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Abstract

Currently in most global meteorological applications, low-order finite difference or finite
element methods, or the spectral transform method are used. The spectral transform method,
which yields high-order approximations, requires Legendre transforms. The Legendre trans-
forms have a computational complexity of O(N?3), where N is the number of subintervals in
one dimension, and thus render the spectral transform method unscalable. In this study, we
present an alternative numerical method for solving the shallow water equations (SWES) on a
sphere in spherical coordinates. In this implementation, the SWEs are discretized in time us-
ing the two-level semi-Lagrangian semi-implicit method, and in space on staggered grids using
the quadratic spline Galerkin method. We show that, when applied to a simplified version of
the SWEs, the method yields a neutrally stable solution for the meteorologically significant
Rossby waves. Moreover, we demonstrate that the Helmholtz equation arising from the dis-
cretization and solution of the SWEs should be derived algebraically rather than analytically,
in order for the method to be stable with respect to the Rossby waves. These results are veri-
fied numerically using Boyd’s equatorial wave equations [2] with initial conditions chosen to
generate a soliton.
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1 Introduction

Weather prediction is a science with a long history. Its objective is the descrip-
tion and prediction of the behaviour of the atmosphere, ocean water and sea ice. The
accuracy of weather prediction depends on many factors, such as the accuracy of the
knowledge of the state of the atmosphere at the initial time, the numerical methods
applied, and the resolution used in these methods. Because weather prediction com-
putations are time-consuming, there is interest among the scientific community in de-
veloping accurate and efficient methods for weather prediction. One way to achieve
high accuracy in weather prediction computations is to consider high-order discretiza-
tion methods.

The spatial discretization schemes that are commonly used in meteorological simu-
lations are finite difference schemes, spectral schemes, and finite element schemes. For
instance, the models used by the National Center for Atmospheric Research (NCAR)
and the European Centre for Medium-Range Weather Forecasts (ECMWF) are based
on the spectral transform method [9, 19, 20], while the model developed by the Cana-
dian Meteorological Centre in partnership with the Meteorological Research Branch
(CMC-MRB) uses a variable-resolution cell-integrated finite element scheme [4, 5].
Although the spectral transform method is popular and offers superior accuracy at a
sufficiently high resolution, the efficiency of the method at high resolutions is reduced,
because the cost of performing spectral transforms increases rapidly with spatial res-
olution. In the case of Fourier transforms in the longitudinal direction, fast Fourier
Transforms (FFTs) may be used and their computational cost grows as O(N?log(N)),
where N is the number of spatial subintervals in one dimension. However, an efficient
method for performing Legendre transforms, analogous to FFTs, has not yet been de-
veloped. Thus, the Legendre transforms in the latitudinal direction are often performed
by summation and their costs escalate at a rate of O(N?). Therefore, finite element
methods will likely offer a competitive alternative in the future, since, compared to the

spectral transform method, their computational complexity grows at a slower rate. Pro-



vided that a sufficiently efficient solver is applied for the solution of the linear system
arising from the Helmholtz problem, the computational costs of finite difference and
finite element methods applied to the shallow water equations (SWESs) on the sphere
increase quadratically with the number of gridpoints in one dimension (i.e., O(N?)).

Moreover, finite element methods can incorporate adaptive grids and, compared to
spectral methods, are more suitable for massively parallel computers.

In this paper and in a companion paper [11], we present finite element-based nu-
merical methods for the SWESs in spherical coordinates. The SWEs, which describe
the inviscid flow of a thin layer of fluid in two dimensions [8], have been used for many
years by the atmospheric modeling community to test promising numerical methods
for solving atmospheric and oceanic problems. Because the earth is approximately
spherical, most global atmospheric models in use today are based on spherical co-
ordinates. To define the equations on the sphere, let » and v be the wind velocity
components in the A (longitudinal) and 6 (latidudinal) directions, respectively, and
¢ be the geopotential. Let R be the radius of the earth, 2 its rotational speed, and
f = 2Qsin @ the Coriolis parameter, where R and 2 are assumed to be constant. In

spherical coordinates, the SWEs are given by

du utan 6 o

dt <f+ R )U+Rc050_0’ @
dv utanf b9
do ¢ _
E—i— RCOSH[U,\—F(UCOSH)H] =0, (3)

where the Lagrangian derivative is defined by

d_0, v 0, v0 @)
dt 0t Rcos@O\N RO’

and the subscripts A and 6 denote the spatial derivatives in the two directions. Since u
and v are multi-valued at the poles, we adopt the approach of Cété and Staniforth [7]
and compute the components of the wind images instead: U = uwcosf/R and V =
v cos B/ R. Thus, we solve the following equations, obtained by multiplying the motion

equations (1)—(2) and the continuity equation (3) by cos#/R and cos 6, respectively,



expressing the resulting equations in terms of U and V/, and isolating the nonlinearity

in the continuity equation (3) in a logarithmic term

dU b
E—fv‘f‘ﬁ—ov ®)

av cosf
E‘i‘fU'f‘ 72 ¢g+0=0, (6)

d U,
cos@alogqb-i— [COSH-i-Va} =0, (7

where § = (U? 4+ V?)sin 6/ cos? 6.

Along the longitude, functions are assumed periodic, whereas at the poles (§ =
+7/2), homogeneous Dirichlet boundary conditions are imposed on the wind image
components: U (A, £7/2) = V (A, £7/2) = 0. The latitudinal boundary conditions
on ¢ are designed to mimic the behaviour of its spherical harmonic expansions [7],
and are set to be homogeneous Neumann: ¢4(\, £7/2) = 0.

In this paper, the SWEs are discretized in time using the two-level semi-Lagrangian
semi-implicit (SLSI) method, and in space using the quadratic spline Galerkin (QSG)
method. In the companion paper [11], the optimal quadratic spline collocation (OQSC)
methods are used for the spatial discretization. Our numerical results show that QSG
methods, when applied in conjunction with the SLSI method, is stable and non-dispersive
for the meteorologically significant Rossby waves, that the method exhibits locally
fourth-order spatial convergence, and that the method compares favorably to the linear

spline Galerkin method, which forms the basis of the method in [3].

2 TimeDiscretization

Discretization schemes based on a semi-Lagrangian treatment of advection have
generated considerable interest in the past decade for the efficient integration of at-
mospheric models, since they offer the promise of larger timestep size, with no loss
in accuracy when compared to the Eulerian-based advection schemes, in which the
timestep size is limited by more severe stability restrictions [15, 16].

A semi-Lagrangian time discretization scheme in spherical coordinates approxi-

mates the Lagrangian derivative along particle trajectories defined by the velocity vec-



tor with components d\/d¢ = u/(Rcosf) and df/dt = v/R. Let (A", 50" ") be
the displacement of a fluid particle in the time interval ¢, to ¢,,, 1, ending at the down-
stream point (A, #) at t,,;. We adopt the two-level scheme which approximates a func-
tion on a trajectory originating at the upstream departure point (A — A"+t 6 — §56™+1)
and terminating at (), #). For an arbitrary function (), 6, t), let )" denote the corre-
sponding upstream function for the time interval ¢, to t,, ;. That is, for the downstream
gridpoint (), ) associated with the displacement (§A™*!, 50" *1)

PN, 0) = (A — 6A"H, 0 — 60" ). ®)

The Lagrangian derivative in the interval ¢,, to ¢, iS approximated by

d&n—k% N wn—kl _ &n

dt At ©

If the fast gravity terms were treated explicitly, they would severely restrict the timestep
even with semi-Lagrangian advection approximations. Thus, to obtain maximum ben-
efit from the semi-Lagrangian approach, one may combine the semi-Lagrangian ap-
proximations with semi-implicit approximations. A semi-implicit treatment of the
gravity and Coriolis terms implies that a function is averaged in time along particle

trajectories:

~ n+1 n
i Y (10)
2
When discretized in time using the two-level SLSI scheme, the SWEs take the form
yr+l _ f~n+% e 1 s
_ n n (AN ny _ 11
yntl _yn frts P cos O3 o L
n n n n n—+5 — 12
An+1 log ¢n+1 - log ¢n 1 U;\L+1 + U;\l n+1 orny |
cos "2 ( A7 + 5 |\ Teosgrit + (Vg +Vg) | =0. (13)

Functions at time-level ¢, are evaluated at gridpoints ()\;, 6,,); those at time-level
tyy 1 are evaluated at approximate trajectory midpoints (A, — dA;+! /2, 6,,, — 6071 /2);
and those at time-level ¢,,, called the “upstream functions,” are evaluated at approxi-
mate departure points (\,—dA!"", 6,,—671). For notational simplicity, let f = frt2

and 0 = 6"z, The trajectories are computed according to the algorithm described by



Coté and Staniforth [6]. The departure points usually fall between gridpoints and
spatial interpolation is required to obtain function values at departure points. Cubic
polynomial interpolation gives fourth-order spatial truncation errors with very little
damping [1], and is thus the method of choice in our implementation.

To solve the time discretized SWEs (11)—(13), the equations are first discretized in
space, and then the wind images U and V' are eliminated from the system to yield a
nonlinear Helmholtz equation for the geopotential ¢ only. To this end, we move the

"+l and ¢! terms of the motion equations (11) and (12) to the right side and then

rewrite the resulting equations in matrix form

-+t At c d ;\L-i—l
yntl <2—R2) —d ¢ cos Ot
| a b U At c d o | Rr
| b oa pn | <2—R2) —d ¢ cos 0y + 2R25™ > B R?
(14)
where a, b, ¢, and d are functions of # defined by
a= ;zz b= 11222, = ﬁ d= ﬁ where z = %. (15)

We also rewrite (13) as

n+1
cos 0713 log "' + At ( U

2 + ‘/'en—|—1>

~ 1
cos 0"t 2
50
U}

m+%) ER¢. (16)

~ ~ A
= cos 0" log " — 7t <

3 Space Discretization

To apply the QSG method to the time-discretized SWEs, we first define two uni-
form partitions along the longitude,
Ay E{OZ)\0<A1<"‘<)\N)\:27T} and
A)\ E{—%:}_1<5\0<"'<5\NA:27T+%},
where N, > 0 is an integer and A\ = 27 /N, denotes the meshsize in the A-direction.

The two partitions A, and A, are staggered with respect to each other. The gridpoints



in A, and A, are chosen so that \; = iAX fori = 0,..., Ny, and \; = (i+1/2)A\ for
i = —1,..., Ny, respectively. Similarly, staggered partitions Ay and A, are defined

in the #-direction by

=0 <6 <---<0y, =2} and
—%:9_1<é0<---<é%=§+%},
where Ny > 2 is an integer, A§ = 7 /Ny, 0; = —n/2 + jA@ for j = 0,..., Ny, and
0, =—m/24 (j+1/2)A0forj = —1,..., N,

For each partition, consider the associated one-dimensional quadratic spline space,
i.e., the space of piecewise quadratic polynomials with C'* continuity on the gridpoints

of the partition. Define the model quadratic spline function v by

¢

22 0< A<,
A2 —3(A—1) 1<A<2,
M —3A-1)2+31—-2)% 2< A <3,

0 otherwise,

\
and let {8;()\) = Ly(2 — i +2)}2% " and {B;(\) = Lo(2 — i + 2)}7 be the
sets of basis functions for the one-dimensional quadratic spline approximation spaces
corresponding to partitions A, and Ay, respectively. For the partitions Ay and Ay,
let {8;(0) = Su(™/2 — j +2) 317" and {5;(0) = (B2 — j + $)})0*] be the
respective sets of basis functions. Figure 1 shows a diagram of the latitudinal staggered
grids together with the associated basis functions. There are N, + 2 basis functions
associated with Ay, Ny + 3 with Ay, Ny + 2 with A4, and N, + 3 with A,. Note that
the latitudinal boundary points (i.e., the poles) are not gridpoints in A,.

The target functions belong to two-dimensional approximation spaces, which are
chosen to be tensor products of the associated one-dimensional approximation spaces.
Discretized on a C-grid, the target functions U™*!, V"*! and ¢"*! are approxi-
mated in the biquadratic spline spaces defined on the induced grid partitions A =
Ay x Ay, Ay = Ay x Ay, and A3 = A, x Ay, respectively, by linear combi-
nations of the basis functions {3;(X)B;(0)}2* 5N, {Bi(M)B;(0) iy 24, and

i=—1,j=

{Bi(N)5;(6) }255207 " respectively; e, UR™ (A, 60) = 32220 Y U Bi (1) 85 (6),
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Figure 1: A diagram of the latitudinal staggered grids and associated basis functions.

VEFL0) = SN VI 5 (0 5(6), 657, 0) = S @B (1) 5(6).
Furthermore, the quadratic spline representation of log ¢™** is needed because of the
log ¢™*! term in (16). Thus, we define (**! = log ¢™*! and approximate ¢"*! on the
induced grid partition Az (same as ¢™+1) by (A (A, 0) = Y2 0 T TR Bi (M) 85 (6).
The coefficients I’.“.“1 can be computed from the geopotential coefficients <Ii1+1 by first
transforming ¢’x"* from quadratic spline space to grid space, then computing (2" in
grid space and transforming (™' to quadratic spline space to give F"“.

In the analysis and the implementation, the approximation spaces and the respec-
tive basis functions are adjusted so that they (and thus the approximations U3+, Vi+1,
@, and (%) satisfy the boundary conditions by construction. We explain how the
latitudinal basis functions are adjusted for V**; details for adjusting other basis func-
tion sets can be found in [12].

The latitudinal homogeneous Dirichlet boundary conditions on V" are imposed
at the poles (VX' (), £n/2) = 0), but the poles are not gridpoints of Ay, since
0; = —m/2 + (i +1/2)A0 fori = —1,..., Ny owing to staggering. Therefore, the in-
corporation of homogeneous Dirichlet boundary conditions for V{** is non-standard
and different from, e.g., that for U2 [12]. The latitudinal components of the basis

functions for V! are given by

N

BP(0) = Bo(6) — 653.1(6), BP(6) = B1(8) — B 1 (0),
BP(6) = B;(0), i=2...,Ny—2,



650—1(0) = B\Ng—l(e) - ﬁANg—l—l(e)a Bﬁg (9) = /E)Na (9) - 661\’9-1—1(0)'

The approximate solutions U™, Vi+1, ¢! and (% are rewritten in terms of the
adjusted basis functions and then substituted into (14) and (16). The inner products of
the residuals of the resulting equations with each of the two-dimensional test functions
are then set to zero. Thus the residuals are forced to be orthogonal to the approxima-
tion space. The resulting equations are solved by eliminating eliminate the U2"" and
Vit dependence from the system, to give rise to a discretized Helmholtz equation for

%1, which is nonlinear owing to the presence of a logarithmic term. The discretized
Helmholtz equation is linearized and solved using fixed-point iteration. Once 4! is
computed, U2 and V*! are updated. The details of this procedure are described in
[12].

Some of the latitudinal integrals in the Galerkin procedure involve functions that
may be time-dependent (e.g., a(#)) and are numerically computed at every timestep
using the two-point Gauss quadrature rule. Because the quadratic spline basis func-
tions have discontinuous second derivatives at gridpoints and because of the staggering
of two grids in each dimension, the integration grid is defined to be twice as refined as
the spline grid in each space dimension, in order to satisfy the smoothness assumption

associated with the two-point Gauss rule.

4 Rossby Wave Stability

In this section, we perform a stability analysis for the QSG method applied to a sim-
plified version of the SWEs and examine the conditions under which the discretized
solutions are stable. We assume, for simplicity, an unstaggered grid and biperiodic
boundary conditions. In [17] Staniforth and Mitchell showed that, if Cartesian coor-
dinates are used, if the discretization grid is unstaggered, and if biperiodic boundary
conditions are assumed, then the Helmholtz equation should be derived algebraically
rather than analytically in order for the standard spatial discretization methods to be
neutrally stable for the Rossby waves. We extend their study and demonstrate similar

results in spherical coordinates.
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The mathematical analysis is done on the simplified SWEs, obtained by linearizing
(1)—(3) and assuming constant values for the coefficient associated with the Coriolis
terms f + utanf/R(= f*), for u(= v*) and v(= v*) in the Lagrangian derivative,
and for the coefficients ¢(= &) and (= ©*) associated with the gradient terms. The
simplified SWEs are

du * (b)\ _
a_fv—i_Rcos@*_O’ (17)

dv * ¢0 _
a—i—fu—i—R—O, (18)

dqﬁ o U .
dt + R (cos e + Ug) =0, (19)

where
d 0 w0 v*o
£:a+Rcos®*8_A+§%' (20)

Equations (17)—(19) can also be obtained by linearizing (5)—(7), since, with cos ©*

assumed to be constant, U and V" are simply constant multiples of » and v.

The continuous case. We first examine the continuous problem. We assume that the

solution to (17)—(19) is of the form
(U(/\, 05 t)a U()\a 9, t)a QS()‘a 9, t)) = (U’Oa Vo, ¢0) eZ(k/\-I-lﬁ-i-wt)’ (21)

where k and [ are the longitudinal and latitudinal wave numbers, respectively, and w
denotes the wave frequency. The Lagrangian frequency v is defined by v = #;9* +
% + w.

To compute the Lagrangian frequency of the true solution, (21) is substituted into
the simplified SWEs (17)—(19). This results in a 3 x 3 system of equations for w, vy,

and ¢. Then, by setting the determinant of the system to zero, and solving for the
Lagrangian frequency v, we obtain

AN A
v=03® (Rcos@*) +<E>

The first solution, v = 0 or w = —u*/(R cos ©*) — v*/ R, corresponds to the solu-

+ (22)

tion of interest, i.e., the Rossby waves. The other two frequencies are associated with
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the gravity waves.

Algebraic derivation of the Helmholtz equation. We now solve the simplified SWEs
(17)-(19) using the two-level SLSI method with a finite element spatial discretization
scheme. We analyze the stability of the numerical solution when the Helmholtz equa-
tion is derived algebraically; i.e., we compare (22) to the Lagrangian frequency of the
discretized solution when the divergence terms are eliminated after spatial discretiza-
tion.

The one-dimensional mass and first-derivative matrices arising from the QSG method
and many other discretization methods with biperiodic boundary conditions are cir-
culant and therefore diagonalizable by the discrete Fourier transform matrix. It fol-
lows that the longitudinal mass matrix P and the first-derivative matrix B associated
with the finite element scheme have common eigenvectors ¢}, = (e*74%) " for
k=0,...,Ny—1. (The explicit form for P and P, for the QSG method can be found

in [12].) Let the associated eigenvalues be p; and p,,, respectively. Thus, we have
POy = prty, PaUr = pryU. (23)
Similarly, the latitudinal mass matrix ¢ and the first-derivative matrix ¢y have com-
mon eigenvectors denoted by ) = (e"/2%);" for 1 = 0,..., Ny — 1, with the asso-
ciated eigenvalues denoted by ¢; and gy, respectively. Thus, we have
QY = @V, QeV) = ga,Y). (24)
The discretized solution at time-level ¢,,,; is assumed to be of the following wave
form:

(UZ-}-I()\’ 9)’ Uz—l_l(/\, 0)’ ’Z—I—l ()\’ 0)) — (UO; vo, ¢0) ez(k)\+l0+w(n+1)At)' (25)
Under the assumptions of this section for constant f*, v*, v*, ®*, and ©*, the upstream
function ¢ (), 0) of a function ¢()\, 0, t) is given by " (), 0) = (A—u*At/(R cos ©*), 6—
v*At/R,t,). Discretizing the simplified SWEs (17)—(19) in time using the SLSI
method yields

un—f—l — " vn—f—l 4" 1 Q-H + &S‘l
— f* =0 26
At / ( 2 ) T R cos O* ( 2 ’ (26)
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n—|—1 —gn un—|—1 +,&n 1 n+1 + ¢n
il S A A 27
At +F ( 2 > TR ( 2 0: (@7)

¢n—|—1 _ q;n d* n—|—1 + ’U,)\ d* n—|—1 + UG
— | =] =0. 28
At + R cos ©* 2 + R 2 0 (28)

Let E, and E, be the quadratic spline interpolation matrices that map the vector of

spline coefficients (e.g., U™") to the vector of function values at data points (e.g.,
uw’\™), where we have used the boldface type to denote vectors. The spatially dis-

cretized form of (26) can be written as

n+l _ ~n n+1
roQEm e (LB - rreqmen (LR
n+1
* Rcols O (PA®Q)(Ex® Ep)™" (%) =0, (29)

where ® denotes the tensor product of matrices. With biperiodic boundary conditions,
all matrices in parentheses in (29) commute. By pre-multiplying (29) through by (E,®
Ey) and simplifying we obtain

n+1 ~n n—l—l
U —UA

ro (B TB) - rreg (B0

1 PR+ da) _
+ R cos OF (P @Q) < 2 ) =0 (0

Following a similar procedure, we obtain the following discretized form of (27) and

28):
Poo) (B B)+rreq (BB
+ %(P ® Qo) (%) —0, (31)
(PeQ) ( n+1At ¢A) * Rccz@* FreQ) (@)
rrrea) (BB 0 @

Substituting the solution (25) into (30)—(32) and using (23) and (24), we obtain

ezuAt -1 ewAt +1 DA 6wAt +1
- - — f* =0
pq( At )UO qu( 2 >v0+Rcos®*( 2 >¢0

(33)




eu/At -1 i ewAt +1 Qo ezuAt +1
(Y (2 2 (£50)

At 2 2
(34)
VAt _ 1 o* 2N o+ WAt 4 |
pq (Tt) b0 + Teos O PN ( 5 ) uo + Py (T) vg = 0,
(35)

where, for notational simplicity, we have omitted the subscripts £ and [ from the
eigenvalues pg, pxx, ¢ and gg;. Equations (33)—(35) hold for £ = 0,..., Ny, — 1
andl =0,...,Ny— 1.

Equations (33)—(35) form a 3x 3 system for ug, vy, and ¢q. By setting the determi-
nant of the resulting system to zero, an equation for e*2* can be obtained. The roots
are found to be

4A — B + 4\/AB

el =1, e (36)

where A = (Rcos ©*pg)? and B = (At f* R cos ©*pq)? — At*®* (p3¢* +cos® O p?q3).

Since e?2t = 1, or v = 0, is one of the solutions, the numerical scheme is neutrally
stable for the Rossby waves. The solutions for the gravity waves are also bounded

since
4A — B+ 41/ AB

wAL —
[ 1A+ B

— 1. (37)

Therefore, the numerical scheme is also stable for the gravitational modes. Note that
the results of this analysis hold for the QSG method, the OQSC methods presented in
the companion paper [11], as well as any discretization method of which the operators

satisfy (23) and (24) for some p, pxx, ¢, and gy,

Analytic derivation of the Helmholtz equation. As noted in [12], the procedures de-
scribed in Section 3 yield an approximation to a Helmholtz equation. A genuine
Helmholtz equation may be derived by analytically eliminating the wind velocity de-
pendence from the continuity equation (19) before spatial discretization. In the ana-
lytic derivation, we solve (26) and (27) for «"+! and »"** in terms of ¢} *' and ¢!
as we did in Section 2, we obtain v and v by taking the appropriate derivatives,

and we use these expressions to eliminate the »*' and vj ™" terms from (28). Then,

13
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following procedures described for the algebraic case, we obtained a frequency equa-
tion, for which e2! = 1 is no longer a solution (see [12] for details). This result,
which is consistent with [17], implies that an undesirable phase shift has been intro-
duced into the Rossby mode. Therefore, in our formulation, the Helmholtz equation is

derived algebraically to preserve the neutral stability of the Rossby waves.

5 Numerical Results

We now demonstrate numerically the stability of our method with respect to the
Rossby waves and study its convergence behaviour. In the companion paper [11],
we compare the computational cost of the QSG method to those of the linear spline
Galerkin method (on which the model in [3] is based) and three quadratic spline col-
location methods; we also show that when the spatial discretization is done on the

C-grid, gravity waves propagate in the proper directions.

5.1 TheEquatorial Rossby Wave

The equatorial solitary wave described by Boyd [2] is frequently used to test the
stability of a numerical method for the SWEs with respect to Rossby waves [10, 13].
To use this test problem on our model, we transform Boyd’s formulation, originally
written in Cartesian coordinates, to spherical coordinates. We adopt Boyd’s notation
and let ¢’ be the geopotential perturbation; that is, if we denote the reference geopo-
tential by the constant ¢*, then ¢ = ¢* + ¢'. The resulting nondimensional nonlinear

SWEs on the equatorial 5-plane are

du N

% - R@’U + RCOSQ = 0, (38)
d—v+R0u+—3—o (39)

dt R

d ., B
p7 log(¢* + ¢') + Rcose[u)‘ + (veosf)y] = 0. (40)
The above equations are integrated with the following initial conditions
— 2 ,

u(), 0,0) = n(R)\)we—(Ro) /2 41)

4 Y



v(), 6,0) = 2877((91;3’\)396—(”’)2/2, (42)
2
¢ (0,6,0) = n(rN) 2O oz (43)

4

where n(\) = Asech?’(B)), A = 0.12, and B = 0.394. In this study, a timestep
of At = 0.05 non-dimensional units (approximately two hours in simulated time) is
used. Experiments are conducted with grids of sizes N x N, with N = 32,64, and
128. Variables are staggered using the C-grid.

The equations describe an equatorial soliton which slowly propagates westward,
with no change in shape. Figure 2 shows the result of a long simulation on a 128x 128
grid for 24 non-dimensional time units, which corresponds to approximately 41 days
in simulated time. In our experiments, the height fields lost about 5% of their ini-
tial amplitude which traveled eastward as equatorial Kelvin waves. We believe this
is because the initial conditions (41)—(43) are inexact, as suggested by Iskandarani et
al. [10] and Ma [13]. The soliton propagated westward, as predicted, with little change
in amplitude or phase, thereby confirming our analysis that spatial discretization with
the QSG method is neutrally stable for the Rossby modes. The small amount of disper-
sion present can be explained as follows. With semi-Lagrangian integration, variables
are needed at departures points, which are usually off-mesh points. Cubic Lagrange
interpolation is used to estimate function values at departure points. Spatial interpo-
lation causes damping and phase shift. Compared to linear or quadratic interpolation,
the effects introduced by cubic interpolation are less severe. The finer the mesh, the
less prominent the damping and dispersive effects should be [1, 14]. This has been

confirmed in the numerical tests described in [18].

5.2 Convergence Tests

Since no analytical solution is known for the general form of the two-dimensional
SWEs (5)—(7), we introduce into the equations forcing terms constructed in such a

way that an analytical solution is known a priori. The modified SWEs are

dU b
= _ A _FR
o~V =F, (44)

15
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Figure 2: Simulation by the QSG method of a Rossby soliton traveling westward (in the direction
indicated by the arrow, which is the direction of decreasing A values) on a 128x128 grid for 24

time units (approximately 41 days).

dVv cos 6 sin 6

or 2 2y _
dt +fU R2 ¢9+C0820(U +V ) F’U’ (45)
d U, _
coS 0% log ¢ + [w + Va} = Fy, (46)

where F,,, F,, and F; are known functions of ), 8, and ¢, defined to yield the following

solution:

U(M\0,t) = EO [1 — exp ( ;,Oﬂ cosf x {exp [—az(A — Ao — do)* — a3(0 — 6))?]

— exp [—ag()\ — X +do)? —az(0 — 90)2} } , (47)
V(A 60,1) = U—RO [1 — exp (_Tio)] cos x {exp [—az(A — X\o)* — a3(0 — 6y — do)”]

—exp [—az(A — Ag)® — az(0 — 0o + do)°] } - (48)
¢()\, 9 ZL, ¢0 {exp [ a1 /\ )\0) — ap (0 — 00)2:|

—log, (1 + Tio) exp [—ag()\ —Xo)? —ax(0 — 00)2} } , (49)

The above functions are designed to resemble the solutions of the original SWEs (5)—

(7) when these functions are given as initial conditions. In our experiments, we set



17

oo =50 g, ug = vy = 3/2, Ty = 12000, a; = 10, as = 60, ag = 25, A\g = 7, 6y =0,
dy = /10, where ¢ = 9.80616 ms~ is the gravitational constant. The system was
integratedusing timesteps At of 60 s. The solution for ¢ was computed at 7" = 16%
hours and compared to the reference solution (49).

We solved the system using the linear spline Galerkin (LSG) method and the QSG
method with grid sizes 32x 32, 64x64, 128x 128, and 256 x 256. The Arakawa C-grid
was used in our discretization. The computational costs for both methods are O(N?),
and are measured for a test problem in the companion paper [11]. The convergence
results are shown in Table 1, where N = N, = Ny is the number of subintervals
in one dimension. Two error norms are computed for QSG: the local error norms at

gridpoints and the global error norms, labelled “|e|” and *

e e||,” respectively, in Table 1.
Only the local error norms at gridpoints are shown for the LSG method, because,
unlike the QSG method, the LSG method does not exhibit superconvergence at special
points (i.e., the local and global errors for the LSG method are of the same order).
The error norms are computed as ratios of the 2-norm of the difference between the
numerical solution and the reference solution, to the 2-norm of the reference solution.
These errors are found to be roughly second order for LSG, and roughly fourth order
for QSG locally at gridpoints and third order globally. We estimate the convergence
order of the errors by p = —log (g—;) /log (%—;) where e; and e, are error norms
corresponding to grid sizes N; and N,, respectively. The computed values for p are

listed in the columns labelled “p” in Table 1.

Table 1: Observed errors and respective orders of convergence for the QSG and LSG methods with

various spatial grid sizes.

QSG LSG

N le] p [lell p le] p
32 1756e-1 — 18321 — = 2486e1 —
64  1154e-2 393 2.322e-2 298  6.906e-2 1.85
128  8.779%-4 372 3.498¢e-3 286  1.887e-2 187
256  7.175e-5 361 4.375e-4 287  4.917e-3 1.94
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6 Remarks

Spatial discretization schemes commonly used in meteorological applications are
currently limited to spectral methods or low-order finite difference/finite element meth-
ods [4, 5, 9, 19, 20]. Spectral methods, which yield high-order solutions, give rise to
dense matrices, therefore their parallel implementation is not scalable. In contrast,
finite element methods, which give rise to sparse matrices (thus fewer global com-
municaitons), have more potential for parallelism and give rise to reasonably scalable
parallel implementations. Therefore, high-order finite element methods seem to be a
viable alternative to spectral methods. In this paper, we present a method that com-
bines the two-level SLSI time integration method and the QSG method for solving the
SWEs on the sphere. We regard this method as a step towards high-order finite element
methods that may be more efficient than spectral methods for solving partial differen-
tial equations on the sphere. A worthwhile challenge is the extension of the techniques
presented in this paper and the companion paper [11] for quadratic spline collocation
methods to higher-order spline methods. Such methods may yield solutions with ac-
curacy comparable to spectral methods, but for which the specification of boundary
conditions that are consistent with the actual behavior of the physical processes may

be more difficult.
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