Richard Hain February 28, 2023

MATH 612
PROBLEM SET 4

Due: Tuesday, March 21, 2023
1. For a real number a > 0, set
S™(a) = {z € R"™ : ||z|| = a} and B"*(a) = {x € R"" : ||z]| < a}.
(When the a does not appear, it will be assumed to be 1.)
(i) Show that
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where C,, is the volume of B™. Hint: use Stokes’ Theorem.
(ii) Show that the form
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is closed. Deduce that it generates Hfg (R — {0}).

(iii) Show that
/ w = vol(S").
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Hint: use the fact that

vol(S™(a)) = d

= vol(B"(r)).
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Deduce that the class of ((n + 1)Cpy1) 'w is an integral gen-
erator of H™(S™;R). That is, it is the image of a generator of
H™(S™Z).

2. (“Math 212 in a Box”) Suppose that U is an open subset of R3.
Denote the space of vector fields defined on U by X(U). Note that
E°(U) is the space of “scalar fields” F(U) on U.

(i) Show that the diagram
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(iii)

commutes, where
p1(f g, h) = fdr+gdy+ hdz
©a2(fyg,h) = fdy Ndz — gdx Ndz+ hdx A dy
w3(f) = fdx ANdy Ndz

Show that a necessary condition for a vector field F' € X (U)
to be the curl of a vector field G € X (U) is that div F' = 0.
Show that a divergence free vector field F' € X(U) is the curl
of a vector field G € X(U) if and only if
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where {Z;} are 2-cycles in U whose homology classes generate
Hy(U).
Suppose that T is a smooth oriented surface in U. Show that
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for all F € X(U). Here n is the outward unit normal vector
to Y that defines its orientation and dA is the standard area
form on Y.

Give an explicit example of a divergence free vector field de-
fined on U = R3 — {0} that is not the curl of any G € X(U).



