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11.1 Introduction

Nonlinear dynamical systems exhibit complicated performance around bifur-
cation points. As the parameter of a system is varied, changes may occur in
the qualitative structure of its solution around a point of bifurcation. In order
to study dynamical systems with bifurcations, the following methodology is
adopted in the theory of dynamical systems. First, the codimension of the bi-
furcation is computed, i.e. the smallest dimension of a parameter space which
contains the bifurcation in a persistent way. Then, the system is embedded
into a parameterized family of systems, with the number of parameters being
equal to the codimension of the bifurcation. This family of systems, called
miniversal deformation, describes the dynamics in the neighborhood of the
bifurcation point. Finally, the dynamics of these systems is studied [6].

In this paper, we extend this methodology to controlled dynamical sys-
tems. Consider the class C*(X x U,R™) of control systems of the form

&= f(z,u) (11.1)

where € X, an open subset of R™, u € U, an open subset of R and f is C*
where 0 < k < co. The equilibrium set Z of the control system is the set of
all (2% u®) € X x U such that f(2°,u") = 0. We are interested in studying
control bifurcations, i.e., equilibria that are more difficult to stabilize than
some of their neighboring equilibria.

A linear system of the form

& =Fx+ Gu (11.2)
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is controllable if the smallest F' invariant subspace containing the columns of
G is R™. A controllable linear system can be steered from any state to any
other state in any ¢ > 0.

The linear part of the nonlinear system (11.1) around the equilibrium
(2%, u%) is the system

i=F(zx—2% +Gu—u°) (11.3)
where of 9
_ 97,0 .0 _9J 0 0
F—ax(m u), G au(x ,u’).

If this linear system is controllable then the nonlinear system can be steered
from any nearby state to any other nearby state in any ¢ > 0.

The generic equilibrium of (11.1) has a controllable linear part so if an
equilibrium is not linearly controllable then it is more difficult to control than
some of its neighboring equilibria and hence a control singularity. The goal of
this paper is to study and classify the low codimension control singularities of
single input nonlinear control systems. Systems with multiple inputs will be
treated in a longer version of this article.

The set of all equilibria of all control systems like (11.1) is infinite di-
mensional but the nature of control singularity frequently depends on the low
degree terms of the Taylor series of f at the equilibrium. Therefore instead of
studying the infinite dimensional object we study the Taylor series through
degree k of all possible systems at all possible equilibria. The latter is called
the system k-jet space which we introduce in the next section.

11.2 Equilibria in the k-Jet Space of Systems

The system k-jet space S¥(X x U, R™) is the space of all tuples of the form

((x,u), flx,u), f(l)(n;,u), o fR) (x,u)) (11.4)
where f € C*(X x U,R"™) and

_or

f(])(l‘,u) = 8(x u)J ($>u)

Frequently when there is no chance of ambiguity we shall use the shortened
notation S*. The terminology is a bit misleading, this is not a collection of
systems but is a vector bundle with base X x U/ and fiber a real linear space
of dimension N(n, k) where

N(n,k:)zn<”+’kf+1>.
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Moreover the notation (11.4) is very convenient but can be misleading. Each
fO(x,u) = (fl(j), cey fﬁj))’ and each fi(j) is actually a symmetric tensor of
degree j in n + 1 indices. There is a natural projection of S* onto S when
k>1>0.

A system (11.1) realizes a point in S* if it has those derivatives at X' x U.
Any point in S¥ can be realized by a polynomial system of degree k but there
are many other realizations.

It is more convenient to work with the systems jet space S*¥(X x U,R")
which is finite dimensional than the space of systems C*(X x U,R"™) which
is infinite dimensional, particularly when studying a system locally around a
particular (z,u) such as an equilibrium. The equilibrium set Z(f) of a system
(11.1) is the set of all pairs (x,u) € X X U such that f(z,u) = 0.

The equilibrium set E¥(X x U,R™) C S¥(X x U,R") is the space of all
tuples of the form

(@), 0, 7D (@, u)oe s P ). (11.5)

Again when there is no chance of ambiguity we shall use the shortened nota-
tion £¥. The equilibrium set £* is also a vector bundle with base X' x I/ and
fiber a real linear space of dimension N (n, k) — n. Clearly £* is a subbundle
of 8¥ and it is carried onto £, 0 < [ < k by the natural projection. Notice
that Z(f) C X x U and depends on the system (11.1) but ¥ ¢ S¥ and we
don’t need a system to define it.

A k-jet in ¥ is a control singularity it is more difficult to control than
some of its neighboring tuples in £¢. Our goal is to study the classes of control
singularities that are of low codimension in £*. Due to space limitations, we
will study only two control singularities, the fold and the transcontrollable
singularities. Other control singularities will be studied in the longer version
of this article.

There is another jet bundle that is of interest. The feedback k-jet bundle
KCF is the set of all tuples of the form

(m, k@), kD (@), .., N)(x)) (11.6)

where & : 2 — u is C* mapping from X to U and

; Ik
D(p) = =2
kY () - (x).

The maps () are feedbacks and K* is a fiber bundle with base X and fiber

U x RMF) where
M(n, k) = (”Zk) ~L

Given an equilibrium (2, u°) of the system (11.1), a typical goal is to find
a smooth feedback such that the closed loop system
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= f(z,k(x)) (11.7)
u = k(x) (11.8)

is locally asymptotically stable to (2°,u°). Frequently the stability of the
closed loop system can be decided by its k-jet at 2 for small k. And the k-jet
of the closed loop system can be computed from the k-jet of the system at
(2°,u°) and the k-jet of the feedback at 2 assuming that x(z%) = u".

Therefore we say an equilibrium k-jet with base point (20, u?) is stabilizable
if there exists a feedback k-jet with base point 20 so that every realization of
the former makes every realization of the latter locally asymptotically stable
to (20, u?).

11.3 Linear Feedback Group and Linear Normal Form

Let (2°,u°) be an equilibrium of the system (11.1), and let

_9f 0.0 _9f 0 0
F = 8x(x u), G= au(x ,u).

Then the controllability matrix of this pair is
[G FG ... F"*IG] .

This is an n X n matrix of rank r, with 0 < r < n. The span of the columns of
this matrix is an F' invariant subspace of dimension r denoted by V. If r =n
then the pair F,G is said to be controllable and the system (11.1) is said to
be linearly controllable at (z°,u?).

If 7 < n, the system (11.1) is not linearly controllable at (2%, u°). Let
ro = n — 7, then rg is the number of state dimensions that can’t be controlled
by linear effects and r is the number of dimensions that can be controlled by
the linear effects of u.

Now, consider a linear change of state coordinates and a linear feedback
on (11.1)

x—a0 =Tz,

uw—u’ =Kz + Lv, (11.9)

where T' is an n X n invertible matrix, K is an 1 X n matrix and L is a scalar.
This change of coordinates and feedback is an element of the linear feedback
group of the form

[IT(E] (11.10)

This latter acts on the system (11.1) and so acts on its k-jets. Moreover,

the transformation (11.9) takes the equilibrium (2°,u°) to the equilibrium at

(0,0) of
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3= f(z,0) =T f(2° + Tz,u’ + Kz + Lv). (11.11)
This induces a mapping from ¥ to £F. The k jet

:170 uO 78‘/: :co uO akf LI}O UO
(( yu),0, 8(x,u)( : )""’a(m,u)k( : )> (11.12)
goes to
of o f
((0,0),0, 30z 0) (0,0),...,8(2’1}%(0,0)) (11.13)

If the linear part of the k-jet is [F' G] then it is changed to

[F&] =1 [F @] [IT(E]

Given any system (11.1) there is an element of the linear feedback group
which takes the linear part of the system into linear normal form. A system
2= Az + Bv+0(z,v)? (11.14)

is in linear normal form at the equilibrium (z,v) = (0,0) if

A= [%0 :J, B = {ng] (11.15)

where the rg x rg matrix Ay is in real Jordan form and the pair consisting of
the r x r matrix A; and the r x 1 matrix B; is in Brunovsky form.

The former means that A is a block diagonal matrix with diagonal blocks
of the form

Ay T 0 0
0 Ay T 0
(11.16)
000 .1
00 0 Ay
where A; is a scalar
Ai = Q;

or a 2 x 2 matrix of the form

with w; # 0.
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The latter means that

[010... 07"
001...0

A; = Diag .
000...1
1000...0
-O rx1
0

B, = Diag | :
0
|1

An equilibrium 1-jet in normal form is

(0o % 2 5]) (11.17)

where Ag, A1, By are as above.
There is also a nonlinear feedback group that acts on (11.1). It includes
the linear feedback group. It consists of C* changes of state coordinates and

state feedback of the form
x = 0(2)

u = (o 0) (11.18)

where (z,v) — (z,u) is a local diffeomorphism. This induces a corresponding
action on points of £¥. The nonlinear feedback group is stratified. There are
near identity transformations of degree d which are of the form

z=z+0
w=v+ H[d]((z)’v) (11.19)
where the superscript [ indicates a polynomial vector field homogeneous
of degree d. These do not form a subgroup as the composition of two such
transformations typically has terms of degree d through d?. A near identity
transformation of degree d does not change the d — 1 jet but it does modify
the d-jet and higher jets. This allows one to bring the higher degree terms to
normal form [4]

11.4 The Codimension of Orbits of the Linear Feedback
Group

Control singularities are invariant under the linear and nonlinear feedback
groups. If the original system (11.1) has a control singularity at an equilibrium
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(2°,u°) then the transformed system has the same type of control singularity

at the transformed equilibrium.

A class of linear control singularities is most conveniently defined by con-
ditions on the 1 jet of the system in normal form. For such singularities, we
are only interested in the action of the linear feedback group. The fold F,
treated in section 11.5.2, is a linear control singularity.

To compute the codimension of a class of linear control singularities we
proceed as follows. As we said before the singular class is most conveniently
defined by certain conditions on the linear normal form at the equilibrium
(0,0). The normal form may depend on one or more parameters. All other
elements of the singular class are obtained by a linear feedback transformation
acting on a singularity in normal form.

Hence we must study the action of the linear feedback group

z=Tz (11.20)
v=Kz+ Lu (11.21)

on systems in linear normal form (11.14). We partition (11.10) compatibly
with (11.15)

T o Too To1 0
{KL] — | T 0 0 (11.22)
Ko K, L

The result is a new system

i = Fx+ Gu+ O(z,u)?

where
I T 0
[FG]=T [AB]{KL}
Too To1 O
{Foo Fyy Go} - [Soo 501} |:A1 0 0} ng T[l)i()
Fio Fii Gi| ~ | S0 S 0 A; B
10 F11 Gy 10 S11 1Bl g Ky L
with § =T~

Tannenbaum [5] has descibed the action of the group of linear changes of
state coordinates, i. e. K1 = 0, L = I, acting on linearly controllable systems,
i.e. rop = 0. But we are interested in the full feedback group acting on possibly
linearly uncontrollable systems.

When computing the codimension of an orbit of this action, it is simpler to
compute the codimension of the infinitesmal action which is a linear calcula-
tion. Consider a curve T' = T'(p1), K = K(p), L = L(p) in the linear feedback
group parameterized by u € IR where T(0) = I, K(0) =0, L(0) = I. Let’
denote differentiation with respect to p at = 0 then
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Foo For Go /_ -1 T 0]\
{Fm FiiGy| T [AB] KL

_ AOT(/)(] - T(/)()AO A0T61 - T(;1Al _T61Bl
A\T)y — T]yAo + B1K}y A1Ty, — T{1A1 + B1 K| =T{,B1 + B, L’

This action splits into four mappings

Too = Fiy = AgTgo — TooAo, (11.23)
Ty, — [For Go]' = [AoT}, — Tg, Av, ~Tf, Br ], (11.24)
!

{?ﬂ = Fyy = ATy, — T{oAo + B1K, (11.25)

!
W } = [P Gl]l = AT, = T{, Ay + B1K|, =T}, B + B. L' | .
(11.26)

Each mapping is from a real vector space to another. For each of them, we wish
to compute the codimension of its range and find a maximal set of linearly
independent vectors which are transverse to the range.

The first linear mapping (11.23) is the action of infinitesmal linear changes
of the uncontrollable coordinates. It goes from R to IR™. This is the same
mapping that occurs when studying dynamical systems without controls. It
is never an isomorphism and the codimension of its range depends on Agy. An
analysis of this map can be found in Wiggins [6] on page 315. We state the
results for the cases where Agis 1 x 1 or 2 x 2.

If Ap is 1 x 1 then the map (11.23) is identically zero so the range is of
codimension one. A 1 x 1 matrix transverse to the range is 1.

If Ay is 2 x 2 then there are several possibilities. We enumerate those of
codimension two.

If Ap has distinct, nonzero real eigenvalues then the range of (11.23) is of
codimension two. Two matrices transverse to the range are

i [o1)

If Ay has two complex eigenvalues whose real and imaginary parts are
both nonzero then the range of (11.23) is of codimension two. Two matrices

transverse to the range are
10 0-1
01}’ 10 |-

If Ay is a 2 x 2 Jordan block

al
0= 5]
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where a # 0 then the codimesion is also two. T'wo matrices transverse to the

range are
10 00
01}’ 10|°

Next consider the linear mapping (11.24). This is a mapping from R™" to
R+ which is clearly not onto, but it is one to one. Let X = T, and X. ;
denote the j** column of the matrix X. Suppose

ApX — XA =0

XB, =0
then these equations become
ApX. ;=X ;-1=0
X,=0

so X = 0. Therefore the range of the mapping (11.24) has codimension 7.
One choice of ry independent rg x (r + 1) matrices transverse to the range is

[For Go| =[ei0...0], i=1,...,r9 (11.27)

where e; is the it vector in IR™.

Next consider the linear mapping (11.25). This is a mapping from IR™°*"°
to IR"™ which we now show is onto. Let X = T, and X; . denote the i*" row
of the matrix X. For 1 <¢<r—1

(A1X — X Ao+ B1K)); = Xit1.. — Xi.. Ao

(44X — XAg+ BIK}), = —X,. Ay + K|,

n,-

Hence we choose X . arbitrarily, then for for 2 < ¢ < r we choose X, . to
arbitrarily fix the i — 1** row and K{ to arbitrarily fix the r*" row.

Finally we look at the linear mapping (11.26). This is a mapping from
R o R7TT U If the controllability index (0,7) is generic in the space
of systems with r states and one input then this map is onto. If the pair is
not, generic then we must do a case by case study.

11.5 Versal Deformations and Low Codimension Linear
Control Singularities of Scalar Input Sytems

11.5.1 Versal Deformations

Given a class of control singularities G € £, one would like to study the types
of equilibrium k jets that can be obtained by small perturbations. A family
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of control singularities is always invariant under the action of the feedback
group.

Let G C £F which is invariant under the action of the feedback group. A
C* wversal deformation of G is a C* parametrized subset of £* of the form

¢p: P — EF
¢ d() = ((2,u),0,6M (n), ..., 0™ (1))

defined for p in some neighborhood P of 0 € IRP, which intersects G at u =0
and which is transversal to G. The versal deformation is said to be miniversal
if the dimension p is minimal among all versal deformations. The minimal p
is the codimension of G.

A CF wersal feedback for a versal deformation (11.28) is a mapping

(11.28)

P — Kk

11.29
Ui o) = (@) 06O, O, )
A versal feedback is stabilizing if at each p € P, ¥ (u) stabilizes ¢(u).
11.5.2 Fold Control Singularities
Consider the scalar input system
20 = azo + O(z,v)? (11.30)
Z1 :A121—|-B]’U+O(Z,U)2 (11.31)
where the zo € R, z; € R"* and
A() =a 7é 0
[010...07"""
001...0
A = .
000...1
1000...0 (11.32)
—O rx1
0
By =|:
0
|1

Its 1-jet at the origin is

((070)707 {3 /(1)1 ](3)1}) (11.33)
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This equilibrium 1-jet is the simplest example of a control singularity and
is called a fold. The subset F C EF of fold singularities is the set of all 1-jets
of the form

0.0 Fyo Fo1 Go
<(9: ,u), 0, {Fm Py Gy (11.34)

whose normal form is (11.33) for some a # 0. We shall show that F is of
codimension one in £*.

Let us study the infinitesmal action of the linear feedback group on A, B
(11.32). The range of the linear mapping (11.24) is of codimension one so from
(11.27) we obtain a nonzero n X (n+ 1) matrix transverse to the orbit of A, B
under the linear feedback group. The linear mapping (11.23) is identically zero
so there is another linearly independent n x (n 4 1) matrix transverse to the
orbit of A, B under the linear feedback group.

But perturbations in one of these directions can be accomplished by vary-
ing a and so it is not transverse to F. Therefore F is a codimension one set
of control singularities and a miniversal deformation of it is

p— [F(p) Gu) ]

alp00...0 0
0/010...0 0
0/001...0 0
Fp) = , Gu) =
0(000...1 0
10/000...0] 1

Now we see why the fold terminology. The controllabilty matrix of the
versal deformation in reverse order is

[F(0)"'G(p) ... F(n)G(p) G(p)] = {g ?] -

Notice that all these 1-jets are controllable except for ;1 = 0 and the control-
lability reverses orientation (folds over) at pu = 0.

There are two subclasses of fold singularities, those where a < 0 and those
with a > 0. There is an important distinction between these subclasses. The
former are linearly stabilizable, i.e., there exists a linear feedback v = Kz so
that all the poles of the linear part of the closed loop dynamics A + BK are
in the left half plane. In fact the versal deformation of a fold singularity with
a < 0 is versally stabilizable by a versal linear feedback of the form

((z,u),0,[Ko, K1)

where Ky = 0, and K7 is such that A; + B Ky is Hurwitz.
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But if a > 0 then the closed loop dynamics will always have at least one
unstable eigenvalue a. The stabilization problem of systems with fold control
singularities when a > 0 was treated in [2].

11.5.3 Transcontrollable Singularities

A transcontrollable singularity is a degenerate fold where a = 0. This means
that the stabilizability of a system realizing this 1-jet is decided by its higher
order terms. The class of transcontrollable singularities denoted by 7C is of
codimension two and a versal deformation of it is

(py5 o) [F(#laﬂz) G(ﬂuﬂz)]

P |p00...0 0
0/010...0 0
0/001...0 0

F(N17ﬂ2>: . s G(Mlaﬂz):
0/000...1 0
1 0/000...0) 1

Notice that a transcontrollable singularity can be perturbed into a fold by
changing p; from zero and can be perturbed into a linearly controllable 1-jet
by changing p, from zero.

The stabilization problem of systems with transcontrollable singularities
was treated in [3].
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