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possible combinations 0 ≤ d < D ≤ 10. The pairs (d,D) with which SCC and LSCC give

a perfect segmentation are listed in Table 6.5. In comparison, we have also applied the

GPCA-voting algorithm to the columns of Y with 0 ≤ d < D ≤ 10. There are many

situations where GPCA does not give 100% accuracy but SCC does (see Table 6.5).

Table 6.5: Combinations (d,D) with which SCC and GPCA achieves a perfect segmen-
tation respectively. Here d is the dimension of the subspaces while D is the ambient
dimension.

Methods (d,D)
SVD+SCC (0, 2 ≤ D ≤ 4), (1, 3/4), 2 ≤ d < D ≤ 10
SVD+LSCC (1, 3/4/5/7/8), 2 ≤ d < D ≤ 10
SVD+GPCA (3, 5), (4, 6), (4, 7), (5, 7), (4, 8), (6, 8)

Vidal et al. [1] suggest to first project the data onto the top three principal compo-

nents and then apply GPCA to the data in homogeneous coordinates by fitting three

linear subspaces of dimensions 3, 2, and 2 in R4. They obtain zero error in this case.

However, we are not aware of the reason of using mixed dimensions. We follow their

strategy but instead we apply GPCA using the same dimension 3 for each linear sub-

space. Then a segmentation error of about 4% is obtained. We note that applying

GPCA with d = 3 for each linear subspace (in homogeneous coordinates) in R4 is

equivalent to applying SCC with D = 3 and d = 2. In this case, SCC achieves a perfect

segmentation.

6.2.3 Temporal Segmentation of Video Sequences

We consider the problem of partitioning a long video sequence into multiple short seg-

ments corresponding to different scenes. We assume that all the image frames having

the same scene live in a low dimensional subspace of the image space and that different

scenes correspond to different subspaces. We show that the SCC and LSCC algorithms
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can be applied to solve this problem.

Figure 6.2: The first, 56th and last (135th) frames of the Fox video sequence.

The video sequence that we received from Rene Vidal is about an interview at Fox

TV (Figure 6.2). It is also used in [1]. It consists of 135 images of size 294× 413, each

containing either the interviewer alone, or the interviewee alone, or both. We would

like to segment these images into the three scenes. We view each image frame as a

sample point in RD′ , where D′ = 294× 413. We first apply SVD to reduce the ambient

dimension from D′ to D ≤ 10, and then apply SCC to segment three d-dimensional

linear subspaces within RD. The combinations (d,D) with which SCC/LSCC obtains

100% accuracy are reported in Table 6.6.

Table 6.6: The pairs (d,D) with which each algorithm obtains 100% accuracy. Here D
is the ambient dimension while d is the dimension of the subspaces.

Method (d,D)
SVD+SCC (0, 1/2/3/4), (1, 3/4), (2, 3/4/5)
SVD+LSCC (1, 3), (2, 3/4), (3, 4)
SVD+GPCA NONE

Vidal et al. [1] applied GPCA to solve this problem and obtained 100% accuracy.

We do not know what dimensions of the ambient space and the subspaces they used.

We also apply GPCA to segment d-dimensional linear subspaces in the projected space

RD, where 1 ≤ d < D ≤ 10. However, we did not find any combination that leads to a

perfect segmentation.



Chapter 7

Conclusion and Future Work

We first proposed the Theoretical Spectral Curvature Clustering (TSCC) algorithm

(Algorithm 1) for solving the problem of hybrid linear modeling, and then analyzed

the theoretical performance of SCC in the setting of Problem 1. We showed that the

TSCC algorithm could precisely cluster the underlying components knowing the perfect

tensor (Proposition 3.1.1), and established good performance in the case of reasonable

deviation from the perfect case (Theorem 3.2.4). Using this result, we proved that if a

data set is sampled independently and identically according to the setting of Problem 1,

then with high sampling probability the TSCC algorithm will perform well as long as

the underlying distributions are sufficiently flat and separated (Theorem 4.2.1).

We next introduced various techniques to make the algorithm practical, forming the

Spectral Curvature Clustering (SCC) algorithm (Algorithm 2). The complexity of SCC,

i.e., the storage and running time, depends linearly on both the size of the data and the

ambient dimension. We performed extensive simulations to compare our algorithm with

a few other standard methods. It seemed that our algorithm is at least comparable to

its competitors. It has a marked advantage in the case of affine subspaces and in certain

instances of mixed dimensions. We also applied our algorithm to several real-world
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problems, and obtained satisfactory results in all cases. Our algorithm performed well

even in relatively high dimensional projected spaces, sometimes including the full space,

and thus did not require aggressive dimensionality reduction as other algorithms.

We conclude this paper by discussing both the open directions and the possible

extensions of this work.

Further understanding of the two normalizations discussed in Section 3.3.1:

We first explored in Section 3.3.1 possible normalizations of the matrix U, and analyzed

(to some extent) the performance of TSCC with and without them. We concluded that

the normalization suggested by the matrix T is probably the right one to apply in TSCC.

It will be interesting to test our practical strategy when applying such a normalization

(see Remark 3.3.1) on both artificial and practical data sets with varying numbers of

points within each cluster. Also, we wish to study more carefully the possible advantages

of the normalization suggested by the matrix V.

At last, Section 3.3.1 analyzed the TSCC algorithm when applied without the un-

normalized matrix Z. The perturbation results there were practically comparable to

those obtained when applying TSCC with the normalized matrix Z. It thus did not

reveal the significant advantage of using Z. In future investigations we would like to

improve the current estimates so that they emphasize this significant advantage.

Further interpretation of the incidence constant: Currently we have described

the behavior of the incidence constant in a few typical examples of two intersecting

linear subspaces. We ask about characterization of this constant for general mixtures

of flats, and its dependence on the separation between the subspaces, the magnitude of

noise as well as the tuning parameter.

Estimation of the clustering identification error: We showed in Section 3.3.1 that

when K = 2 and TV(U) is sufficiently small, then a large percentage of the points can
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be clustered correctly. We would like to extend the corresponding analysis to the case

where K > 2.

Further investigation of Assumption 1: Assumption 1 is a crucial condition for

Algorithm 1 to work well. Our partial results (i.e., Lemmas 4.4.1 and 4.4.2) showed that

this assumption holds at least in expectation. We would like to explore the existence

in high probability of Assumption 1 with a constant ε2 > 0 that does not contradict

the bounds imposed by Theorem 4.2.1 (see discussion in Section 4.4, in particular,

Remark 4.4.1).

Justification of Iterative Sampling: Our heuristic idea of iterative sampling seems

to work well in all cases and thus results in a fast and accurate algorithm. We are inter-

ested in a more rigorous foundation of this procedure, in particular, finding conditions

under which it converges (e.g., how large c should be to ensure convergence).

Thorough Study of Robustness: Numerical experiments indicate that the SCC

algorithm (without isolating outliers in each iteration) is robust to outliers. We would

like to pursue a theoretical justification of robustness of the SCC algorithm (or TSCC).

We are also interested in improving the strategy for detecting outliers, especially when

the outlier percentage is not given.

Improving the Case of Mixed Dimensions: Currently, when dealing with mixed

dimensions, we use the highest dimension. This strategy works well in terms of e%.

To improve the performance of SCC in this case, and consequently to more accurately

evaluate the other error eOLS, we plan to explore estimation of the true dimensions of

the detected flats. Another strategy might be to hierarchically perform SCC according

to different intrinsic dimensions.

Determining the Number of Flats and Their Dimensions: Throughout this
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paper we have assumed that K and dk are given. In many cases prior knowledge

of these parameters may not be available. We thus need to develop techniques and

criterions to select an optimal model.
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Appendix A

Proofs

A.1 Proof of Proposition 3.1.1

The affinity matrix Ã, the matricized version of Ã, is a 0/1 matrix of size N×Nd+1. We

identify the unit entries in each row as follows. For any fixed 1 ≤ i ≤ N1, the entries of

the i-th row of Ã are of the form Ã(i, i2, . . . , id+2), 1 ≤ i2, . . . , id+2 ≤ N . These entries

will be 1 if they represent affinities of distinct d + 2 points in C̃1, that is, the indices

i, i2, . . . , id+2 are distinct and between 1 and N1. Therefore, the i-th row has exactly

P(N1 − 1, d + 1) entries filled by a 1, which is exactly the number of permutations of

size d + 1 out of the first N1 points excluding i. Similarly, each of the subsequent N2

rows has P(N2 − 1, d + 1) ones, and each of the next N3 rows has P(N3 − 1, d + 1) ones,

etc..

The weight matrix W̃ = ÃÃ′ can be expressed in terms of the tensor Ã in the

following way:

W̃ij =
∑

1≤i2,...,id+2≤N

Ã(i, i2, . . . , id+2)Ã(j, i2, . . . , id+2), 1 ≤ i, j ≤ N. (A.1)

If xi and xj are not in the same underlying cluster, then all the products are zero.
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Therefore, W̃ is block diagonal:

W̃ = diag{W̃(1),W̃(2), . . . ,W̃(K)}, (A.2)

where W̃(k) ∈ RNk×Nk , corresponding to the underlying cluster C̃k, has the following

form:

W̃
(k)
ij =





P(Nk − 1, d + 1), if i = j;

P(Nk − 2, d + 1), otherwise.
(A.3)

Indeed, the diagonal elements of W̃(k) are simply the number of ones in the correspond-

ing rows of Ã, and the off-diagonal elements are the number of ones that appear at the

intersection of the corresponding pair of rows.

It then follows that

D̃ = diag{W̃ · 1} = diag{d̃1IN1 , d̃2IN2 , . . . , d̃KINK
}, (A.4)

where

d̃k = P(Nk − 1, d + 1) + (Nk − 1) · P(Nk − 2, d + 1)

= (Nk − d− 1) · P(Nk − 1, d + 1). (A.5)

The normalized matrix Z̃ = D̃−1/2W̃D̃−1/2 is also block diagonal:

Z̃ = diag{Z̃(1), Z̃(2), . . . , Z̃(K)}, (A.6)

where each block has the form Z̃(k) = W̃(k)/d̃k, 1 ≤ k ≤ K. The (i, j)-element of Z̃(k),

for all 1 ≤ i, j ≤ Nk, is

Z̃
(k)
ij =





1
Nk−d−1 , if i = j;

Nk−d−2
(Nk−1)(Nk−d−1) , otherwise.

(A.7)
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Straightforward calculation shows that each block matrix Z̃(k) has two distinct eigen-

values:

λ̃(k)
n =





1, if n = 1;

d+1
(Nk−1)(Nk−d−1) , if 2 ≤ n ≤ Nk.

(A.8)

The eigenspace associated with the single eigenvalue 1 for Z̃(k) is spanned by 1Nk
,

the Nk-dimensional column vector of all ones. Since the eigenvalues and eigenvectors of

a block diagonal matrix are essentially the union of those of its blocks (for eigenvectors

we need to append zeros in an appropriate way), we conclude that Z̃ has the largest

eigenvalue 1 of multiplicity K with associated eigenspace spanned by the following K

orthonormal vectors:

1√
N1




1N1

0
...

0




,
1√
N2




0

1N2

...

0




, . . . ,
1√
NK




0
...

0

1NK



∈ RN . (A.9)

We note that the K eigenvectors associated with the eigenvalue 1 can only be de-

termined up to an orthonormal transformation. That is,

Ũ =




1√
N1

1N1 0 . . . 0

0 1√
N2

1N2 . . . 0
...

...
. . .

...

0 0 . . . 1√
NK

1NK




Q ∈ RN×K , (A.10)

where Q is a K ×K orthonormal matrix.

If we write Q = (q1,q2, . . . ,qK)′, where qk is the k-th column of Q′, then equa-

tion (A.10) implies that the K clusters are mapped one-to-one to the K mutually

orthogonal vectors 1√
N1
· q1, . . . ,

1√
NK

· qK ∈ RK .



75

A.2 Proof of Lemma 3.2.3

We first note that PK(Z) = UU′ and PK(Z̃) = ŨŨ′, due to the fact that both U and

Ũ are composed of orthonormal columns. Therefore,

∥∥∥PK(Z)− PK(Z̃)
∥∥∥

2

F
=

∥∥∥UU′ − ŨŨ′
∥∥∥

2

F
= trace

((
UU′ − ŨŨ′

)2
)

= trace
(
UU′ −UU′ŨŨ′ − ŨŨ′UU′ + ŨŨ′

)
. (A.11)

Since

trace
(
UU′) = trace

(
U′U

)
= trace(IK) = K, (A.12)

and similarly,

trace
(
ŨŨ′

)
= K, (A.13)

we have

∥∥∥PK(Z)− PK(Z̃)
∥∥∥

2

F
= 2K − 2 · trace

(
UU′ŨŨ′

)
. (A.14)

In the formula of the matrix Ũ (see equation (A.10)), there is an arbitrary orthonor-

mal matrix Q. However, the product ŨŨ′ does not depend on Q. Hence, we can use a

representation of Ũ where Q is the identity matrix, and proceed as follows:

∥∥∥PK(Z)− PK(Z̃)
∥∥∥

2

F
= 2K − 2 ·

∥∥∥U′Ũ
∥∥∥

2

F

= 2K − 2 ·
∥∥∥∥∥∥


∑

i∈I1

1√
N1

(
u(i)

)′
. . .

∑

i∈IK

1√
NK

(
u(i)

)′



∥∥∥∥∥∥

2

F

= 2K − 2 ·
K∑

k=1

1
Nk

∥∥∥∥∥∥
∑

i∈Ik

u(i)

∥∥∥∥∥∥

2

2

= 2K − 2 ·
K∑

k=1

Nk

∥∥∥c(k)
∥∥∥

2

2
. (A.15)
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Since the columns of the matrix U are unit vectors, we have

N∑

i=1

∥∥∥u(i)
∥∥∥

2

2
= ‖U‖2

F =
K∑

k=1

‖uk‖2
2 = K. (A.16)

Combining the last two equations we get that

∥∥∥PK(Z)− PK(Z̃)
∥∥∥

2

F
= 2 ·

(
N∑

i=1

∥∥∥u(i)
∥∥∥

2

2
−

K∑

k=1

Nk ·
∥∥∥c(k)

∥∥∥
2

2

)

= 2 ·
K∑

k=1


∑

i∈Ik

∥∥∥u(i)
∥∥∥

2

2
−Nk ·

∥∥∥c(k)
∥∥∥

2

2




= 2 ·
K∑

k=1

∑

i∈Ik

∥∥∥u(i) − c(k)
∥∥∥

2

2
. (A.17)

A.3 Proof of Lemma 3.2.1

Equation (3.7) is a direct consequence of combining equation (A.15) and Lemma 3.2.3.

To show equation (3.8), we first expand the following two products

UU′ =
(
〈u(i),u(j)〉

)
1≤i,j≤N

, (A.18)

ŨŨ′ = diag
{

1
N1

1N1×N1 , . . . ,
1

NK
1NK×NK

}
. (A.19)

Then

∥∥∥PK(Z)− PK(Z̃)
∥∥∥

2

F
=

∥∥∥UU′ − ŨŨ′
∥∥∥

2

F

=
∑

1≤k≤K

∑

i,j∈Ik

(
〈u(i),u(j)〉 − 1

Nk

)2

+
∑

1≤k 6=`≤K

∑

i∈Ik,j∈I`

(
〈u(i),u(j)〉

)2

≥
∑

1≤k 6=`≤K

∑

i∈Ik,j∈I`

(
〈u(i),u(j)〉

)2
. (A.20)
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We next apply the inequality (
∑m

i=1 ai)
2 ≤ m ·∑m

i=1 a2
i and conclude that

∥∥∥PK(Z)− PK(Z̃)
∥∥∥

2

F
≥

∑

1≤k 6=`≤K

1
NkN`

·

 ∑

i∈Ik,j∈I`

〈u(i),u(j)〉



2

=
∑

1≤k 6=`≤K

NkN` · 〈c(k), c(`)〉2. (A.21)

Finally, combining the last equation and Lemma 3.2.3 completes the proof.

A.4 Proof of Lemma 3.2.2

From the proof of Lemma 3.2.3 we have that

∥∥∥PK(Z)− PK(Z̃)
∥∥∥

2

F
= 2K − 2

∥∥∥U′Ũ
∥∥∥

2

F
= 2K − 2

K∑

k=1

σ2
k

(
U′Ũ

)

= 2K − 2
K∑

k=1

cos2 θk = 2
K∑

k=1

sin2 θk. (A.22)

A.5 Proof of Theorem 3.2.4

The proof is based on a perturbation result by Zwald and Blanchard [46, Theorem 3].

In fact, we only need a special case of it which is formulated below.

Theorem A.5.1 (Matrix version of Theorem 3 in Zwald and Blanchard [46]). Let S be

a symmetric positive square matrix with nonzero eigenvalues λ1 ≥ · · · ≥ λK > λK+1 ≥
· · · ≥ 0, where K > 0 is an integer. Define δK = λK−λK+1 > 0, which denotes the Kth

eigengap of S. Let B be another symmetric matrix such that ‖B‖F < δK/4 and S + B

is still a positive matrix. Then

∥∥PK(S + B)− PK(S)
∥∥

F
≤ 2 ‖B‖F /δK . (A.23)

In order to apply the above theorem to the quantity
∥∥∥PK(Z)− PK(Z̃)

∥∥∥
F
, we need

a lower bound on δ̃K , the Kth eigengap of Z̃, and an upper bound on the Frobenius



78

norm of the difference B := Z− Z̃. While the former bound is immediate, we find the

latter bound somewhat challenging.

First, equation (A.8), together with N1 = min1≤k≤K Nk, implies that:

δ̃K = 1− d + 1
(N1 − 1)(N1 − d− 1)

. (A.24)

Since N1 ≥ 2(d + 1) + 1 by equation (3.4), we then obtain that

δ̃K ≥ 2d + 3
2d + 4

≥ 3
4
. (A.25)

Next, we estimate the Frobenius norm of the perturbation B as follows. Using the

definitions of the matrices Z and W, we rewrite B in the following way:

B = D−1/2AA′D−1/2 − D̃−1/2ÃÃ′D̃−1/2. (A.26)

Regrouping terms gives that

B =
(
D−1/2A− D̃−1/2Ã

)(
D−1/2A− D̃−1/2Ã

)′

+
(
D−1/2A− D̃−1/2Ã

)
Ã′D̃−1/2 + D̃−1/2Ã

(
D−1/2A− D̃−1/2Ã

)′
. (A.27)

We thus get an initial upper bound on its Frobenius norm:

‖B‖F ≤
∥∥∥D−1/2A− D̃−1/2Ã

∥∥∥
2

F
+ 2

∥∥∥D̃−1/2Ã
∥∥∥

F

∥∥∥D−1/2A− D̃−1/2Ã
∥∥∥

F
. (A.28)

By using equations (A.6) and (A.7), we get that

∥∥∥D̃−1/2Ã
∥∥∥

2

F
= trace

(
D̃−1/2W̃D̃−1/2

)
= trace

(
Z̃

)
=

K∑

k=1

Nk

Nk − d− 1
. (A.29)

Equation (3.4) implies that

Nk

Nk − d− 1
< 2, 1 ≤ k ≤ K. (A.30)

Consequently, we have ∥∥∥D̃−1/2Ã
∥∥∥

2

F
< 2K, (A.31)
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and thus equation (A.28) becomes

‖B‖F <
∥∥∥D−1/2A− D̃−1/2Ã

∥∥∥
2

F
+ 2

√
2K ·

∥∥∥D−1/2A− D̃−1/2Ã
∥∥∥

F
. (A.32)

Therefore, in order to control ‖B‖F, we only need to bound
∥∥∥D−1/2A− D̃−1/2Ã

∥∥∥
F
.

Let

E := A− Ã. (A.33)

Replacing A with Ã + E yields that

∥∥∥D−1/2A− D̃−1/2Ã
∥∥∥

F
=

∥∥∥
(
D−1/2 − D̃−1/2

)
Ã + D−1/2E

∥∥∥
F

≤
∥∥∥
(
D−1/2 − D̃−1/2

)
Ã

∥∥∥
F

+
∥∥∥D−1/2E

∥∥∥
F

. (A.34)

The second term on the right hand side of equation (A.34) is bounded as follows

∥∥∥D−1/2E
∥∥∥

F
≤

∥∥∥D−1/2
∥∥∥

2
· ‖E‖F ≤

∥∥∥(ε2D̃)−1/2
∥∥∥

2
· ‖E‖F

=
(
ε2d̃1

)−1/2
· ‖E‖F , (A.35)

in which the second inequality follows from Assumption 1 (D ≥ ε2D̃ > 0), and the

last equality is due to our convention: N1 = min1≤k≤K Nk (which implies that d̃1 =

min1≤k≤K d̃k).

Bounding the first term of the right hand side of equation (A.34) requires more work.

We estimate it as follows:

∥∥∥
(
D−1/2 − D̃−1/2

)
· Ã

∥∥∥
F

=
∥∥∥∥D̃−1/2D−1/2

(
D1/2 + D̃1/2

)−1 (
D− D̃

)
· Ã

∥∥∥∥
F

≤
∥∥∥∥D̃−1/2

(
ε2D̃

)−1/2 (
D̃1/2

)−1 (
D− D̃

)
· Ã

∥∥∥∥
F

= ε
−1/2
2

∥∥∥D̃−3/2
(
D− D̃

)
· Ã

∥∥∥
F

. (A.36)

We proceed by using the index sets I1, . . . , IK (see equation (3.1)) to expand the last
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equation:

∥∥∥
(
D−1/2 − D̃−1/2

)
· Ã

∥∥∥
F
≤ ε

−1/2
2

√ ∑

1≤k≤K

∑

i∈Ik

(
Dii − d̃k

)2
d̃−3

k ·
∥∥∥Ã(i, :)

∥∥∥
2

2

= ε
−1/2
2

√√√√√ ∑

1≤k≤K

∑

i∈Ik

(
Dii − d̃k

)2

(Nk − d− 1) · d̃2
k

≤ ε
−1/2
2 d̃−1

1 (N1 − d− 1)−1/2 ·
∥∥∥D− D̃

∥∥∥
F

. (A.37)

Using the definitions of D and D̃, we obtain that

∥∥∥D− D̃
∥∥∥

F
=

∥∥∥
(
W − W̃

)
· 1N

∥∥∥
2
≤

∥∥∥W − W̃
∥∥∥

F
· ‖1N‖2

= N1/2 ·
∥∥∥ÃE′ + EÃ′ + EE′

∥∥∥
F

≤ N1/2 ·
(
2

∥∥∥Ã
∥∥∥

F
‖E‖F + ‖E‖2

F

)
. (A.38)

Combining equations (A.37) and (A.38) and applying N1−d−1 > N1
2 ≥ ε1N

2K (following

equation (3.4)) gives that

∥∥∥
(
D−1/2 − D̃−1/2

)
Ã

∥∥∥
F
≤

(
2K

ε1ε2

)1/2

d̃−1
1

(
2

∥∥∥Ã
∥∥∥

F
‖E‖F + ‖E‖2

F

)
. (A.39)

By substituting equations (A.35) and (A.39) into equation (A.34), we arrive at

∥∥∥D−1/2A− D̃−1/2Ã
∥∥∥

F
≤

(
2K

ε1ε2

)1/2

d̃−1
1

(
2

∥∥∥Ã
∥∥∥

F
‖E‖F + ‖E‖2

F

)

+ ε
−1/2
2 d̃

−1/2
1 ‖E‖F . (A.40)

In order to complete the above estimate for
∥∥∥D−1/2A− D̃−1/2Ã

∥∥∥
F
, we need to estimate∥∥∥Ã

∥∥∥
F

from above

∥∥∥Ã
∥∥∥

F
<
√

Nd+2 = N (d+2)/2, (A.41)

and d̃1 from below

d̃1 = (N1 − d− 1) · P(N1 − 1, d + 1) ≥ (N1/2)d+2 ≥
(

ε1N

2K

)d+2

. (A.42)
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We also note that all the elements of the matrix E are between -1 and 1, and thus

‖E‖F ≤ N (d+2)/2. (A.43)

We then continue from equation (A.40), together with the last three estimates, and get

that

∥∥∥D−1/2A− D̃−1/2Ã
∥∥∥

F

≤
(

2K

ε1ε2

)1/2 (
ε1N

2K

)−(d+2)

3N (d+2)/2 ‖E‖F + ε
−1/2
2

(
ε1N

2K

)−(d+2)/2

‖E‖F

≤ 4ε
−1/2
2

(
2K

ε1

)d+5/2

N−(d+2)/2 ‖E‖F . (A.44)

Finally, it follows from equations (A.32) and (A.44) that

‖B‖F ≤ C0(K, d, ε1, ε2) ·N−(d+2)/2 ‖E‖F , (A.45)

where

C0(K, d, ε1, ε2) := 16ε−1
2

(
2K

ε1

)2d+5

+ 2
√

2K · 4ε
−1/2
2

(
2K

ε1

)d+5/2

. (A.46)

By combining Theorem A.5.1 with equations (A.25) and (A.45), we obtain that when

C0(K, d, ε1, ε2) ·N−(d+2)/2 ‖E‖F < 3/16, (A.47)

then

∥∥∥PK(Z)− PK(Z̃)
∥∥∥

F
≤ 8/3 · C0(K, d, ε1, ε2) ·N−(d+2)/2 ‖E‖F . (A.48)

Letting

C1(K, d, ε1, ε2) := 32/9 · C2
0 (K, d, ε1, ε2), (A.49)

and noting

‖E‖F ≡ ‖E‖F , (A.50)

we complete the proof by combining Lemma 3.2.3 and equations (A.48) and (A.49).
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A.6 Proof of Lemma 3.3.2

In the T space the centers of the underlying clusters are

c(k)
T :=

√
Nk · c(k), 1 ≤ k ≤ K. (A.51)

Applying Lemma 3.2.1 with K = 2 gives that

∥∥∥c(1)
T − c(2)

T

∥∥∥
2

2
= N1 ·

∥∥∥c(1)
∥∥∥

2

2
+ N2 ·

∥∥∥c(2)
∥∥∥

2

2
− 2

√
N1N2 · 〈c(1), c(2)〉

≥ 2− TV(U)−2
√

TV(U). (A.52)

When

TV(U) <
(√

3− 1
)2

, (A.53)

we can let

τ :=
√

2− TV(U)−2
√

TV(U). (A.54)

Then the clustering identification error of TSCC in the T space is bounded as follows:

eid(T) ≤ 1
N
·

2∑

k=1

#
{

i ∈ Ik |
∥∥∥t(i) − c(k)

T

∥∥∥
2
≥ τ/2

}
. (A.55)

For each k = 1, 2, we apply Chebyshev’s inequality and obtain that

#
{

i ∈ Ik |
∥∥∥t(i) − c(k)

T

∥∥∥
2
≥ τ/2

}
≤ 4

τ2

∑

i∈Ik

∥∥∥t(i) − c(k)
T

∥∥∥
2

2
. (A.56)

Thus,

eid(T) ≤ 1
N
·

∑

k=1,2

4
τ2

∑

i∈Ik

∥∥∥t(i) − c(k)
T

∥∥∥
2

2

≤ 4
τ2

2∑

k=1

Nk

N

∑

i∈Ik

∥∥∥u(i) − c(k)
∥∥∥

2

2

≤ 4
τ2
· TV(U) . (A.57)
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In the U space, we also apply Lemma 3.2.1 with K = 2, together with the assump-

tions N2 ≥ N1 ≥ ε1 ·N/2, and obtain that

∥∥∥c(1) − c(2)
∥∥∥

2

2
=

∥∥∥c(1)
∥∥∥

2

2
+

∥∥∥c(2)
∥∥∥

2

2
− 2 · 〈c(1), c(2)〉

≥ 1
N2

·
(

N1

∥∥∥c(1)
∥∥∥

2

2
+ N2

∥∥∥c(2)
∥∥∥

2

2

)
− 2√

N1N2
·
√

N1N2 〈c(1), c(2)〉

≥ 1
N2

· (2− TV(U))− 2
N1

√
TV(U)

≥ 1
N
·
(
2− TV(U)−4/ε1 ·

√
TV(U)

)
. (A.58)

When

TV(U) <

(√
2 +

4
ε2
1

− 2
ε1

)2

, (A.59)

we can apply similar steps as above to obtain that

eid(U) ≤ 4 TV(U)
2− TV(U)−4/ε1 ·

√
TV(U)

. (A.60)

A.7 Proof of Theorem 3.3.4

The proof proceeds in parallel to that of Theorem 3.2.4. That is, we bound from below

the Kth eigengap δ̃K of W̃, estimate from above the Frobenius norm of the perturbation

B := W − W̃, and then conclude the theorem by combining these two bounds with

Theorem A.5.1.

Straightforward calculation shows that the matrix W̃ (see formula in Equation (A.3))

has the following eigenvalues:

d̃K ≥ · · · ≥ d̃2 ≥ d̃1 and νK ≥ · · · ≥ ν2 ≥ ν1, (A.61)

where d̃k, 1 ≤ k ≤ K, are defined in equation (3.30), and

νk := (d + 1) · P(Nk − 2, d), k = 1, . . . , K. (A.62)
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Using equation (3.4) we obtain that

NK = N −
K−1∑

k=1

Nk ≤ N − (K − 1) · ε1N

K
=

(
1− K − 1

K
ε1

)
·N. (A.63)

The above equation together with equations (3.4) and (3.32) implies that

δ̃K = d̃1 − νK

≥
(

N1

2

)d+2

− (d + 1) ·NK
d

≥
(

ε1N

2K

)d+2

− (d + 1) ·
(

1− K − 1
K

ε1

)d

Nd

≥ 1
2

(
ε1N

2K

)d+2

. (A.64)

We follow by bounding the magnitude of the perturbation B = W̃ −W:

‖B‖F =
∥∥∥AE′ + EÃ′

∥∥∥
F
≤ ‖A‖F ‖E‖F + ‖E‖F

∥∥∥Ã
∥∥∥

F
≤ 2N (d+2)/2 ‖E‖F . (A.65)

Therefore, by combining equations (A.64) and (A.65) with Theorem A.5.1 we conclude

that when

N−(d+2)/2 ‖E‖F ≤
1
16

( ε1

2K

)d+2
, (A.66)

we have ∥∥∥PK(W)− PK(W̃)
∥∥∥

F
≤ 8

(
2K

ε1

)d+2

N−(d+2)/2 ‖E‖F . (A.67)

Theorem 3.3.4 is then a direct consequence of combining the above equation and Lemma 3.2.3.

A.8 Proof of Lemma 4.4.1

For any 1 ≤ k ≤ K and i ∈ Ik, we have

Dii ≥
∑

j∈Ik

Wij ≥
∑

j∈Ik

∑

i2,...,id+2∈Ik

A(i, i2, . . . , id+2)A(j, i2, . . . , id+2)

=
∑

j∈Ik

∑

i2,...,id+2∈Ik\{i,j}
and are distinct

e−
cp

(
xi,xi2

,...,xid+2

)
+cp

(
xj ,xi2

,...,xid+2

)

σ . (A.68)
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When the given data is noiseless, the polar curvature of any distinct d + 2 points in

C̃k is zero. Hence,

Dii ≥
∑

j∈Ik

∑

i2,...,id+2∈Ik\{i,j}
and are distinct

1 = d̃k, (A.69)

where d̃k (replicated Nk times), 1 ≤ k ≤ K, are the diagonal elements of D̃ (see

equation (3.30)). We have thus proved that D ≥ D̃.

A.9 Proof of Lemma 4.4.2

We take the expectation of each side of equation (A.68) with respect to the measure µp

(defined in equation (4.1)), and proceed using Jensen’s inequality (twice) as follows:

Eµp(Dii) ≥
∑

j∈Ik

∑

i2,...,id+2∈Ik\{i,j}
and are distinct

e
− 2

σ
·E

µd+2
k

cp
(
Xi,Xi2

,...,Xid+2

)

≥
∑

j∈Ik

∑

i2,...,id+2∈Ik\{i,j}
and are distinct

e
− 2

σ
·
√

E
µd+2

k

c2p

(
Xi,Xi2

,...,Xid+2

)

= e−
2
σ
·cp(µk) · d̃k, (A.70)

where in the last step we have used equation (1.4). Letting

ε2 := min
1≤k≤K

e−
2
σ
·cp(µk) = e−

2
σ
·max1≤k≤K cp(µk), (A.71)

we have that

Eµp(Dii) ≥ ε2 · d̃k, i ∈ Ik, 1 ≤ k ≤ K. (A.72)

Equivalently,

Eµp(D) ≥ ε2 · D̃. (A.73)
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A.10 Proof of Theorem 4.2.1

We first bound the expectation of the perturbation ‖Ep‖2
F, where Ep = Ap − Ã, and

then apply McDiarmid’s inequality [47] to obtain a probabilistic estimate for ‖Ep‖2
F.

Finally, we conclude the proof by combining the probabilistic estimate together with

Theorem 3.2.4.

Using the definitions of the sets I1, . . . , IK and the tensors Ap and Ã, we express

‖Ep‖2
F as a function of the random variables X1, . . . , XN :

‖Ep‖2
F =

K∑

k=1

∑

Id+2
k

(
1− e

−cp(Xi1
,...,Xid+2

)

σ

)2

+
∑

(
⋃K

k=1 Id+2
k )c

(
e
−cp(Xi1

,...,Xid+2
)

σ

)2

. (A.74)

By applying the inequality: 1− e−|x| ≤ |x|, we obtain that

‖Ep‖2
F ≤

K∑

k=1

∑

Id+2
k

c2
p(Xi1 , . . . ,Xid+2

)
σ2

+
∑

(
⋃K

k=1 Id+2
k )c

e
−cp(Xi1

,...,Xid+2
)

σ/2 . (A.75)

We then take the expectation of ‖Ep‖2
F (with respect to µp) using equations (1.4)

and (4.3) and have that

Eµp(‖Ep‖2
F) ≤ 1

σ2

K∑

k=1

Nd+2
k c2

p(µk) + Nd+2Cin(µ1, . . . , µK ; σ/2)

= Nd+2 ·
(

1
σ2

K∑

k=1

(
Nk

N

)d+2

c2
p(µk) + Cin(µ1, . . . , µK ; σ/2)

)

≤ α ·Nd+2, (A.76)

in which

α :=
1
σ2
·

K∑

k=1

c2
p(µk) + Cin(µ1, . . . , µK ; σ/2). (A.77)

We next note that for each fixed 1 ≤ i ≤ N ,

sup
X1,...,XN ,X̂i

| ‖Ep‖2
F (X1, . . . ,Xi, . . . ,XN )− ‖Ep‖2

F (X1, . . . , X̂i, . . . , XN )| ≤ (d + 2) ·Nd+1.

(A.78)
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Indeed, the number of additive terms in ‖Ep‖2
F (X1, . . . ,XN ) that contain Xi is (d + 2) ·

P(N − 1, d + 1), and each of them is between 0 and 1.

The above property implies that ‖Ep‖2
F satisfies McDiarmid’s inequality [47], that

is,

µp

(
‖Ep‖2

F − Eµp(‖Ep‖2
F) ≥ αNd+2

)
≤ e−2Nα2/(d+2)2 . (A.79)

Combining the last equation with equation (A.76) yields that

µp

(
‖E‖2

F ≥ 2αNd+2
)
≤ e−2Nα2/(d+2)2 , (A.80)

or equivalently,

µp

(
N−(d+2) ‖Ep‖2

F < 2α
)
≥ 1− e−2Nα2/(d+2)2 . (A.81)

Consequently, combining Theorem 3.2.4 and the last equation gives that, if

2α ≤ 1
8C1

, (A.82)

where C1 = C1(K, d, ε1, ε2) is defined in equation (A.49), then

µp (TV(U) < 2α · C1 | Assumption 1 holds)

≥ µp

(
TV(U) < 2α · C1 | Assumption 1 holds, and N−(d+2) ‖Ep‖2

F < 2α
)

· µp

(
N−(d+2) ‖Ep‖2

F < 2α | Assumption 1 holds
)

= 1 · µp

(
N−(d+2) ‖Ep‖2

F < 2α
)

≥ 1− e−2Nα2/(d+2)2 . (A.83)
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A.11 Proof of Equation (4.18)

For any three points p1(x1, 0),p2(x2, 0) ∈ L1, and q(0, y) ∈ L2, their polar curvature is

bounded below by

cp(p1,p2,q) = diam{p1,p2,q} ·
√

sin2 ∠p1p2q + sin2 ∠p2p1q + sin2 ∠p1qp2

≥ max
(√

x2
1 + y2,

√
x2

2 + y2

)
·
√

y2

x2
1 + y2

+
y2

x2
2 + y2

≥
√

y2 + y2 =
√

2 · y. (A.84)

Thus, by using the symmetry of the lines, we obtain that

Cin(µ1, µ2;σ) =
∫

L1

∫

L1

∫

L2
e−

cp(p1,p2,q)

σ dµ1(p1) dµ1(p2) dµ2(q)

≤
∫ L

0
e−

√
2 y
σ

dy

L
=

σ√
2L

(
1− e−

√
2L/σ

)
. (A.85)

A.12 Proof of Equation (4.19)

For any two points p(x, 0) ∈ L1,q(r cos θ, r sin θ) ∈ L2, the polar curvature of p,q and

the origin o is bounded below by

cp(o,p,q) = diam{o,p,q} ·
√

sin2 θ + sin2 ∠opq + sin2 ∠oqp

≥ max(x, r) · sin θ. (A.86)
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Thus, the incidence constant is bounded above by

Cin,L(µ1, µ2;σ) =
∫

L1

∫

L2
e−

cp(o,p,q)

σ dµ1(p) dµ2(q)

≤
∫ L

0

∫ L

0
e−

max(x,r)·sin θ
σ

dx

L

dr

L

= 2
∫∫

0≤x≤r≤L
e−

r sin θ
σ

dx

L

dr

L

=
2
L

∫ L

0
r · e− r sin θ

σ
dr

L

= 2
( σ

L sin θ

)2
·
(

1− e−
L sin θ

σ

(
1 +

L sin θ

σ

))
. (A.87)

A.13 Proof of Equation (4.20)

For any p(x, y2) ∈ R1,q(x1, y) ∈ R2, we define p̃(x, ε) ∈ R1, q̃(ε, y) ∈ R2. The polar

curvature of p,q and the origin o is bounded below by

cp(o,p,q) ≥ max(‖op‖, ‖oq‖) · sin∠poq ≥ max(x, y) · sin∠p̃oq̃

=
max(x, y) · (xy − ε2)√

(x2 + ε2)(y2 + ε2)
. (A.88)

Thus, the incidence constant is

Cin,L(µ1, µ2; σ) =
∫

R1

∫

R2
e−

cp(o,p,q)

σ
dx

L

dy2

ε

dx1

ε

dy

L

≤ 1
L2

·
∫ L+ε

ε

∫ L+ε

ε
e
− max(x,y)·(xy−ε2)

σ·
√

(x2+ε2)(y2+ε2) dxdy. (A.89)

Changing variables x := x/ε, y := y/ε and setting ω := L/ε gives that

Cin(µ1, µ2;σ) ≤ 1
ω2

·
∫ 1+ω

1

∫ 1+ω

1
e
− max(x,y)·(xy−1)

σ·
√

(x2+1)(y2+1) dxdy. (A.90)

We observe that the integrand is bounded between 0 and 1, symmetric about x and
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y, and decreasing in each of its arguments. We thus obtain that

Cin,L(µ1, µ2;σ) ≤ 1
ω2

·
(∫ 1+ 4

√
σ

1

∫ 1+ 4
√

σ

1
+2

∫ 1+ 4
√

σ

1

∫ 1+ω

1+ 4
√

σ
+

∫ 1+ω

1+ 4
√

σ

∫ 1+ω

1+ 4
√

σ

)

e
− max(x,y)·(xy−1)

σ·
√

(x2+1)(y2+1) dxdy

≤ 1
ω2

·




(
4
√

σ
)2 + 2 · 4

√
σ · (ω − 4

√
σ) · e

−(1+ 4√σ)·(1·(1+ 4√σ)−1)
σ·

√
2·

(
1+(1+ 4√σ)2

)



+
1
ω2

· (ω − 4
√

σ
)2 · e

−
(1+ 4√σ)·

(
(1+ 4√σ)2−1

)

σ·
(

1+(1+ 4√σ)2
)

≤
√

σ

ω2
+

2 4
√

σ

ω
· e−1/(2σ3/4) + e−1/σ3/4

. (A.91)

A.14 Proof of Equation (4.21)

Let p(0, ρ cosϕ, ρ sinϕ) ∈ D1, and q1(0, r1 cos θ1, r1 sin θ1),q2(0, r2 cos θ2, r2 sin θ2) ∈
D2. Then the polar curvature of these three points and the origin o has the following

lower bound:

cp(o,p,q1,q2) ≥ |op| · psino(p,q1,q2) = ρ · sinϕ sin|θ1 − θ2|. (A.92)

Due to the symmetry of the two disks, we have that

Cin,L(µ1, µ2;σ) =
∫

D1

∫

D2

∫

D2
e−cp(o,p,q1,q2)/σ dµ1(p) dµ2(q1) dµ2(q2)

≤
∫ 1

0

∫ π

0

∫ π/2

−π/2

∫ π/2

−π/2
e−

ρ sin ϕ·sin|θ1−θ2|
σ

ρdρ dϕ

π/2
dθ1

π

dθ2

π

=
4
π3
·
∫ 1

0

∫ π

0

∫∫

−π
2
≤θ2≤θ1≤π

2

e
−ρ sin ϕ·sin(θ1−θ2)

σ ρ dρ dϕdθ1 dθ2. (A.93)

Changing variables θ := θ1 − θ2, θ2 := θ2 and exchanging the corresponding double
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integral, we obtain that

Cin,L(µ1, µ2; σ) ≤ 4
π3
·
∫ 1

0

∫ π

0

∫ π

0
e−

ρ sin ϕ·sin θ
σ ρdρ dϕ (π − θ) dθ

≤ 4
π2
·
∫ 1

0

∫ π

0

∫ π

0
e−

ρ sin ϕ·sin θ
σ ρdρ dϕdθ

=
16
π2
·
∫ 1

0

∫ π/2

0

∫ π/2

0
e−

ρ sin ϕ·sin θ
σ ρdρ dϕdθ. (A.94)

We observe that the integrand is bounded between 0 and 1, symmetric about ϕ and

θ, and decreasing in each of them. Thus,

Cin,L(µ1, µ2; σ) ≤ 16
π2
·
∫ 1

0

(∫ 4√σ

0

∫ 4√σ

0
+2

∫ 4√σ

0

∫ π
2

4√σ
+

∫ π
2

4√σ

∫ π
2

4√σ

)

e−
ρ sin ϕ·sin θ

σ ρdρ dϕdθ

≤ 16
π2
·
((

4
√

σ
)2 + 2 · 4

√
σ ·

(π

2
− 4
√

σ
))

·
∫ 1

0
ρ dρ

+
16
π2
·
(π

2
− 4
√

σ
)2
·
∫ 1

0
e−

ρ·(sin 4√σ)2

σ ρ dρ

≤ 8
√

σ

π2
+

8 4
√

σ

π
+

4σ2

(sin 4
√

σ)4
. (A.95)


