of the crystal lat-
tice, authors of [40] adopted a truncated Fourier expansion for the generalized stacking fault
energy (see equation (14) in [40]) as the misfit energy v(u;, u3), with different coefficients for
Cu and Al

Numerical simulations in [40] indicated that straight edge dislocations in both Cu (figure 4
in [40]) and Al (figure 5 in [40]) possess the following structure: the displacement in the shear
direction (i.e. u;) is a layer solution (see definition 2) and the displacement in the transverse
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direction (i.e. u3) is a solitary wave. As claimed by authors in [40], this numerical result agrees
with data from experiments on real materials [39].

To understand this consistency between the numerical result and the experimental data, we
consider (1.17) where the Poisson ratio v = 0, which is exactly the case for cork. This special
case is less obscure since equations for u; and u3 are decoupled now. Furthermore, we assume
that the misfit potential consists of two parts which depend merely on u; and u3 respectively:

Y(ur, uz) = vy (uy) + v3(u3). (1.13)

Suppose that 7y, is a double-well potential (see (1.8)) and 5 is the nonlinear potential in the
Benjamin—Ono equation [7], i.e.

wooud
Y3(u3) = ?3 - §3 (1.19)
If u is a minimizer of (1.1) with boundary conditions
lim u(x,y,z) = £1, lim wu3(x,y,2) =0, (1.20)
x—+00 x—+00

then separately, u; and u3 satisfy
2G - (=AY 2u 44w =0, i=1,3. (1.21)

For i = 1, because v, is a double-well potential, [9] proved that (1.21) admits layer solutions
u; (unique up to translations) in the sense of definition 2. For i = 3, (1.21) is the traveling wave
form of the Benjamin—Ono equation which admits

4G

— 1.22
4G* + x? (1.22)

ui (x,2) =
as a solitary solution [7]. These solutions also satisfy the boundary condition (1.20). These
special solutions partially explain the structure of minimizers observed in [39, 40], i.e., itis a
layer solution in the shear direction while it is a solitary wave in the transverse direction.

As far as we know, a complete answer on the rigidity of minimizers is still unknown even
for the case v = 0. More explicitly, does the De Giorgi conjecture hold in this case? Does
(1.17) (or (1.21)) admit any other solution? Existing evidence indicates negative results. If
(—A)'/? is replaced by —A in (1.21) and we take i = 3, the author of [11] proved that there
exist solutions being a soliton in the x direction while being periodic (but non-constant) in
the z direction. Thus, the one-dimensional symmetry (or the De Giorgi conjecture) fails in
this case. This evidence strongly indicates the existence of high-dimensional solutions of 3 in
(1.21). High dimensionality physically indicates the existence of curved dislocations but the
construction of a counterexample for the De Giorgi conjecture in the nonlocal case is still open.

For general cases where the Poisson ratio v is non-zero, neither existence nor rigidity result
is proved to our best knowledge. In particular, no matter u3 has a one-dimensional profile or
not, no conclusion can be drawn on the rigidity of u;.

Another question regarding the De Giorgi conjecture is also of great interest: for what misfit
potential +y, there exist one-dimensional solutions for (1.17)? For what misfit potential v, the
De Giorgi conjecture holds, i.e. all solutions of (1.17) are one dimensional? No previous study
has ever considered these problems as far as we know.

In summary, the rigidity and existence of the vectorial PN model is an important problem
that is central to studies of dislocations, both straight and curved dislocations. Our contribution
to this macroscopic framework is that, under the assumption v = ~y(u,), i.e. v only depends on
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u1, a complete answer to existence and rigidity is justified even for high dimensions. See the
following sections in the introduction.

1.3. The nonlocal scalar equation in high dimensions

We remind our audience here that we will focus on the case where v only depends on u; and
v is a double-well type potential (see (1.8)) in the following sections.

We extend the discussion to any dimension d > 1 and clarify the set up. Denote
Q, =R x T, consider the high-dimensional reduced scalar equation in {2;:

Lu(w) +~'(w(w)) =0, w e Qy. (1.23)

The potential function v € C*(R) is a double-well potential that satisfies (1.8). The linear
operator L is a convolution-type singular integral operator [38] which is defined as

(Lu)(w) = P.V./ (w(w) — u(w" )K(w — w')ydw’ (1.24)
Qq

whose convolution kernel K(w) can be written as

K(x.y)= > H(x.y-+j) (1.25)

jezd-1

where w = (x,y), x € R, y € T L.
We impose several assumptions on the operator £ and its kernel H. To clarify these
assumptions, we first introduce the Fourier transform on €2; and the Sobolev spaces H*(£2).
Denote 2, = R x (27Z)*~'. The Fourier transform on ), is understood as a composition
in two directions: the Fourier transform on R in the x direction and the Fourier series expansion
on T¢! in the y direction. Denote v = (&,k) where ¢ € R and k € (27Z)¢~!, then the Fourier
transform of u(w), denoted as (), is defined as

a(v) = / e 2miERY Ry (x y)dx dy.
Qq

Thus the Fourier transform on €; maps functions defined on €2, into functions defined on €2,
For any s > 0, we define Sobolev spaces H*(£),) in the classical way on the Fourier side:

H* () = {u € L*() : |[v[i(v) € L)} (1.26)

H*(Q,),s > 0 are Hilbert spaces with inner product

<M, /U>H5(Qd) = <1:t, ’IA)>L2(Q;) + <‘V|Sljt, |V‘S’IA)>L2(Q;). (127)
Denote the norm induced by this inner product as || - ||zs,). We also define the homoge-
neous norm || - || (g, as

HuHHS(Qd) = H|V|Si‘||L2(Qj1)~ (1.28)

Now we are ready to impose assumptions of £ in (1.24) and introduce several important
properties of it. We assume that:
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(A) (Symbol of order 1). The Fourier symbol of £ is positive with same order as |v|, i.e. for
any v € 0, = R x (2nZ)?~!, there exist positive constants ¢ and C such that

Lu(v) = o)), clv| < o) < Cly| (1.29)

(B) (Positivity and continuity). H(z) : R? — R is positive and continuous on RY\ {0}.
(C) (Homogeneity). For any z # 0 and a > 0,

H(az) = a “"'H(z). (1.30)

(D) (Symmetry). For any z € R?, H(z) = H(—z).

The assumptions we impose on £ and its kernel K include two important cases. First, in
dimension d = 2, the non-local operator in equation (1.15) derived from the PN model is
included if the Poisson ratio v € (—1/2,1/3). In this case, the operator £ has Fourier sym-
bol |k|*/((1 — v)k} + k3) (see (1.15)) which is of the same order as ||, so assumption (A) is
satisfied. Moreover, the authors of [14] proved that K satisfies assumptions (B)—(D) if and only
if v € (=1/2,1/3). So equation (1.15) is included in this context if v € (—1/2,1/3). Second,
in arbitrary dimensions, if we take v = 0, then £ = (—A)l/ 2 defined on 2 is also included. In
this case, the Fourier symbol is exactly |k| and according to [26], there exists a constant C; > 0
such that

H(z) = k\cjfd“' (1.31)
So all assumptions are satisfied.

We remark here that we adopt two different but equivalent definitions for £: one is as a
Fourier multiplier and the other is as a singular convolution. The result that these two definitions
for fractional Laplacian (—A)®, a € (0, 1) are equivalent is thoroughly investigated in [26]. For
equation (1.15), the equivalence of these two definitions is also well-studied in [14]. So in later
sections, we will switch between these two definitions for the sake of convenience.

14. Main results and strategies

Before presenting the main results, we introduce the fractional Allen—Cahn equation [5]:
(—=2)"2ux) ++'(u(x)) =0, x e R (1.32)

Here the double-well type potential v € C*(R) satisfying (1.8) is exactly the misfit potential
in the PN model. Taking v = 0 in (1.15), we see that (1.32) is a special case of (1.23) and
(1.15). (1.32) has already been thoroughly investigated in the literatures [9, 15, 32, 34, 35, 37].
In particular, the well-posedness result of (1.32) is completely developed. A long standing
conjecture named after De Giorgi [12, 21] (which originally discussed the local case, i.e., one
replaces (—A)!'/2 by —A in (1.32), but then generalized to the non-local case (1.32)) is proved
for dimension d < 8. The De Giorgi conjecture claims that any layer solution (see below) to
(1.32) is a simple 1D profile for dimensions d < 8. In the classical Allen—Cahn equation, this
conjecture is optimal in the sense that a counterexample in dimension d = 9 is constructed
[13]. The layer solution in the De Giorgi conjecture is defined as:

Definition 2. u:R? — R is a layer solution to equation (1.32) if

E 0. lim u) = +1. (1.33)
axl x1—>ioc
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The layer solution is also of main interest in the PN model since it models a dislocation
profile that monotonically converges to two stable states at far field in the shear direction.

Now we are ready to articulate our existence and rigidity result on the PN model and
(1.23). Although the PN model and (1.23) share the common double-well nonlinearity and
non-localness with the fractional Landau—Ginzburg equation (see (1.32)), the main difference
between our setting and previous work on (1.32) is that we work on a partially periodic domain
), and Hilbert spaces H*(};) while previous work focused on the whole domain RY and
Banach spaces C5*(R9). This discrepancy in the setting urges us to develop more appropriate
methods while referring to some valuable techniques introduced in previous work.

For the existence problem, although we know that (1.16) is a solution to (1.15) and
(1.14), we are still not aware of whether a minimizer of the total energy (1.1) in function set
(1.35) exists. In [9], authors worked on Holder spaces C**(R%), k = 0, 1,2, and derived some
Schauder’s estimates of the weak solution to (1.32). Based on these estimates, they proved the
existence of the classical solutions to (1.32) for d = 1 by considering the harmonic extension
of (1.32) on the upper half-plane. In [32], the authors adopted the direct method in calculus of

variations minimizing the total energy on a subset of L\ .(R), i.e.

Xi={f € Li®: lim f(x)==*1}. (1.34)

They proved the existence and uniqueness of the minimizer in one dimension and the existence
result is generalized to any dimension d.

For the high-dimensional equation (1.23), we will follow the idea of [32] by using the direct
method in the calculus of variations to prove that the minimizer of a functional F(u) exists.
However, instead of requiring the far field assumption (1.9), we only consider H'/? perturbation
of a given 1D profile  who satisfies (1.9):

A={ue H2 Q) u—mne H2Q)}. (1.35)

loc

Here 7(x, y) is a smooth 1D profile, i.e. n(x, y) = n(x) for any (x, y) € £y, satisfying

1 if xe|[l,4+00),

n(x) € C(R), n(x) = { , (1.36)
—1 if x €& (—o0,—1].

We will abuse the notation 7 to represent the profile defined on either {2, or R. We remark here
that the weak H'/? regularity does not ensure any far field limit behaviour in any dimension,

even in dimension d = 1.
The functional F that we aim to minimize is the perturbed version of the total energy (1.1):

1
F(u) = E/Q /Q | (u(x,y)— u(x',y)*K(x — x',y —y)
d d
— | (. 3)— (', y)PK(x — x',y — y')dx dy dx’ dy’
+ / ~Y(u(x,y))dx dy. (1.37)
Qy

Here v € C*(R) is the double-well type potential considered in (1.23) that satisfies (1.8).
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Starting from functions only with H'/? regularity and even not necessarily satisfying the
far field limit condition, we construct a minimizer with H? regularity (in fact smooth) that also
satisfies the desired rigidity result that we aim to prove: it is a layer solution with 1D symmetry.

Theorem 1 (Existence of the minimizer).  Suppose that v € C*(R) is a double-well
type potential satisfying condition (1.8). Consider set A defined in (1.35) and energy
functional F defined in (1.37). Then:

(a) (Existence). There exists u* € A such that F(u*) = mi;ll F(u). In particular, u* is a weak
ue

solution to (1.23), i.e.
Lu* ++' ") =0.

Here L is defined as in (1.24).
(b) (Regularity). u* in (a) satisfies u* — n € H*(Q),). In particular, u* solves equation (1.23)
in L? sense and satisfies the far end limit condition uniformly in y:

lim u”(x,y) = +1
x—+00

(¢) (Monotonicity). u* in (a) satisfies %’y—) > 0 for any (x,y) € Qq, ie. u*(x,y) is strictly
increasing in x direction.

(d) (Symmetry). u” in (a) satisfies Vyu*(x,y) = 0 for any (x,y) € g, L.e. u*(x,y) = u*(x) isa
1D profile.

The critical technique in the proof is the energy decreasing rearrangement method in [32].
This method relies on the rearrangement inequality (see lemma 3.1) whose proof is quite ele-
mentary. However, driven by this basic inequality, the energy decreasing method is powerful
in proving monotonicity and 1D symmetry. We will introduce this method in section 3.1.

For the rigidity problem, it worth mentioning the De Giorgi conjecture on the fractional
Ginzburg—-Landau equation (1.32). It claims that at least for d < 8, layer solutions to (1.32)
are in fact just 1D profiles. Here a layer solution is defined in definition 3. This conjecture
was proved for dimension d = 2 in [9] and finally completely proved by Savin in his series
of work [32, 34, 35]. We also mention the asymptotic analysis for the sharp interface limit of
the fractional diffusion-reaction equation with isotropic/anisotropic nonlocal kernel of order
ﬁ,s € (0,1) in [4, 20, 23, 30].

The common approach to prove the De Giorgi conjecture is to develop a Liouville-
type theorem and then apply the theorem on ratios of partial derivatives in different direc-
tions u,,/u,,,i =1,2,...,d — 1. Then one can conclude that there exist constants ¢;,i =
1,2,...,d — 1 such that

Uy, = Cilly,, 1=1,2,...,d—1.

So u in fact only depends on x; variable and hence is a 1D profile. For (1.23), we can prove
the following theorem which is true for any dimension d > 1, not only for dimension d < 8:

Theorem 2 (De Giorgi conjecture). For any dimensiond > 1, suppose thatu : Q; — R
satisfies u —n € H'(Qy) and is a layer solution (defined in definition 3) to equation (1.23),
ie.

Lu+~'(u) =0.
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Here v € C*(R) is a double-well type potential satisfies (1.8) and L is defined in (1.24) satis-
fying assumptions (A)—(D). Then u(x, y) only depends on x variable, i.e. there exists ¢ : R — R
such that u(x, y) = ¢(x).

We emphasize here that the main reason of theorem 2 being true in any dimension d > 1
instead of only dimensions less than eight is that we fully employed the compactness of the
torus T¢~!'. The compactness ensures convergence of a sequence which is a key step in our
proof (see the proof of theorem 2). As we explained in section 1.2, without periodicity, the
De Giorgi conjecture may fail in the classical case [11]. Therefore, domain Q¢ = R x T ! is
critical to our result which is also physically meaningful since it incorporates the periodicity
in materials.

Instead of using Liouville type theorems, we prove theorem 2 by analyzing the spectrum
of a linear operator. This method sufficiently respects the maximal property of operator £
(see lemma 2.1) which is realized by the positivity assumption (assumption (B)). Utilized in
our previous work [18], this spectral analysis method is straightforward and appropriate in our
setting since the working spaces are selected as Hilbert spaces H*(£),) instead of Banach spaces
Ch*(R7) in [9]. Under this setting, we can use the perturbation theory of self-adjoint operators
on Hilbert spaces [25].

Specifically speaking, suppose that u is a given solution to (1.23) that satisfies condi-
tions in theorem 2. Differentiating on both sides of equation (1.23), we see that u, and
uy,i=1,2,...,d — 1 are solutions to the following non-local linear elliptic equation of ¢
on 2, which is given by:

[L4++"(w)]¢=0.

Equivalently, u, and u,,,i = 1,2,...,d — 1 are eigenfunctions of eigenvalue O for the linear
operator linearized along profile u:

L:H' Q) c LX) — L*(Q), Lo = Lo+ " (u). (1.38)

Therefore, as long as we can prove that O is a simple eigenvalue of L, i.e. the eigenspace of 0
is only 1 dimension, then we prove that u, and u,,,i = 1,2,...,d — 1 are linearly dependent,
which indicates 1D symmetry. This is the main idea and approach we will utilize to prove
theorem 2.

As a direct corollary of theorem 2, we can prove that both layer solutions and minimizers
of F on A are unique up to translations. Define A, and A,, as

Ap={ue H'(Q):u—n e H'(Q), uis a layer solution to (1.23)},
Ap={ueA:Fu) = mi}llF(v)},
ve

(1.39)

i.e. Ay is the set of layer solutions to (1.23) with H' regularity and A, is the set of minimizers
of F on set A. Then we can prove the following theorem:

Theorem 3 (Uniqueness of minimizers and layer solutions).  For any dimension
d > 1, suppose that v € C*(R) is a double-well type potential satisfying (1.8). Consider
functional energy F in (1.37), set A in (1.35), set Ay and set A,, in (1.39). Then

Ay = Ap = {u:ulx,y) =u"(x + xo) for some xy € R}. (1.40)
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Here u*(x) is the unique solution to equation
cr(=0u)" U +4'W) =0, w'(0) = 0. (141)

Here ¢ is the constant in lemma 2.2.

Theorem 3 provides a compatible physical interpretation of the PN model in three dimen-
sions (with periodicity in the transverse direction): if we assume exclusive dependence of
the misfit potential on the shear displacement, then the equilibrium dislocation on the slip
plane only admits shear displacements. Furthermore, this uniquely (up to translations) deter-
mined shear displacement is a strictly monotonic 1D profile connecting two stable states. This
reduces the vectorial PN model to the two-dimensional PN model which was investigated in
our previous work [19]. In summary, we have the following theorem:

Theorem 4. Suppose that v € C*°(R) is a double-well type potential satisfying (1.8).
Consider the functional energy E in (1.1) integrating on R> x T, i.e.

- 1
E(u) = / ~o:edxdydz + / 'y(uf)dx dz. (1.42)
R2xT\I" 2 r

Here u = (uy, uy, u3) is the displacement vector, o and ¢ are the strain tensor and the stress
tensor respectively given by (1.3) and T is the slip plane defined in (1.12). Assume v €
(—1/2,1/3). Suppose that u is a global minimizer of E as in definition 1, then:

(a) (Regularity). The displacement vector u is smooth in R* x T\I".

(b) (Rigidity). The displacement in transverse direction is 0, i.e. u3 = 0 in R*> x T; ufr is the
unique (up to translation in x direction) 1D profile independent with z variable, strictly
monotonic in x direction satisfying

lim ] (x) = £1. (1.43)
x—400

(¢c) (Fourier representation). u; and u, only depend on x and y in R*> x T. On the Fourier
side, uy; and uy can be uniquely represented by uli(x):

ity (€)= iy (&) (1 - nyzy) e (1.44)

e~ 0© LI -l

5 (§,y)——2_2V ((1—21/)|§ +1€y>e : (1.45)
(d) (Dirichlet to Neumann map). On 1", the stress tensor can be expressed as

) = o) = —ﬁpv. /R (Lff(;) ds (1.46)

05 (x) = 05 = 0. (1.47)

(e) The stress tensor is divergence free, i.e.
V-0 =0, holdsin D'(R*>x T). (1.48)

This also holds point-wisely in R* x T\T".
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These four theorems (theorems 1—-4) are the main results for this work which completely
close the problem of existence and rigidity in a general setting including the original PN model
with Poisson ratio v € (—1/2, 1/3). Following this logic, we will first conduct a preliminary
analysis in section 2 to assist readers to bridge some gaps in understanding the derivation of
(1.23) and be aware of some important properties of the linear operator £. Then we prove
theorem 1 in section 3 and theorems 2—4 in section 4. Finally, the spectral analysis of operator
L is established in section 5 which proves that 0 is simple and the principle eigenvalue of
L. For facts in functional analysis and details in the spectral analysis, readers may refer to
appendix A; for proofs of some lemmas in the proof of the theorems, readers may refer to
appendix B.

2. Preliminary analysis
In this section, we will first provide some details of the derivation of the reduced scalar

equation (1.15), then discuss three important properties that will be used in the proof of the
three theorems.

2.1. Derivation of the reduced scalar equation

Denote the Fourier transform of u;7(x,z),i=1,2,3 as i (k),i =1,2,3 where k =
(ki, ko), k1 € R, ky € 277 is the frequency vector. Given u that satisfies equation (1.13), one
can rewrite (0,5, 05,) on I as a linear transform of (u, (k), u3 (k)) on the Fourier side:

( a5k ) __a ( i (k) )
03,(k) ity (k)

k2 1 k2 kik
( 2 1>Ai|_(i) v 12A+G)
= -2G

k| " 1—vlk| 1—1/lk\

v kiky ., ki L K\ |
Rt + (2 ) itk

1—u|k|”1“+<k|+1—vk| 5 )

2.1)

Details of this derivation can be found in appendix [14].
From equation (2.1), the Euler—Lagrangian equation (1.13) can be rewritten as an equation
of uf(x,z), u;'(x, zyonl, ie.

Kl

+ .+

—A (ui(x’Z)> (g 22)
uz (x,2) i(u* )

8M3 1°%3

Here A is the nonlocal differential operator with Fourier symbol A.

A further simplification can be realized on equation (2.2) due to independence of -~y
with us, i.e. a%@ = 0. This independence reduces equation (2.2) into an equation of u;.
On the Fourier side, the second component in (2.2) indicates that we can represent it3 by
up, 1.€.

l/klkz

k) = -4 DK+ I

ity (k). (2.3)
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Substituting this equality to the first component in (2.1) yields

k2 1 k2 v kik
k) = —2G | [ 2+ —— )it + ik
706 Klk * 1—v|k>“‘( T W
26k

= R .
=i+ ®

Now denote £ : H'(R x T) C L*(R x T) — L>(R x T) the linear operator with Fourier sym-
bol % Then the first component of equation (2.2) is in fact an equation of u, i.e.
equation (1.15):

V)

L
up + G

0. (2.4)
This equation is the reduced scalar equation.

2.2. Properties of L

Assumption (A) ensures that £ is a self-adjoint operator defined on H'(€2,) C L*(€;) and maps
to L2(€) (see lemma A.2). By assumptions (B) and (C), one can easily conclude that kernel
H satisfies that for any z # 0,

2.5)

Here m and M are positive constants. Indeed, for any non-zero z, we have

1 4
H@ = <?>

and H(z) has a positive lower bound m and a positive upper bound M on the compact set S~
So (2.5) holds.

Furthermore, we will prove three important properties of the linear operator £ which play
critical roles in the proof of theorems 1-3.

First, positivity of H ensures that if f attains global maximum at point (x¢, y,) € (24, then
Lf|xpwy) = 0. We call it the maximal principle of operator L:

Lemma 2.1 (Maximal principle). Suppose that f € H' () attains global maximum at
(xm, yyy) and global minimum at (x,, y,,) on 4. Then

‘Cf|(XM’.YM) 2 0’ l:f‘(xm’y"z) g 0.
The equality holds if and only if f is constant.

Proof. By positivity of K, we know that

LS learmn = /Q (f Certs yu) — F 9K (xm — x, 9y — y)dxdy > 0,
d

Ly = / (f Comsy) = K (X — X, ¥, — y)dxdy < 0.
Qg
Thus the inequality holds and the equality holds if and only if f(x, y) is constant. (|

7792



Nonlinearity 34 (2021) 7778 Y Gao et al

We emphasize that this property of operator £ plays an important role in the proof of the
De Giorgi conjecture (see section 4.2).

Second, homogeneity of H ensures that if f(x,y) = f(x), i.e. f is a simple 1D profile inde-
pendent with variable y, then there exists constant ¢, such that £f ], = c£((—0.)"2f)(x).

Lemma 2.2. Suppose that f € H'(Qy) satisfies f(x, y) = f(x). Then there exists a constant
cr > 0 such that

LFI(x,3) = cc((—=0u)" f)(x).
Proof. Consider g(x) which is defined as
glx) = / H(x,y)dy.
Rd—l

Then for any x # 0, a change of variable implies that

g(x) = H(x,y)dy = / x|~ H(1,y/x)dy
Rd—l Rd—l
_ (1)
- / x2H(1, yydy = 8.
Rd-1 |X|

So g(x) = g(1)|x| 2 is the kernel of half Laplacian for one dimension. Therefore by Fubini’s
theorem, if f(x, y) = f(x), we have

Lfly =P.V. /R /T ey —f (X, YNK(x — x',y —y)dy' dx’
—P.V. / (F) — £ / K(x— .y — y)dy d’.
R Td~!
By (1.25), we have

Y Ha—x\y—y +pdy

jezd-l

d—1

K(x—x',y —y)dy = /
Td—1 T

= H(x — X,y —yHdy'.

Rd—-1

Substituting this back to the formula of L£f, we have

£l =PV [ ()= 1) [ HG =Xy =y oY
R Rd-
— g(1)- P.V./ J0) = 1) g
R |x—x|?

= (1) (=02 ).

So for any f that is 1D profile, £ acting on f is just (—dx,)'/? acting on f up to a constant. [J
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Third, assumption (A) (equation (1.29)) ensures the following equivalence of semi-norms:
Lemma 2.3. There exist positive constants c, ¢3, Cy, Cy such that
Cl”“”Hl(Qd) < ||£’4HL2(Q,,) < Cl”“”Hl(Qd),
CZHMH?_IIQ(QI) < / / lu(w) — u(w")*K(w — w')dw dw’ < C2H“H§yl/2(gd)~
‘ Qqd
(2.6)
Proof. By Plancherel’s theorem, we have
1Lull 20, = HEM(V)”LZ(%) = HUﬁ(V)LA‘(V)HL?(Q;y
Then by (1.29), we know
H['“(V)HH(Q;) < C|HV|’A4(V)HL2(Q£,) = Cllull i)
Hﬁu(’/)Hﬂ(Qb) 2 C‘||V|Q(V)‘|L2(Q£,) = CHMHHI(Q)-

Here C and c are constants in (1.29). So || Lu||;2q,, is equivalent to ||u||;1 ). Moreover, by
symmetry assumption of K, we have

(u, Lu) 2y = /Q /Q u(w)w(w) — u(w")K(w — w')dw dw'’

1
= / lu(w) — u(w")*K(w — w')dw dw'.
2 )0,y

By properties of the Fourier transform, we have
(u, Lu) 20,y = (i1, Lut) 2y y = (i1, 00)it) 2y
hence by (1.29),

(u, £u>L2(Qd) < CH|V‘1/2LA‘(V)||§2(Q;) = CHMH?:II/Z(Q)’

1/24

(u, ‘C”‘>L2(Qd) > c|||v| ”(V)Hiz(glj) = CH”H?ql/z(Qy

Thus (2.6) holds. O

3. Existence of minimizers

In this section, we will prove theorem 1. Recall the energy functional defined in (1.37), i.e.
1
F(u) = 5/ | (u(x,y)— u(x'.y)PK(x — x'.y =y
Qg Qy
— | (e, y)— n(x',y)PK(x — x',y — y")dx dy dx’ dy’

+ / (. y))dx dy.

Qd
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We first rewrite this energy functional. In fact, by lemma 2.2, if we denote v = u — 7, then we
can rewrite F' as

1
Flw) = / / 0106,9) + 0(5,3) — 1Y) — v YN PR — Xy — )
2 Ja,)a,

— | (n(x,y) — n(x',y)PK(x — ¥,y — y)dx dy dx’ dy’

+ / v (u(w))dw
Qq
= l/ lu(x,y) — v(x',y") PK(x — x',y — y)dx dy dx'dy’
2 QqJQy
+2ce [ w00 Pridrdy + [ (e G.1)
Qq Qq

Here c is the constant in lemma 2.2. From (3.1) we see that subtraction of 7 in the definition
(1.37) ensures that F is finite if « is bounded and satisfies u — 7 € H'*(Q). For the sake of
convenience, we will switch between (1.37) and (3.1) when using functional F.

The main idea in the proof of theorem 1 is to first slightly modify the minimizing problem
on a subset of A denoted as A;. A, is defined as

Ar={uc A:u=n onQ,\Q}. (3.2)

Here ), =1 x T¢"!, I = (a,b) where a < —1 and b > 1 are real numbers. By definition of
minimizers, a minimizer u; € A; solves the following Dirichlet problem in weak sense:

Lu(x,y) + 7' (u(x,y) =0, (x,y) € Q)
u(x,y) =1, x € [b,+00), 3.3)
u(x,y) =—1, x € (—o0,al.

For a minimizer u;, result similar to theorem 1 can be proved, which is summarized in the
following proposition:

Proposition 1. Suppose that v € C*(R) is a double-well type potential satisfying condition
(1.8). Define function set A as in (1.35) and energy functional F as in (1.37). Then:

(a) (Existence). There exists u; € Ay such that F(u;) = mgl F(u). In particular, uy is a weak
UcAy

solution to (3.3).

(b) (Monotonicity). u; in (a) satisfies that for any 71 > 0, uy(x + 71,y) = uy(x,y) holds for
a.e. (x,y) € QZ, i.e. u(x,y) is increasing in x direction.

(¢) (Symmetry). u; in (a) satisfies that for any T, € R4\ wi(x, y+ 72) = wi(x, y) holds for
a.e. (x,y) € Qf,, i.e. ur(x,y) = u;(x) is a 1D profile.

To prove monotonicity and symmetry, one needs to utilize a critical technique: the energy
decreasing rearrangement method in [32] which is based on the rearrangement inequality. After
constructing {u; } in proposition 1, a minimizer of F(u) on A will be constructed using these
minimizers on finite intervals and theorem 1 is ready to be proved.

Following this logic, we will first carefully introduce the energy decreasing rearrangement
method utilized in [32] in section 3.1. This tool is prepared for the proof of proposition 1
in section 3.3 which ensures existence of the minimizer on A;. Then in section 3.4, we will
introduce several technical lemmas before proving theorem 1 in section 3.5.
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3.1. Energy decreasing rearrangement

We denote a1 = max{a,0} and a_ = —min{a, 0}, i.e., a; and a_ represent the positive part
and the negative part of a respectively. In this section, we will introduce the energy decreas-
ing rearrangement method that is used in [32]. In fact, this method relies on the following
elementary equality:

Lemma 3.1 (Rearrangement). Suppose that ay, ay, by, by are four real numbers. Denote
a = min{a;,a,},A = max{a,ay},b = min{by, b, } and B = max{b,, b, }. Then the follow-
ing inequality holds:
ab +AB — a1by — axby = (a1 — az) (b — b2) - + (a1 — az) (b1 — b2)4 = 0.
3.4)
In particular, ab + AB — a\b; — a,by, = 0 if and only if (a; — a,)(b; — by) > 0.

Readers may refer to appendix B for proof of this inequality. Now we are ready to introduce
the energy decreasing rearrangement method.

Lemma 3.2 (Energy decreasing rearrangement in [32]).  Suppose that u,v belong
to set A which is defined as in (1.35). Define m(w)= min{u(w),v(w)} and
M(w) = max{u(w), v(w)}. Then

[F(u(w)) + F(v(w))] — [F(m(w)) + F(M(w))]
= / / K(w — w') [(u — v) 4 (w)(u — v)_(w")
QI Qy

+ (u — v)_(w)(u — v) ()] dw dw'. (3.5

In particular, Fu(w)) + F(u(w)) = F(M(w)) + F(m(w)) holds if and only if
(u(w) — v(w))(u(w') — v(w') =0 (3.6)
holds for almost every w, w' in Qy, i.e. either u(w) > v(w) or u(w) < v(w) holds a.e. in .

Proof. Recall energy functional defined in (1.37), i.e.

1
Fu) = 5 /Q /Q | (u(w)— u(w")PK(w — w')

— | (n(w)— n(w")PK(w — w')dw dw' + / Y(u(w))dw.

Qq

since y(u(w)) is a local term, we have

/Q Y(u(w)) +y(v(w)dw = / Y(m(w)) + (M (w))dw.

Qy
So we only need to compare the convolution term. A straightforward calculation implies that
[F(u(w)) + F(v(w))] — [F(m(w)) + F(M(w))]
1
= 7/ / K(w — w') [Ju(w) — u(w")* + [v(w) — v(w)|?
2 )a,Jo,

— [m(w) — m(w")|* — |M(w) — M(w")|*] dw dw'.
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By the definition of m and M, we know that
u(w)? + v(w)? = m(w)* + M(w)?
holds for every w € €2y, thus

[F(u(w)) + F(o(w))] — [F(m(w)) + F(M(w))]
- / / K(w — w') [M(w)M(w') + m(w)m(w')
QqJQy

— u(w)u(w) — v(w)v(w")| dw dw'.
Let a; = u(w), a, = v(w), by = u(w'), b, = v(w'), then in terms of lemma 3.1 we know that
m(w) = a, M(w) = A, m(w') = b, M(w') = B.
By lemma 3.1, we have

[Fu(w) + Fuw))] - [Fn(w) + FM(w))
[ ] K= w) [ o) o)
o,/q,

+ (u — v)_(w)(u — v)4(w)] dw dw'.

Thus (3.5) holds. So in terms of integrating w,w’, F(u(w))+ F(v(w)) = F(m(w)) +
F(M(w)) holds if and only if (u(w)— v(w))(u(w') — v(w')) = 0 holds a.e. in Q. This
concludes the proof. (]

Lemma 3.2 ensures that if we are given two functions u, v defined on €);, we can construct
a pair m, M such that they have a total energy less than F(u) + F(v). Here comes the name of
this tool: the energy decreasing property of this construction m, M is realized by the precedent
rearrangement (lemma 3.1), so we name it as energy decreasing rearrangement method. Now
we are ready to prove proposition 1 using lemma 3.2.

3.2. Relationship with the increasing rearrangement

Clarification on this rearrangement technique is necessary to help readers distinguish it from
other similar tools. Another rearrangement skill broadly utilized in the calculus of variations is
the increasing rearrangement, which was first introduced in [33]. Given u : R — R satisfying

li£1 u(x) = %1, the increasing rearrangement of u, denoted as u*, is an increasing function
X—00

with sublevel sets which are of same volume as those of u, i.e.,
{x:t <)} ={x:r<ux)}* foreveryre (—1,1). 3.7

Here the rearrangement of a Borel set A € R, i.e. A", is defined as

A" =[c,00), c:=b—|[AN[a,b]| forevery A satisfying [b,o0) C A C [a, 00).
(3.8)

The machinery of the increasing rearrangement is exactly the same as that of the cumula-
tive density function matching approach. The measure-preserving property maintains local
functional energies (e.g., the double-well potential), while the monotonicity reduces the
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convolution-type non-local functional energy (e.g., the reduction of the elastic energy on the
slip plane).

Due to this energy reduction property, the increasing rearrangement is also employed to
minimize functional energies that share common structures with F in (1.37) [3]. Although
results derived in [3] are similar to ours, the context of [3] is much different in the sense that
the convolution kernel J(h) satisfies

J(hy € L'RY),  J(h)|h| € L'(RY), (3.9)
while in the current context we have
K(h) ~ [h| =V ¢ L'RY),  K(h)|h| ~ |h|~* ¢ L'(RY). (3.10)

Therefore, the availability of the increasing rearrangement in our setting is indirect. Application
of the increasing rearrangement was also considered in [32] in which the authors commented
that it worked for (—A)®, a € (1/2, 1) instead of the critical case (—A)!/2 which is exactly in
the PN model.

In contrast, originated in [32], lemma 3.2 is powerful in this critical case (also other non-
critical cases as discussed in [32]) with a much simpler and elementary proof compared to
the increasing rearrangement [2]. The main difference between lemma 3.2 and the increasing
rearrangement is that the former rearranges a pair of profiles # and v while the latter merely
works on a single candidate u. Therefore, the hidden mechanisms of these two methods are
totally different and readers should be aware of this discrepancy.

3.3. Minimizers on finite intervals

Before proving proposition 1, we introduce the translation-invariant property of the energy
functional F which is applied in the proof.

Lemma 3.3 (Translation invariant). Consider F in (1.37). Then for any (cy,c2) € Qq,
we have

F(u(x 4 c1,y + ¢2)) = F(u(x,y)),

i.e. F is invariant under any translation.

The proof of this lemma only relies on some elementary computations of integrals using
lemma 2.2. Readers can refer to appendix B for detail. We will again use this invariant property
later to prove the lower boundedness of F on .A.

Now we are ready to prove proposition 1 which addresses the minimizer of F on the set .A;
defined in (3.2):

Ar={uc A:u=n onQ\Q}.
We aim to prove that there exists a minimizer u; of F on set Aj.

Proof of proposition 1.  First we prove statement (a). Notice that for any u € A;, F(u) is
uniformly bounded from below by a constant that depends on 7(x), i.e.

1
Fu) = - / / (J(uCx,y) — ux' yHHK(x — 'y — y)
2 Ja,)a,

— | (G, y)— n(x',y)[PK(x — x',y — y)dx dx" dy dy’

7798



Nonlinearity 34 (2021) 7778 Y Gao et al

+ / (u(x,y))dx dy
Qq

1
Z =5 / / | (e, p)— n(x',y)PK(x — X',y — y')dx dx'dy dy’
ol Jol

/Q /I(n(xy) n(x',y)*K(x — x',y — y)dx dx'dy dy’
I)(‘

2
/ (n(x) — n(x")) dr

(- x)?
—er / ) =N
1Jie (x—x')?

The last equality is by lemma 2.2. ¢ > 0 is the constant in lemma 2.2. Therefore, there exists
a minimizing sequence {u,} C A; such that

F(u,) — C;:= infl\: F(u) asn— oo. (3.11)
UEA]

For any u € A, consider
i = max{min{u, 1}, -1},
i.e. it is the cut-off of u from below by —1 and from above by 1. Then &z € A and satisfies
F(u) < F(u)

by definition of F. So we can assume |u,| < 1 without loss of generality.
Denote v, = u, —n. Then v, is supported on QZ since u, € A;. This indicates that
l|lva||? 20, S4b—a), ie. {v,} is uniformly bounded in L*(};). Moreover, {v,} is also

uniformly bounded in H'/2(,) since by lemma 2.3,

lonllF 2,y < f//l(vn(x Y= v YK (x — 2,y — y)dx dx' dy dy'.

Meanwhile, using the definition of F in (3.1) and the Cauchy—Schwartz inequality, we have

1
:2// | (Ua (e, 3)— va(x",y)PK(x — x',y — y")dx dx’ dy dy

3F(un) -t / (6 (—05) P(x)dx dy — — / ()
Qq

2

26‘1; 26‘1;

F(un) +== ||vn||L2(Q ot = 0e0)' () |2y

<C’.

Here ¢, is the constant in lemma 2.2 and ¢, is the constant in lemma 2.3. C’ is a constant that
only depends on a, b and 7 but independent with any certain minimizing sequence. Therefore,
{v,} is uniformly bounded in H'/%(Q,).
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Now we are ready to prove that u; is indeed a minimizer. Uniform boundedness of {v,}
in H'/2(Q) implies that there exists v; € H'/?(€,) supported on Q; such that v, — v; in
H'/*(Qy). Hence u; := v; + 1 € A; and up to a subsequence,

U, — uy, v, — vy a.e.in Qg
. 120l
U, = uy, v, — vy in L7(§,).

Therefore, by Fatou’s lemma, the strong 1? convergence and the definition of F in (3.1), we
know that

C; = lim inf F(u,)
n—o0

n—oo 2

1
= lim inf*/ / | (Ua(x, )= va(x",y)[PK(x — X',y — y')dx dx" dy dy’

+2¢ / Un(X,Y)(— ) P1(x)dix dy + / Y(uy)dx dy
Qq Q

1

> — / | (vr(x,y)— v (x,y)*K(x — x',y — y")dx dx' dy dy’
2 QqJQy

+2e / ey (=00 2p(e)dx dy + / Y (ur)dx dy
Qg Qq

=F(up) = C.

Thus u; € A; is indeed a minimizer of F on set 4;. In particular, it is a weak solution to (3.3)
by a simple calculation of the first variation of the energy functional F'. This proves (a).

We will use the energy decreasing rearrangement method (lemma 3.2) to prove (b)
and (c). First we prove (b). For any given 7 > 0, consider v(x,y) = u;(x 4+ 7,y). Denote
m(x,y) = min{u(x,y), v(x,y)} and M(x, y) = max{u(x, y),v(x,y)}. Then by lemma 3.2, we
know that

F(m)+ F(M) < F(u;) + F(v).

This inequality is in fact an equality. Notice that M(x,y) = lifx > b — Tand M(x,y) = —1
if x <a—7,s0M(x,y) € Ayu—rp—r- By the translation invariant property (lemma 3.3), we
know that v(x, y) = u;(x + 7, y) is in fact a minimizer of F on A, ). Thus

F(M) > F(v).

Note that m(x, y) = 1if x > b and m(x, y) = —1 if x < a, so m(x,y) € A. Then by minimality
of u; we know that

F(m) > F(uy).
Therefore, we have

F(v) + F(up) < F(m) + F(M) < F(up) + F(v).
Thus

F(v) + F(uy) = F(m) + F(M).
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By lemma 3.2, this equality holds if and only if either u;(x,y) > v(x,y) or u;(x,y) < v(x,y)
holds almost surely in €2;. By the boundary condition and that |u;| < 1, we know that the
former is true, i.e.

ur(x,y) < v(x,y) = u(x +7,y).

This inequality holds for a.e. (x,y) € €, for arbitrary 7 > 0. This proves (b).

Eventually, we prove (c). Again we will adopt lemma 3.2, i.e. the energy decreasing rear-
rangement method. Unlike the case in the proof of (b) where we only consider translation in x
direction, we consider translation in both x and y direction, but with x direction still positive.
For any given (71, T,) such that 7; > 0,7, € T¢"!, consider w(x, y) = u;(x + 71,y + T2). As
in the proof of (b), by considering the minimum and maximum of u; and w, we conclude that

ur(x + 711,y + 72) 2 ui(x,y) (3.12)

holds for almost every (x,y) € Q.
Now let 71 — 0. For any w € ), denote S.(w) the square with length € centered at w.
Then for any (x, y) € §; (not almost every but every) and € > 0, by inequality (3.12), we have

1 . 1
— ur(s,t + m2)dsdt = lim 71/ ur(s + 71, + 72)ds dt
€ Jsexy) =0t €0 s )
1
> — u;(s, t)yds dt
€ JSexy)
¥

Then let ¢ — 0 and by Lebesgue’s differential theorem, we have

ur(x,y + 72) = u(x,y)
holds for a.e. (x,y) € Q). This holds for arbitrary 7, € T¢~! without specific assignment
of sign of each component. Then taking both 7, and —7 in the translation concludes that
ur(x,y + 72) = ui(x,y)
holds for a.e. (x,y) € €. This closes the whole proof of proposition 1. |

3.4. Technical lemmas

Before proving the existence theorem, i.e. theorem 1, we will first provide several technical
lemmas whose proofs are attached in appendix B. These lemmas finally lead to the fact that
F is lower bounded on A. This enables the application of the direct method in calculus of
variations in the proof of theorem 1.

Lemma 3.4 addresses an approximation property:

Lemma3.4. Foranyu € Asuchthat|u| < 1, there exist a sequence {u,} C A and positive
constants {M,} such that

u, —n € C*(), wu,=n on|x|>M,
and

F(u,) — F(u) asn— oo.
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Proof. Givenu € A such that |u| < 1, becauseu —n € H 1/ 2(Q), so standard density argu-
ment (see [1, 38]) claims that there exists u, and {M, } such that u, — n € C*(y), u, = n on
|x| > M, and ||(u — 1) — (u, — 77)”2‘/2(94) — 0 as n — oo. Therefore,

U, —n—u—mn in H'?(Q),

Uy —n—u—mn in L*(y).

Denote v =u — n, v, = u,, — n. Then by (3.1), we have

Fu = /Q [ Jotw) - otw) P — wdw dw

+eg | = (=0u)"n)dx dy + / y(u)dx dy, (3.13)
Qy Qq

here ¢, is the constant in lemma 2.2. Then by lemma 2.3 and convergence in H'/%({) and
L*(Q), we have

/ / [op(w) — v, (WP K (w — w')dw dw’
QqJQy

— / lv(w) — v(w")|*K(w — w')dw dw’
Qg Qy
/ (1 — 1)(=00) () dy
Qq

- / (1 — ) (— ) *n(x)dx dy
Qd
as n — oQ.

For the nonlinear potential term in (3.13), the mean value theorem ensures that there exist
0(x,y) and 6(x,y) € [0, 1] such that

‘ / v (tn) — ’Y(U)dXd.Y’
Qq
< / |7/ (Ou + (1 — Ouy)|lu — u,| dxdy
Qd

<[ W+ 60w—mn+ QA —0)u, —n)|u— u,|dxdy
Qq

</Q I )t — 1] dx ly
d

+ / V(1 + 00 — 1) + 01 — 0)(wt, — )[|Ou — 1)
Qy
+ (1 - 9)(”:1 - 77)“” - I/t,,| dXdy
Because |u| < 1, we can assume |u,| < 1 without loss of generality. Thus

1Y+ 00(u — n) + 0(1 — 0)(u, — )|
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is uniformly bounded in ;. Also notice that ~'(n) =0 for |x| > 1, then by the
Cauchy—Schwartz inequality, there exists C > 0 that only depends on u, 1 such that

1
‘/ v(un)—v(u)dxdylé// 1Y (m|u — u,| dy dx
Q —1JTd-1

+ C([lu = nll 20y + Nlun = nll 2 )1 = tall 1200,

< Cllu — 1200, — O

Here C' is a constant that only depends on -y, 7 and u. This closes the proof. (]

The following lemma claims that we can use the nonlinear potential to control L? norm of
u—n.
Lemma 3.5. Suppose that u is a non-decreasing function on R such that u(x) = v(x) + n(x)

is non-decreasing, |u(x)| < 1 forall x € Rand u(0) = 0.~ € C?(R) satisfies (1.8). Then there
exist constants Cy and C, such that

/'y(u(x))dx +C = Gv]2.
R

Here C; > 0 and C, > 0 only depend on ~y(x) and are independent with v.

Proof. According to (1.8), v"(41) > 0 and + attains strict minimum at —1 and 1, so there
exists C; > 0 such that

Y(x) = Ci(x — 1), if x €[0,1],
Y(x) = Ci(x + 1), if x € [-1,0].

Remember that u(x) is non-decreasing, u(0) = 0 and —1 < n(x) < 1, so

—1<vx) <0, ifx>1,
O0<vix) <1, ifx<<—1.

Therefore, we have

-1 +o0
/W®W>/7MW4W+/’Wm+mx
R — 1

(o @]

-1 +oo
> C / v(x)’dx + C; / v(x)%dx
— 1

o0

> Cilfv|7, — 2C.

Using these technical lemmas, we are ready to prove theorem 1.

3.5. Proof of theorem 1: existence of the minimizers

As stated in previous sections, we will use the calculus of variations to prove theorem 1 by
minimizing F on set 4. Proved in proposition 1, a key property of the minimizers u; is that for
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and 7y >0, 7 ETd_l;

ur(x + 71,¥) = ui(x,y) a.e.in Qy,
. (3.14)
u(x,y + 7)) = uy(x,y) ae.in Q.

To prove lower boundedness of F with the help of (3.14), we consider the following subset of
A which is much finer than A:

B:={u € A:u satisfies (3.14), |u| <1 and u(0)=0}. (3.15)

This definition is inspired by proposition 1 and preceding technical lemmas: according to
proposition 1, we know that u; € B if u;(0) = 0. Here u; is the minimizer of F on 4; which is
constructed in proposition 1. Through the bridge of set 5, we will prove that:

Lemma 3.6. Consider set A in (1.35), set B in (3.15), and functional energy F in (1.37).
Then:

@ inf P = Pl

(b) There exist positive constants C3 and Cy that only depend on 1 and ~y such that for any
ueb,

F@u) > Csllu =13, — Ca-

Proof. We first prove (a). Because B C A, so we have in£ F(u) < inlfg F(u). Hence we only
ue ue
need to prove that inf F(u) > inf F(u).
ueA ueBB

Consider # = max{min{u, 1}, —1}, i.e. the cut-off of # by 1 from above and by —1 from
below. Then # is also in A and satisfies that F(it) < F(u). So we only need to consider those
u € Asuch that |u| < 1.

By lemma 3.4, for any € > 0, there exists u; € C*(€2) and M > 0 such that u; =7 on
|x| > M and

F(u) > F(uy) — €.

Then according to the definition of A; in (3.2), we know that u; € A;. By proposition 1, we
know that F(u;) > F(up) where uy, is a minimizer of F on A; satisfying that u,, is a 1D profile
and increasing in x direction. Therefore

F(u) 2 F(u) — € 2 Fluy) — €.

By the translation-invariant property (lemma 3.3), we have
Fum) = F(uy)

where uj, is a translation of uy, that crosses (0, 0), i.e.
uy(x) = uy(x +¢), upy(0)=0.

By definition, we know that u;, € 3. Thus for any u € A and € > 0, there exists u;, € 3 such
that

Fu) > F(u) — € > F(uy,) — e
Thus inf F(u) > inlfg F(u) — €. By arbitrariness of €, we have in£ F(u) > in{g F(u).
ue ue ue

uc A
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Now we prove (b). By lemma 3.5, for any u € B, there exist C| and C, that only depend on
~ such that

/ Yapdxdy > Ci o]}, ) — Co

Q d

where v = u — 1. Therefore, using the expression of F in (3.1), the Cauchy—Schwartz
inequality, lemmas 2.3 and 2.2, we have

Fu = 5 /Q /Q lo(w) — v(w)) K (w — w'ydw du’

2 / o,y (—050) () dy + / (. y))dx dy
Qd Qd

cr 262
2 ?”’UH?{I/Z(Q(I) + Cl ||U‘|i2 - C2 - ?IL”(_axx)l/zn(x)”iZ(Qd)
C 2
- Sl
> Cllold e, — Co

Here c¢; is the constant in lemma 2.3, ¢ is the constant in lemma 2.2, and

. (&) C1 26% 1/2 2
Gs :mln{z,z}, Cy = C2+C71H(_8xx) / 77(x)||L2(Qd)
are constants that only depend on 7, v and the operator L. This concludes the proof. ]

Lemma 3.6 in fact provides insightful corollaries: first, we have

e
inf P = o F) > =G

Thus F is lower bounded in .A. Moreover, according to (b), functional F(u) can be used to
bound H'/2(£24) norm of u — 7 for any u € B. In the proof of theorem 1, this observation will
be used to find an a.e. limit of the minimizing sequence which is proved to be a minimizer of
F on A. Now we are ready to prove theorem 1.

Proof of theorem 1. We will first prove (a). By lemma 3.6, we know that

inf F(u) = inf F(u) > —C4 > —o0.
uceA ueB

Denote ¢ = in£l F(u) = in;f3 F(u). Then there exists {u,} C B such that F(u,) — ¢ as n — oc.
ue ue

Again by lemma 3.6 (b), we know that ||u, — 7| H'/2(Qy) is uniformly bounded. Thus there exists
u* such that up to a subsequence,

u, —n—u"—mn ae.in Qy,
Uy —n —u* —n in H72(Qy).

Denote v, = u, — 1 and v* = u* — 1. Then v, — v* a.e. in Qg and v, — v* in H'/2(Q).
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In fact, u* is a minimizer of F on A. By Fatou’s lemma, we know that

1
lim inf — / / | (Up(x,3)— v (X, Y)PK(x — X',y — y')dx dy dx’ dy’

n—oo 2

+ / Y(ua(x,y))dx dy

Qd

1
> 7/ / | (v, y)— v* (" y)PK(x — X',y — y)dx dy dx’ dy’
2 Qg Qy
+ / ~(u*(x,y))dx dy. (3.16)
Qq
Meanwhile, since v, — v* weakly in H'/?(Q4), hence also converges weakly in L2()), thus

lim / (X, Y)(— D) *n(x)dx dy = / v (6, Y)(—0,) Pn(x)dxdy.  (3.17)
n—0o0 Qd Qd

Substituting (3.16) and (3.17) into the following equality, we have

¢ = lim inf F(u,,)
n—0o0

n—0o0

1
= lim inf —/ | (Ua (2, 3)— v (X, Y)PK (x — X',y — y')dx dy dx’ dy’
QI Qy

2 / o) (=) P00 dy + / () dy
Qq

Qq

1
> - / / | (v*(x,p)— v* (¢ y)PK(x — x',y — y')dx dy dx’ dy’
2Ja,lo,

e / ) (— B Pndxdy + / (e, y))dx dy
Qy

Qy

= F(u").

So u* is in fact a minimizer of F on A. In particular, it is a weak solution to (1.23). This proves
(a).

Now we prove (b). Because u, € B, so |u,| < 1 and they are all 1D functions and non-
decreasing in x direction, so the a.e. limit u* is also non-decreasing in x direction and is a
1D profile satisfying |u*| < 1. Thus (3.14) holds for almost every (x, y) € €2,. To prove that
uw—neH 1(Q,), we first show that ~'(u*) € L*(€)). This is true by the mean value theorem
and (3.14):

Iy (") dx dy = / W+ u — P dx
Q R

= /]R Y () + 4" + 0@ — ) — n)|* dx

< 2/|7/(77)|2dx + 2/ Y'(n + 0" — )P |u* — n|* dx
R R
< C)+ Cllv*|,2. (3.18)
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So v'(u*) € L*(y). Remember that Lu* + /(u*) = 0, so by lemma 2.3, we have
CH“*”HI(Qd) < HEU*”LZ(Qd) = HW’(“*)”LZ(Qdy

So u* € H'(Q). Moreover, £n € L*(£;) by lemma 2.2, so u* — 1 € H' (). In particular, u*
solves equation (1.15) in L? sense. By (3.14), we know that u* is a 1D profile, so u* — 1 €
H'(Qy) implies that liin u*(x,y) = =£1 holds uniformly in y. So (b) holds.

X—L00

Finally, we prove (c) and (d). Bopndedness of u* implies that ~"(u*)Vu* € L*(Qy). Thus
Lu* = —~'(u*) € H'(Qy) and u* € H*(),). Remember that u* is a 1D profile, so by embed-
ding H*(R) C C'(R), we know that (3.14) implies that

ou*(x,y) >

0x
holds for any (x,y) € ;. So (d) is proved and (c) is partially proved except the strict
monotonicity.

To prove the strict monotonicity, suppose that
derivative on both sides of (1.23) yields

Vyu'(x,y) =0, 0

Ou* (x00)

=0 for some (xo, ¥,) € €24, taking

Ou*(x0,y0)
£ Ox -

ou*(x0,¥0) _

ox 0.

—"(u")
Thus E% =0 at (xo, y,). However, since % > 0, we know that % attains minimum at
(x0, ¥p)- Then by lemma 2.1, we know that %—‘f =0, i.e. u* is a constant. This contradicts with
the far field limit of u*. So W > (. This concludes the whole theorem. |

4. The De Giorgi conjecture and uniqueness of solutions

In theorem 1, we prove that there exists a minimizer u* of functional F on set A who satisfies
that u* — n € H'(Qy) and for any (x, y) € €y, we have

ou*(x,y)
—— > 0.
Ox
In particular, we have liin u*(x,y) = £1. As definition 2, we keep the same definition of layer
X—00
solutions for (1.23).

Vyu(x,y) =0,

Definition 3. We call that u : Q; — R is a layer solution to (1.23), i.e.
Lu~+~'(u) =0,
if for any (x, y) € Qy,

Ou(x,y)
Ox

As far as we know, results parallel to the De Giorgi conjecture that address the vectorial
case, i.e. system (1.13) and (1.23) are still wanting and lack of exploration. In this section, we
will prove theorem 2 which fills in this blank: all layer solutions to (1.13) or (1.23) with H'
regularity are in fact 1D profiles if we further assume v € C*(R).

In [9] and related literatures on the De Giorgi conjecture, the standard approach to prove
this type of symmetry result is to first derive some Schauder estimates for weak solutions and

>0, lim u(x,y) = £1. .1
x—£o00

7807



Nonlinearity 34 (2021) 7778 Y Gao et al

then using Liouville type theorems to prove 1D symmetry. For example, authors in [9] first
derived C*“ regularity for layer solutions by careful application of theories on elliptic PDEs.
Then they noticed the following lemma (see also lemma 2.6 in [9]), a Liouville type lemma:

loc

Lemma 4.1 (A Liouville type theorem). Ler p € LS (M) be a positive function, not

necessarily bounded on all of Ri. Suppose that o € HIIOC(R‘_JF) satisfies
—odiv(¢*Vo) < 0 in RY,
d
oc— <0 on IR,

in the weak sense. Assume that, for every R > 1, we have
/ (po)* dx < CR?
By

for some constant C independent of R. Then o is a constant.

Applying this lemma to function o = uy,./ Uy, i=1,2,...,d — 1, where x direction is
the monotone direction for the layer solution u, they proved the following lemma (see also
lemma 4.2 in [9]):

Lemma 4.2. Suppose that v € C>*(R) is a double-well potential satisfying (1.8). Assume
that d < 3 and that u is a bounded solution of

_ T
Au=0 in RY,

Ju ,
o ' (u) on BRi.

Then there exists a function ¢ € Clloc(@) N CZ(R‘_‘:_) with p > 0in @ and such that for every
i=1,2,...,d —1,

Ou

- md
— =ci InR
Oyi *

for some constant c;.

As a straightforward corollary, the one-dimensional symmetry of solutions to (—A)'/?u +
~'(u) = 0 is also established.

Instead of adopting any Liouville type theorem to prove theorem 2, we will develop a new
approach that is first utilized in our previous work [18] to prove 1D symmetry of layer solu-
tions to (1.15). Although Liouville type theorem is not employed, we found that the insightful
observation provided by lemma 4.2 in [9] is significant: as long as one can prove that there
exist constants ¢;,i = 1,2, ...d — 1 such that

Uy, = Cillx

holds, then the profile u is a 1D profile. Remember the discussion in section 1, u, and uy,, i =
1,2,...,d — 1 are eigenfunctions of eigenvalue O for the linear operator

L:H'(Qg) C LX) — L*(Q), Lo = Lo+ " (u)o. 4.2)
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Therefore, as long as we can prove that 0 is a simple eigenvalue of L, i.e. the eigenspace of
0 is only 1 dimension, then we prove that u, and u,,,i = 1,2,...,d — 1 are in fact linearly
dependent, which indicates 1D symmetry. This is the main idea and approach we will utilize to
prove theorem 2. Following this logic, we will first establish proper regularity results for layer
solutions u in section 4.1 and then prove theorem 2 in section 4.2.

4.1. Regularity results

In this section, we will derive some regularity results for layer solutions to equation (1.23) and
some properties of elements in the kernel of L. Two main results will be derived in this section
under assumption y € C®(R). First, any layer solution of equation (1.23) is in H"(§),) for any
n > 0 (see lemma 4.3) and in particular, u is smooth with bounded derivatives of any order.
Second, eigenfunctions of L with eigenvalue O are in H"(§2,) for any n > 0 and in particular,
they decay to O uniformly in y as |x| — oo (see lemma 4.4).

As a reminder, we assume v € C*(R) in this section. Even though this is stronger than c?
assumption which is generally considered, this setting indeed covers many important cases. For
instance, v(u) = ﬂ—lz(cos(mt) + 1) in the PN model and v(x) = (1 — ?)? in the Allen—Cahn
equation [5].

Now we begin to prove these two lemmas. All these lemmas only require that u is bounded
which is ensured by being a layer solution. Using the Gagliardo—Nirenberg interpolation
inequality [31] and ideas in [29] (see proposition 3.9), we will prove that:

Lemmad4.3. Supposethat~y € C*(R)is adouble-well potential satisfying (1.8) and L is the
linear operator defined in (1.24) satisfying assumptions (A)—(D). For any dimensiond > 1, if
u € H'(Qy) satisfying u —n € H'(Q) is a bounded solution to equation (1.23), i.e.

Lu+~'(u) =0,

thenu — 1 € H'(Q) forany n > 0. In particular, u is in H'(Q) for any n > 0 and smooth with
bounded derivatives of any order.

Proof. Taking derivative on both sides of the equation yields
Lu, +~"wu, = 0.

Remember that u is bounded, so is 7”(u) by continuity of 4. Thus 7" (u)u, € L*(€4) which
implies that Lu, € L*(Qy). Thus by lemma 2.3, u, € H'(Qy). This also holds for Vyu(x, ).
Thus u € H*(Qy) and u — 1 € H*(Q).

Now we prove by induction that u — n € H"({)y) for any positive integer n > 3. Suppose
that u — n € H™(£)y), then by the Gagliardo—Nirenberg interpolation inequality, we know that
forany 1 < j < m, we have

HDj(“ =Ml < Cllu— 77)”?1”'(9)”“ - 77“;;‘;9)

Here p and j/m < « < 1 satisfy

g (1
p d 2 d)’
Take o« = j/m, then we have p = 2m/ j and

Di(u —n) € L*"(Q).
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Notice that D = 0 if [x| > 1 and np € C*(€), so D'y € L*"//(Q), hence
Dlu € I*"(Q,)

Chain rule implies that for any multi-index « that satisfies |«| = m, we have

D~ (u) = Z C@M(BI)M(BZ) o u(Bk)’y(kJrl)(u).
B+ =a
Here Cj are constants depending on 3 = (34, B, . . ., B;). Boundedness of u and smoothness

of ~ ensure that v**D(y) is also bounded. Remember that D/u € L*"/1(Q), so we have u®? €
L2/18i1(Q,) for all j=1,2,... k. Thus by Holder’s inequality, we have

k
Hu(ﬁl)u(ﬁz) o u(ﬁk)”Lq(Qd) < H Hu(ﬁj)”Lz’”/“?f‘(ﬂd)
j=1

where ¢ satisfies

1:§w:m:1

m  2m 2

Thus ¢ = 2 and u®u® . 4% € [2(Q,). Thus D/ (1) € L*(£),;) for any multi-index v that
satisfies |a| = m, so D"~/(u) € L*(9;). Therefore,

HDm(ﬁu)Hﬂ(Qd) = HDm’Y/(“)HLZ(Qd) < 00.

Thus D’"(ﬁu) € L*()). Then by lemma 2.3 and assumption (A), we have u — n € H™ ()
and u € H™'(Qy). Thus by induction, u — n € H*(Q,) for any n > 0. In particular, this
indicates that u is smooth with bounded derivatives of any order. (]

Remember that «y is smooth, so lemma 4.3 also ensures that " (u) is smooth and bounded
with bounded derivatives of any order. Recall that u, is a 0 eigenfunction of operator L defined
in (1.38), so by ellipticity of £ and regularity of 7" (u), we can prove that u,, or more generally,
any 0 eigenfunction of L should attain H*(£2,) regularity for any k > 0. As a direct corollary
of lemma 4.3, we have

Lemma 4.4. Suppose that v € C*(R) is a double-well potential satisfying (1.8) and L is
the linear operator defined in (1.24) satisfying assumption (1.3). For any dimensiond > 1, if
g € H'(Qy) satisfies

Lg+"(wg =0,

where u is a bounded solution of (1.23) as in lemma 4.3. Then g € H"()y) for any n > 0. In
particular, g is smooth and

lim g(x,y) =0
|x]—00

holds uniformly in y.

Proof. By lemma 4.3, we know that v”(u) is smooth with bounded derivatives of any order.
Suppose that g € H*(Q,) for some k > 1, then

HDk(['g)”B(Qd) = ||Dk(7u(”)g)”L2(Qd) < Ck”Dkg”Lz(Qd) < 0.
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Here C; is a constant that only depends on &, « and . Thus D¥(Lg) € L*(€), hence by lemma
2.3 and assumption (A), we know g € H**1(Q,). So by induction, g € H"(,) for any n > 0.

In particular, g is smooth and satisfies that | l‘im g(x,y) = 0 holds uniformly in y. ([
X|—00

Remark 2. Although we assume v € C>(£)y), for a given dimension d, v € C?*3(Q,) is
sufficient to ensure that layer solutions u and 0 eigenfunctions g of operator L are continuous

and | l‘im glx,y) =0, lijr[n u(x,y) = =1 hold uniformly in y. These are the properties we need
xX|—0o0 X—00

to prove theorem 2.

Finishing proving these two lemmas, we are ready to prove theorem 2.

4.2. Proof of theorem 2: the De Giorgi conjecture

As discussed in the beginning of this section, we will prove theorem 2 by proving that the
Ker(L) is only 1 dimension. Here L is the operator defined in (1.38). Similar to the proof in
[18],lemma 2.1, i.e. the maximal property plays a critical role in concluding linear dependence
of u, and any other function g in the Ker(L).

Proof of theorem 2.  We will prove that if a non-trivial g € H'(£),) satisfies Lg + v"(u)g =
0, then there exists a constant ¢ such that g = cu,(x, y).

According to lemma 4.3, u € H"(Qd) for any n > 0, so u is continuous. By definition of
layer solution (see definition 3), we know that xl}jl;%c u(x,y) = +1.

This limit actually holds uniformly in y by continuity of u. To prove uniformness, by strict
monotonicity of u, for any a € (—1,1) and y € T¢"!, there exists a unique x € R such that
u(x, y) = a. Therefore, for any a € (—1, 1), we consider function

fa@) T =R, fuy) = {x:ulx,y) = a}.

We prove that f,(y) is continuous. Given y € T?~! and ¢ > 0 sufficiently small, since
u(f.(y), ¥) = a, by strict monotonicity of u w.r.t. x, we know that

ar =u(f,(y) + €y) >a > ay=u(f,(y) — €,y).
Then there exists § > 0 such that

u(x,y) > a if (x,y) € S5(fu(y) + €,y),

u(x,y) <a if (x,y) € S5(fu(y) — €,3).

Here S5(w) is the square centered at w with width §. Then by definition of f, and monotonicity
of u, we know that forany y, € T ! such that |y, — y| < 2, wehave |f.(y,) — fu(3)| < € Thus
fa@): T"! — R is a continuous function for any a € (—1,1). So by compactness of T¢~1,
there exist real numbers x, and X, such that

X < fay) < X
So by monotonicity, we know that for any y € €,

u(x,y) =>a ifx
<

>
a if x < x,.
Thus limit li£1 u(x,y) = %=1 holds uniformly in y.
X—r00
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By lemma 4.4, we know that
im u(x,y) =0, im g(x,y) =0
hold uniformly in y. Consider ¢; = u, + 3¢ and define set
Dy :={B<0:¢3(6) <0 for some & € Qy}. (4.3)

Because g is non-trivial, we assume that g(xo, y,) > 0 for some (xo, y,) € €; without loss of
generality. Then D is non-empty because

ﬂl = - ZM_X(X(),yo)/g(XO’yO) € Dy

Here we use the positivity of u, in the definition of layer solutions. Therefore,

B = sup D,

is well-defined and satisfies 3 € [, 0].
We can also prove that for any 3 € D, there exists §5 € (2, such that ¢;(£,) attains a
negative minimum. By construction of D and lemma 4.4, we know that

lim ¢s(x,y) =0
|x]—00

holds uniformly in y. Meanwhile, ¢, attains a negative minimum. Therefore, there exists 5 =
(x5, y5) such that ¢4 attains minimum at &4 by continuity of g and u,, which is ensured by
lemmas 4.4 and 4.3.

Moreover, there exists Xy € R that only depends on v and u such that |xs| < X, for any
B € D,. Notice that ¢4 satisfies Lés + " (u)¢s = 0 since both g and u, are so, thus

Vx5, ) 05(x5,¥5) = —Lslxsp, > 0

holds by minimality of ¢; and lemma 2.1. Because ¢5(xs, y5) < 0,50 7" (u(x3, y3)) < 0. How-
ever, since li£1 u(x,y) = +1 uniformlyin yand v”(41) > 0, so there exists a constant Xy > 0
X—00

such that if |x| > Xo, then 7" (u(x, y)) > 0. Because 7" (u(x5, y5)) < 0, so [xs] < Xo.
Therefore, we know that {& 5}5@1 is a compact set in £2,;. So there exists a subsequence of
3 in Dy such that 3 — (3, i.e. the supremum of set D;, and

5[3 — Eﬁ’

for some €5 € Q. Because ¢4(€4) < 0, so
¢5(€5) <O

by passing the limit 3 — j and continuity of g and u,. However, by the definition of 3, we have
¢5(&) > 0 for any £ € €1, otherwise /5 should not be the supremum of D;. Thus ¢5(§3) = 0.

This ensures ¢; = 0. Because ¢5 > 0, so (j%g attains minimum at Eg. However, since (j%g is
also in the kernel of L, we have

Lgle, = =" w€:)d5(€s) = 0.
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Then by lemma 2.1 and minimality of €5, we have ¢z = 0. Thus

Uy + Bg =0,
i.e. g and u, are linearly dependent. Thus the kernel of L is only 1 dimension. Notice that every
partial derivative of u belongs to kernel of L, so there exist constants ¢;(i = 1,2,...,d — 1)
such that

uy, +cu, =0, i=12,...,d—-1

for any y; € T4 1,

To close the proof, we prove that in fact ¢; = 0,i = 1,2, ...,d — 1. Otherwise, we assume
¢; > 0 without loss of generality. For any given (x, y) € €2, by periodicity and the far end limit
assumption (1.9), we have

u(x,y) = nEPOO u(x + cin,y — ne;) = nEPOO u(x +cin,y) =1,

u(x,y) = lim u(x —cin,y +ne;) = lim u(x —cn,y) = —1.
n—-+00 n—-+00
Here n are positive integers and e; = (0, ...,0,1,0,...0),i =1,2,...,d — 1 form the canon-

ical orthogonal basis in R?~! with 1 only at the ith component, and 0 for others. This yields
contradiction. So¢; = 0,i = 1,2,...,d — 1,i.e. Vyu(x,y) = 0 and u is a 1D profile that only
depends on x. ([

4.3. Proof of theorem 3: uniqueness up to translations

To completely understand all layer solutions to (1.23) and minimizers of functional F on set
A, we prove the following lemma:

Lemma 4.5 (Minimizers are layer solutions). For any dimension d > 1, suppose that
v € C®(R) is a double-well type potential satisfying (1.8). Consider functional energy F in
(1.37), set A in (1.35), and set A;, A, in (1.39). Then

«4m C:44f.

Proof. Let u* € A,. First of all, u* is a weak solution to equation (1.23). Then as in the
proof of theorem 1, we know that it solves (1.23) L? sense, i.e. Lu* = —'(u*) € L*(y) (see
calculation (3.18)). Then by lemma 2.3, we know that u* — 1 € H'(Qy).

Because u* is a minimizer, so |u*| < 1. Otherwise

it = max{1, min{—1,u*}} (4.4)

is also in A and satisfies F(i1) < F(u*) by definition of F in (1.37). This contradicts with the
minimality of u*. So u* is bounded. Then by lemma 4.3, u* —n € H"({);) for any n > 0.
Therefore, we have

lim u*(x,y) = +1. 4.5)
x—Eo00

Now it is left to prove the strict monotonicity of u*. Again, this is realized by the energy
decreasing rearrangement method (lemma 3.2). For any 7 > 0, consider the translation of u*,
ie.

u-(x,y) = u'(x+71,y).

7813



Nonlinearity 34 (2021) 7778 Y Gao et al

Define
m(w) = min{u,(w), u'(w)}, M(w):= max{u,(w), u'(w)}.
Then by lemma 3.2, we know that
F(m) + F(M) < F(u,) + F(u").

By translation-invariance (lemma 3.3), we know F(u,;) = F(u*). Thus both u* and u, are
minimizers. So by minimality of #* and u., we have

F(m)+ F(M) = F(u;) + F(u").

Again, by lemma 3.2, this equality holds if and only if either u,(w) > u*(w) or u,(w) < u*(w).
Then by the limit condition (4.5), we know u.(w) > u*(w). Thus u* is non-decreasing.

Finally, as in the proof of theorem 1, the fact that u is non-decreasing implies strict mono-
tonicity. Suppose that w = 0 for some (xo, ) € €1y, then taking derivative on both sides
of (1.23) yields

au*(xo,.)’o) o
£ Ox -

Ou*(xo,30) _

Ox 0-

_,_Y{/(u*)
Thus E%L; =0 at (xo, y,). However, since %—‘f > 0, we know that %—‘f attains minimum at
(x0, ¥p)- Then by lemma 2.1, we know that %—‘f =0, i.e. u* is a constant. This contradicts with
the far field limit of u*. So W > (0 holds for any (x, y) € . Thus u* is a layer solution. [

Therefore, all minimizers of F on set A are layer solutions. Recall that theorem 2 claims
that all layer solutions with H' regularity have one-dimensional symmetry if the double-well
potential ~y is smooth, so all these minimizers are also exactly 1D profiles.

Moreover, these 1D profiles are unique up to translations. According to [9], if v € C>*(R)
is a double-well potential, then layer solutions to

(=0 Pu(x) + v (u(x)) =0, xe€R. (4.6)

is unique up to translations (see theorem 1.2 in [9]). Remember that lemma 2.2 ensures
that £f = cp(—0x)'/2f if f(x,¥) = f(x) is a 1D profile, therefore, both layer solutions and
minimizers are unique up to translations.

Proof of theorem 3. By theorem 2, we know that for any u € Ay, u is a 1D profile to
solution (1.23), i.e.

Lu(x,y) + ' (u(x,y)) = 0.
By lemma 2.2, for any (x, y) € 24, we have

Lu(x,y) = c£(~0) ' Pu(x).
Thus viewed as a 1D profile u(x), a layer solution u(x, y) satisfies

cr(=0:)'Pu(x) + 7/ (u(x)) = 0. @7
Then by theorem 1.2 in [9], we know

Ay ={u:u(x,y) =u"(x + x9) for some xy € R}. (4.8)
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Here u* is the unique solution to (1.41).

By theorem 1 and lemma 4.5, we know that A, is non-empty and A,, C As. Moreover,
by lemma 3.3, i.e. the translation-invariant property, we know that u(x) € A, if and only if
u(x + x9) € A,. Notice that Ay itself is also unique up to translations, so we have (1.40), i.e.

Ay = Ap = {u:ulx,y) = u"(x + xp) for some xo € R}.

This concludes the uniqueness (up to translations) of layer solutions to equation (1.23) and
minimizers of F on set A. O

4.4. Proof of theorem 4: implication on the PN model

As a direct application of previous results on the existence and rigidity, now we can prove
theorem 4.

Proof of theorem 4.  As a minimizer of E in (1.42) in the perturbed sense, we know that u
is a weak solution to (1.13) by lemma 1.1. A calculation (see [10]) involving the Dirichlet and
Neumann map implies that if u satisfies (1.13), the elastic energy in the bulk can be expressed
by u;"(x, z) which is defined on the slip plane:

Eelb(u)Z/Cufr(w)uf(w)dw
F/

_ 1 / / |u} (w) — uf (")’ K(w — w')dw dw'. (4.9)
2 J)a,J0,

Here L is the linear operator defined in (1.15) and K is the corresponding convolution kernel
which satisfies assumptions (A)—(D). Therefore, uﬁ is the minimizer of F defined in (1.37).
Then by theorems 2 and 3, we know that statement (b) hold. Therefore, u;, u, only depend on
x and y, satisfying the following reduced system of (1.13) in two dimensions:

1
Au+ ——V(V-u) =0, in R*\T'y,

1—-2v

_ 0
ol +op, = a—l(un onT), (4.10)
03 = 0, on T.

Here Iy = {(x,y) € R?: y = 0}. Thus smoothness of u;" implies that u is smooth in R? x
T\I", so (a) holds. Finally, by lemma 2.3 in [19], we know that (c)—(e) are true and hold
point-wisely in R? x T\I" by smoothness. O

5. Spectral analysis of L

In theorem 2, we prove that if u is a layer solution to (1.23), then the operator in (1.38), i.e.
L:HY(Q) Cc L*(Q) — LX), Lo = Lo+ " (w)o

has one dimensional kernel which is exactly span{u, }. In this section, we proceed to prove
that L is positively semi-definite and O is an isolated point spectrum. Denote the spectrum, the
point spectrum, the residual spectrum and the continuous spectrum of a linear operator L as
o(L),o,(L),0.(L) and o.(L) respectively.
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First of all, according to [41], since L is self-adjoint (see lemma A.2), we know o,(L) = ().
Meanwhile, since

lim u(x,y) = +£1
x—Eo00

holds uniformly in the y direction and " (41) > 0, we know that 7" () is lower bounded and
can only be negative on a compact set in {2;. Therefore, there exists a finite lower bound of the
spectrum of L, i.e.

Lemma5.1. o(L) = o,(L) Uo(L) C [—A1,00). Here Ay > 0 is a constant.

Employing the perturbation theory of self-adjoint operators [25], we can characterize the
essential spectrum of L by viewing L as a self-adjoint perturbation of £. Remember that the
continuous spectrum is a subset of the essential spectrum, we have the following lemma:

Lemma 5.2. o.(L) C [)\;,00). Here A\ > 0 is a constant.

Therefore, the spectrum of L that belongs to (=, \2) is a subset of o, (L) with finite dimen-
sional eigenspaces. Moreover, they are isolated points in o(L). To finish the spectral analysis
of L,, we finally prove the positive semi-definiteness of L.

Lemma5.3. o,(L) C [0, 00).

We will only prove lemma 5.3 in this section and the proof of the fact that L is self-adjoint,
lemmas 5.1 and 5.2 is attached in appendix A. Similar to the proof of theorem 2, the proof
of lemma 5.3 adopts an argument of contradiction and relies on the maximal principle of £ in
lemma 2.1.

Proof of lemma 5.3. We will prove o ,(L) C [0, c0) by contradiction. Suppose that there
exist A < 0 and non-zero g € H'(Qy) s.t.

Lg = )g.
similar to the proof of lemma 4.4, we can prove that g € H"({24) for any n > 0 and

lim g(x,y)=0
——+00

Ix|

holds uniformly in y direction.
Consider L|g|. By assumption (B), i.e. positivity of kernel K, and the fact that for any
w,w €,

lg(w)| > sgn(g)(w)g(w),
we have
Lig|(x,y) = Llg|(x,y) + " w)]g|(x,)
-/ 809~ gy DK — .y )0
+7"(W)gl(x,y)

_ / (s2n(9)g(x.y) — [,y )DK(x — x.y — y)dx' dyf

Qd
+ sgn(g)(x, )" (w)g(x,y)
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< Sgn(g)(x,.)’) |:/Q (g(x,)’) - g(x/’y/))K(x - Xy _.Y/)dx/ dyl
d

+ 7”(“)8(?5,)’)]

< sgn(@)(x,y) - Lg(x,y)
= Alg|(x.y) < 0.
Thus |g| satisfies
Ligl < Alg| <0. 5.1
Define ¢5 = u, + f3|g| for real number (3. Consider the following set of 3
D={8<0] ¢3(6) <0 for some & € Qy}.
D is nonempty because

o _zux(xo’yo)

B = eD
‘g|(X0,y0)

for (x¢, y,) satisfying |g|(xo, ¥y) > 0. Therefore

B:=sup D

is a well-defined finite number that lies in [, 0].

Now forany 5 € D, we will prove that there exists (xz, ys) € Q4 such that ¢ 3(x5, yg) attains
a negative minimum at {5 = (x, y3). First of all, by the definition of D, we know that ¢ is
non-zero and attains a negative infimum. Remember that

lim g(x,y) =0, lim u,(x,y) =0

|x|—00 |x|—00
holds uniformly in y, so

lim ¢s(x,y) = 0

|x]—00

holds uniformly in y. Recall that ¢4 attains a negative infimum, so continuity of ¢, implies
that this infimum is indeed a minimum that is attained for some (xg, y3).
Moreover, {£} 5 is bounded in §2,. Notice that by (5.1) and 3 < 0,

Los = Lux + SLIg| = BAlg| = 0.

Thus Lo |(xy)=¢, > 0. By maximal principle (lemma 2.1), we know that
Leslwy=¢; <O

since ¢ attains minimum at & 3. Therefore, we have
Y x5,y 5)05(x5,¥5) = Ldglap=¢s — LOsly=¢; = 0.

Because ¢5(x3, y5) < 0 by definition of (xg, y3), so 7" (u(xs, y5)) = 0. So there exists X > 0
that only depends on u and ~ such that |x3| < X. Since g is periodic in y, we know that {£;} 5
is bounded in €.
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Given the boundedness of sequence {£5}3, we can now take a subsequence of 3 (still
denoted as () such that 3 — 3, the supremum of D, and & g— & as f— B. As the supre-
mum of D, B satisfies that (j)g(x, y) = 0. However, since ¢4(§5) < 0, passing the limit in 3
gives that

95(67) = lim95(€,) < 0.

So ¢§(€*) = 0, which means that ¢ attains minimum 0 at £
This in fact ensures that qﬁg = 0. By lemma 2.1, we know

Loslupre <0

However, we also have
L¢z = BL|g| > BAg| > 0.

Remember ¢3(£") = 0, so

0 < Lép(€)
= Lozl y=e + 7" @, )05, 9)| (xy)=¢*
- E%‘(.ny)zﬁ*
<0.
So all these inequalities are in fact equalities, i.e. L¢3 | (xy=¢ = 0. Bylemma2.1, we know that

¢35 = 0, which gives L|g| = 0 and 0 < L[g| < A[g| < 0, hence |g| = 0, contradiction! Thus L
has no negative point spectrum. (|
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Appendix A. Review of functional analysis

For the sake of completeness, we prove the fact that operator L defined in (1.38) and £ in (1.24)
are both self-adjoint in lemmas 5.1 and 5.2 which address the spectrum of L. Let us recall that
linear operator L is given by

L:H'(Q) C LX) — LX), Lo = Lo+ " (u)o.

Here u is a layer solution to equation (1.15). For theorems and definitions in functional analysis,
one can refer to [41]. For perturbation theory of self-adjoint operators, one can refer to [25].
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In fact, the fact that L is self-adjoint is a corollary of Kato—Rellich’s theorem (see [25]). We
still repeat the proof for readers’ convenience. The proof here needs an equivalent criterion for
self-adjoint operators:

Lemma A.1. Suppose that H is a complex Hilbert space with inner product (-, )y and A :
H — H is a symmetry operator on H. Then A is self-adjoint if and only if

Ran(A +i) = H. (A1)

Proof. —: Suppose that A is self-adjoint, we prove that Ran(A 4 i) = H. To prove this,
notice that for any w € H, we have

1A £ dwl* = [JAw]]* + w]* > ||w]]*,

so by the closed image theorem, we know that Ran(A + i) is closed and Ker(A + i) = {0}.
Also notice that

Ran(A + i)* = Ker(A ¥ i) = {0},

so Ran(A £ i) are dense in H by the Hahn—Banach theorem. Remember that they are also
closed, so Ran(A £+ i) = H.

<—: Suppose that Ran(A 4 i) = H. We prove that A is self-adjoint. Because A is symme-
try, so we only need to prove that dom(A™) C dom(A) since dom(A) C dom(A*) holds for any
symmetry operator. Notice that

Ker(A* F i) = Ran(A £+ i)* = {0},

so Ker(A* ¥ i) = {0}. Remember that Ran(A + i) = H, so for any x € dom(A™), there exists
z € dom(A) such that

A"+ Dx=(Ax0)z

So (A* & i)(x — z) = 0. Here we used that for z € dom(A), Az = A*z. Thus x — z € Ker(A™ &+
i)={0}.Sox =zand A = A". So A is self-adjoint. O

Lemma A.2. Operator Ldefined in (1.38) and operator L defined in (1.24) are self-adjoint.

Proof. First of all, both L and £ are symmetric by assumption (A). For any w, v € H'(£),
we have

(w, L) 20, = (W, 0LW)D) 12y = (OLWD, D) 2y = (L, V) 120,
(w, Lv) 20, = (W, Lv + 7" (W) 20, = (Lw + 7" Ww, v) 20, = (Lw,v) 2,

So they are all symmetric.

Then we prove that £ in (1.24) is self-adjoint. By lemma A.1, we only need to prove that
Ran(L =+ i) = L*(€);). We prove for only £ + i, the other side direction is just the same.

To prove this, we only need to prove that for any v € L*(£2,), there exists u € H'(Q) such
that

(L +Du=n.
One can rewrite this equality on the Fourier side as

(o) + Di(v) = v(v).
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Thus
(V)

o

(A.2)

So we only need to prove that for any v € L*(Q), u in (A.2) is in H'(Qy). This is true by
assumption (A) which assumes that o(1) is real and with same order as |v|:

H”H?{l(gd) = (a(), ’j‘(V)>L2(ij) + ([v|a@), ‘V|’2(V)>L2(ij)

s WP+ >
= (10w .

1 2
$§ Ei‘h)”LZG?Y

Here ¢ > 0 is the constant in assumption (A). So by lemma A.1, we know that £ is self-adjoint.
Finally, we prove that L in (1.38) is self-adjoint. Denote A = £ and B = 7" (u) who is
understood as a multiplier, then L = A + B. First, because A is self-adjoint, so by lemma A.1,
Ran(A =+ pi) = L*(Qy) for any real number ;1 > 0.
Moreover, there also exists p > 0 such that Ran(A + B &£ i) = L*(Qy). To prove this,
notice that for any y € H 1(Q), we have

ICA = iy 2 = [|Ay|* + p* [Iy11%. (A3)
Then take y = (A & pi)~'x for any x € L*(€),), we have
A % i)~ x? = (A £ (A £ )™ I = 2[4 £ i) P < 1],
12 % i)™ x| = [[(A % i) (A £ i)~ x| = A £ i)~ x]P <[],
0 [JAA £ <1 and |(A £ ui) ! < /ll Notice that for sufficiently large p, we have
|B(A & pi)~!|| < 1 since B is a bounded linear operator and

- - b
IB(A £ pi)"'x|| < b[|(A £ i)' x|| < ;llx\l-

So by choosing sufficiently large 1, we have ||B(A 4 pi)~!|| < 1. This gives that B(A + ui)~' +
I are invertible. Notice that

A+ B+ pi = [BA+ pi)" + IA + pi)

so Ran(A + B £ i) = L*(Q),) since Ran(A + wi) = [*(Qy) and B(A + ui)~! + 1 is invertible.
Then by lemma A.1, L = A + B is self-adjoint. |

Now we prove lemma 5.1.
Lemma5.1. o(L) = og,(L) Uo.(L) C [—A1,00). Here Ay > 0 is a constant.

Proof. Notice that L is self-adjoint, so (L) = o,(L) U o0.(L). Because liin u(x,y) = +1
X—L00

holds uniformly in yand 4" (£1) > 0, so there exists A\; > 0 such that v”(u(x, y)) > —\; holds
by continuity of  and . Now we prove that for any A € C\[—\;, +00), A\l — L has a bounded
inverse. This directly shows o(L) C [—\;, +00).
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First, Ran(M — L) is closed. Let A\ = a + bi. For any w € H' (), if b # 0, we have
I — Lyw||* = (@ + 6*)|[w]]® + || Lw|* — 2a{w, Lw) > b lw]?.
If b = 0buta < —\{, we have
M = Lywl||* = (a+ M\)?||w|]* + (L + X)w|* = 2(a + X){(w, (L + X\)w)
> (a+ MYl
This is because
(w, (L+ A\)w) =20

since 7"(u) > —A; and L is positively semi-definite. Thus for any A € C\[—\;, +00), there
exists ¢ > 0 such that [|[(M — Lyw|| > ¢||w|| for any w € H'(Q).

Therefore, by the closed image theorem, Ran(A — L) is closed and Ker(A — L) = {0}. So
A — L is injective. Moreover, we have

Ran(\ — L)* = Ker(\*I — L) = {0}

since A* also belongs to C\[—\;, +00). So by the Hahn—Banach theorem, Ran(A — L) =
L*(Q,). Remember that Ran(\ — L) is closed, so Ran(\M — L) = L*(Qy). Thus Ml — L is a
bijection. Because L is self-adjoint, so A\ — L is closed, so is (A — L)~'. Thus by the closed
graph theorem, (A — L)~! is bounded. Therefore, \ is not in the spectrum of L. |

Finally, we prove lemma 5.2. To prove this lemma, we need to employ Weyl’s theorem on
perturbation of self-adjoint operators.

Lemma A.3 (Weyl’s theorem [25]).  Suppose that H is a Hilbert space, A is a self-
adjoint operator on H and B is a symmetric operator on H. Then if B is relatively compact
with respect to A, then ess(A + B) = 0ess(A).

Lemma5.2. o.(L) C [\, 00). Here \» > 0 is a constant.
Proof. Define function f : Q; — R as
~"(1), if x >0,
feyy =4 ,
v'(=1), if x <O.

Notice that v"/(4+1) > 0 and u(x, y) — + as x — oo holds uniformly in y, so there exists ¢ > 0
such that f > c and

‘Xl‘i_r};c V' (u(x,y)) = f(x,y) =0

holds uniformly in y direction. Now we rewrite operator L as
L=A+B, A=L+f(xy), B="(w)—fxy).

B is understood as a multiplier. We will prove that B is relatively compact with respect to
A. Suppose that {u;} C L*(,) is bounded. We only need to prove that {B(A + i) 'u;}; is
compact in L*(£2).
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Denote w; = (A + i)~ 'u;. We only need to prove that for any € > 0, there exists a subse-
quence of {w;} such that ||Bw;, — Bw;,|| < e. First of all, because w; = (A + i)~ 'u;, thus by
lemma 2.2, we have

[(wj, uj)| = [(w), (A + Hw;)|

> |(w, Lw) + (w), fOe,y)w;) + if|w)||

2

2 cijHHI/Z(Qd)'

Here ¢ > 0 is a constant that only depends on £. Then by the Cauchy—Schwartz inequality, we
know that

1 c
Sl + Slwill® = [(wj upl = ellwillzg,
Thus there exists ¢’ > 0 such that ij”?—]‘/Z(Qd) < ||u||?, thus {w,} is bounded in H'/?(2y).

Moreover, for any ¢; sufficiently small, there exists R > 0 such that

1Y (u(x, ) = f )] < @

for (x,y) € [—R, R]® x T?"!. Therefore,

HB'U)] — Bwk”iz([—R,R]"x'H‘d*l) = / ‘B’U)] — B'U)k‘z dx dy
[—R.R]xTd=1

2 2 €
< 61||wj - wk”LZ(Qd) < E
by selecting ¢, sufficiently small. Then by compact embedding of H'/2([—R,R] x T¢~") C
L*([—R, R] x T¢"") and boundedness of B, we know that there exists a subsequent of w; (still
denoted as w;) such that ||Bw; — Bw||7, (rr)xrd1y < 5- Then for this subsequence, we have
2 2
|Bw; — Bwk”ﬂ(gd) = [[Bw; — Bwk”Lz([fR,RJx'[fd*l)
2
+ HB’LUJ - Bwk”Lz([—R,R]"XT‘I’I) < €.

This proves that o (L) = 0ess(A). However, since f(x,y) > ¢ > 0is uniformly bounded from
below, so A = L + f(x,y) is positively definite and 0(A) C [c, +00). Thus (L) C 0es(L) C
[¢, +00). Taking A\, = ¢ closes the proof. ([

Appendix B. Proof of lemmas

Proof of lemma 1.1. From definition 1 of minimizers, we calculate the variation of energy
in terms of a perturbation with compact supportin an arbitrary ball B(R) C R? which is centered
at 0 with radius R. For any v € C*°(B(R)\I') such that v has compact support in B(R) and
satisfies (1.11), we consider the perturbation Jv where § is a small real number. We denote
e:=¢c(u), o :=c(u)and €| :=¢e(v), o1 := o(v). Then we have that

!
lim <(E(u + 6v) — E@)

1
:/ \ E(alzsﬁ—azsl)dxdydz
B(R\T
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+ / 3u1’y(ul+, 14§r)111+ + 3u3’y(ul+, u?)v; dx dz
B(R)NT

= / o:¢ep dx dydz
B(R\T

+ / 3u1’y(u?', u;’)vﬁ' + 3,437(@', u?‘)v;' dx dz
B(R)NT

= / o:Vv dx dy dz
B(R\T

[ ol oo ax e
B(R)NI"

— _/ 0jo;v; dx dy dz —|—/ U,-ijnfvf dx dz
B(R)\I' BR)N{y=01}

+ / o n; v dx dz
BRN{y=0"}

+/ Oy uH v + Oy uHvd dx dz >0 (B.1)
B(R)NT .

where we used the property that o and V - o are locally integrable in {y > 0} U {y < 0} when
carrying out the integration by parts, and the outer normal vector of the boundary I" is n™ (resp.
the n™) for the upper half-plane (resp. lower half-plane). Similarly, taking perturbation as —v
and notice that nt = (0, —1,0) and n~ = (0, 1,0), we have

/ U;nfvf dx dz—|—/ o;n; v dx dz
{y=0t} {y=0"}

z/ —ohvy dx dz+/ 05,0, dx dz
{y=0%} {y=0"}

+/ —ohvl dx dz +/ opvy dx dz
{y=0"} {y=0"}

+/ —ohvi dx dz+/ o305 dx dz (B.2)
=07} {y=0"}

Since 111+(x, 7) = —v; (x,2), v3+(x, 7) = —v;5 (x,2) and v;r(x, z) = v, (x,7). Hence due to the
arbitrariness of R, we conclude that the minimizer # must satisfy

/F [0 + 015 — Oy u)]| vf dx dz =0,
/1‘ (05 + 05 — Dy, ui)] vf dx dz =0,

(B.3)
/1‘ (a;'z —05) vy dx dz =0,

/z (V-o)-vdxdydz=0
R3\T
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for any v € C*(B(R)\I') and v has compact support in B(R), which leads to the
Euler-Lagrange equation (1.13). Here we have written the equation V - o = 0 in R3\I" as
the first equation of (1.13) in terms of the displacement u. (]

Proof of lemma3.1. If a; = a, or by = b, holds, then the equality holds. So we will
focus on cases where a; # a, and by # b,. By enumeration of all possible orders, we
have:

(a) If a; > a» and by > by, thena = a»,A = a1,b = b, and B = b;. So
ab+ AB — a\b; — ayby = ab+ AB — AB — ab = 0.

The equality in (3.4) holds.
(b) If @y > ar and by < by, thena = a,A = a;,b = by and B = b,. So

ab+ AB — a\by — ab, = ab+ AB — Ab — aB = (a — A)(b — B) > 0.

The ¢ >’ in (3.4) holds.
(¢) If ay < ap and by > by, thena = a;,A = a,,b = b, and B = b;. So

ab+ AB — a\by — ayb, = ab+ AB — aB — Ab = (a — A)(b — B) > 0.

The > in (3.4) holds.
(d) If @ < ap and by < by, thena = a;,A = a,,b = by and B = b,. So

ab + AB — a1b; — ayby = ab+ AB — ab — AB = 0.
The equality in (3.4) holds.
Therefore, the inequality holds. The equality is attained if and only if a; = a, or b; =
b, or the order is preserved, i.e. a; < ay,b; < by or a; > ay,b; > b,. These conditions

are equivalent to the following clear inequality: (a; — a»)(b; — by) > 0. This concludes
the proof. ([

Proof of lemma 3.3. In fact, by change of variables, we have
F(u(x +c1,y + ¢€2))
= %/Qd Qd| (u(x + c1,y + €)= u(x' + e,y + ) PK(x — x',y —y)
— | ((x,y)— (X', Y)[PK(x — x',y — y)dx dx’ dy dy’

+ / (u(x + c1,y + e2))dx dy
Qq

1 / N2 / /
=2/ /s | u(x,y)— u(x',y)["K(x — x',y —y')
d d
— | ((x = c1,y — €)= (&’ —c1,y — )’ K(x — x',y — y)dx dx’ dy dy’

+/ Y(u(x,y))dx dy.
Qq
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Thus by lemma 2.2, we have
F(u(x,y)) — F(u(x + c1,y +¢2))
1
= 5/ / In(x +c1,y +¢2) — n(x' + e,y +e)’K(x — x',y —y")
QJo

— [ (e, y)— n(x,y)PK(x — X',y —y')dx dx' dy dy’

/ (n(x + Cl) = + )’ () — ()
/)2 (x _ x/)z

Here A is the constant in lemma 2.2. So we only need to prove that

dx dx’.

dx'dx =0

/ (N(x +0) =" +)*  (x) = nx"))?
RJR

(x — x)? (x — x)?

for any ¢ € R. Without loss of generality, we assume that ¢ > 0. Then for x > 1, we know
that n(x) = n(x +¢) =1 and for x < —1 — ¢, we have n(x) = n(x + c¢) = —1. Denote J =
[—1 — ¢, 1], and we separate the integral into 3 different parts, i.e. integral on J x J (denoted
as 1), J x J¢ (denoted as I,) and J° x J° (denoted as I3). Since n(x) = n(x + ¢) on J°, we
know that

_ / 2 _ N2
L= / (nx+0) —n& + ) &) =n))7 4o
JeJJje

(x — x')? (x — x')?

OnJ x J, we have

I — / : / ' (x 4 o) = (' + ) () — (")) di’ dx
A (x —x)? (x —x')?
/‘*L /‘*L ((x) =) | / / ) =7 4
(x —x')? el e (=X
14+c pl+c N2 14c¢ N2
B (n(x) — n(x") (n(x) — n(x")
=) e e +2// Ty MO
(n(x) — n(x ))2 / / (n(x) = n(x))*
/1 c[lc (x — x')? e (x—x2 d’dx.
Because n(x) = n(x) if x,x’ > 1 or x,x’ < —1, so integral vanishes on [1,1+ ¢] x
[1,1+clor[—1—¢c,—1] xX[-1—¢c,—1]. Thus
I+c 2 1 2
(n(x) = n(x' )) (n(x) — n(x"))
neaf [TOQTE e [ [ QT ave

) —1)? / / e+ 17
=2 dx'dx —2 dx'd
[1/1 =X e o

) R DN /G Sl VNN R 1CO Rl VG /160 el Vi
g x—1-c x—1 1 ox+1 x+1+c

(B.4)

=2
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OnJ x J¢, we have

dx’ dx

L /‘ /+°° (G + o) =G + )’ () — @)y
R (x — x')? (x — x')?
/ / et o) = e + ) () — @)
. (x — x)? (x — x)?
B -1 () — 1)
_/1 / G—x?  —xp O

/ / T+ o+ 1) () + 1)?
1—cJ —

(x — x)? (x — x)?

_/l (U(X+C)—1)2—(77(x)—1)2d
= X

—l—c 1—x

dx’ dx

dx’ dx

1 2 2
W R CED
1—c x+1+c¢

Notice that n(x + ¢) = 1 forx € [1 — ¢, 1] and n(x) = —1 for x € [-1 — ¢, —1], so we have

/1 (N(x +¢) = 1)° = (n(x) = 1)? d
X

—l—c 1—x

l—c —1

_ / mx+o -1 /(U(X)—l)z / 4
—l—c l—x l—x ,I,CI—X
L) = 1D (nx) — 1)
g l4+c—x 1—x

dx+4In2—-41In2+c¢)

and

/1 x+0)+ 12 =m0+ 1
“l—c x+1+c¢
")+ 1?2 () + 1)?

= — dx 4+ 4 In(2 —41n 2.
1 ox+1 x+1+c¢ *+4In2+c) f

Then substituting these two formulas into 75, we have

1 1\ _1)\2
12:/ (nx+c) = D7 = ) = 1),

—l—c 1—x

1 2 2
W R CED
“1—c x+1+c¢

1 2 2
S UG h Ve G CO R I S

g l+c—x 1—x
1 2 2
)+ D™ )+ 1D
_ dx +4 In(2 —41n2
o ox+1 x+1+c *+41In@+c) 1
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1 2 2 1 2 2
A UC TR N CC T Ve AU/ R VR VR Vi
g 1l+c—x 1—x o ox+1 x+1+c

(B.5)
A careful comparison of equations (B.4) and (B.5) shows that /| 4+ 2/, = 0. Thus

// (x4 ¢) — n(x’ + ) () — n(x")>?
RJR (x

_ x/)z (X _ x/)z

dx’ dx =L+2L+1;=0.

]
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